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Calibrating hypersonic turbulence flow models with the
HIFiRE-1 experiment using data-driven machine-learned
models
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Abstract

In this paper we study the efficacy of combining machine-learning methods with
projection-based model reduction techniques for creating data-driven surrogate models
of computationally expensive, high-fidelity physics models. Such surrogate models are
essential for many-query applications e.g., engineering design optimization and parame-
ter estimation, where it is necessary to invoke the high-fidelity model sequentially, many
times. Surrogate models are usually constructed for individual scalar quantities. How-
ever there are scenarios where a spatially varying field needs to be modeled as a function
of the model’s input parameters. We develop a method to do so, using projections to
represent spatial variability while a machine-learned model captures the dependence of
the model’s response on the inputs. The method is demonstrated on modeling the heat
flux and pressure on the surface of the HIFiRE-1 geometry in a Mach 7.16 turbulent
flow. The surrogate model is then used to perform Bayesian estimation of freestream
conditions and parameters of the SST (Shear Stress Transport) turbulence model em-
bedded in the high-fidelity (Reynolds-Averaged Navier-Stokes) flow simulator, using
shock-tunnel data. The paper provides the first-ever Bayesian calibration of a turbu-
lence model for complex hypersonic turbulent flows. We find that the primary issues in
estimating the SST model parameters are the limited information content of the heat
flux and pressure measurements and the large model-form error encountered in a certain
part of the flow.
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1 Introduction

In this paper, we develop and test a method to create surrogate models that can approx-
imate spatially varying responses (i.e., fields) generated by a high-fidelity computational
model (usually a system of partial differential equations) e.g., an engineering simulator.
The method will be demonstrated in the context of hypersonic turbulent flow solutions
over a realistic engineering geometry with shocks, boundary layers, flow separation, and
reattachment. Surrogate models are essential for many-query applications e.g., design opti-
mization or inverse problems where the computational model has to be invoked repeatedly
and sequentially, and for the prediction of quantities of interest (henceforth Qol), as a
function of the computational model’s inputs. In this paper, we will demonstrate the sur-
rogate models to calibrate a turbulence model using data from a hypersonic shock-tunnel
experiment, a process that will require us to simulate a turbulent flow many times. Models
for predicting a single scalar variable have long existed (see Ref. [1, 2, 3] for reviews), as
well as for scalar-valued fields (see Ref. [4] for a review). A review of surrogate modeling
for aerodynamic applications can be found in Ref. [5].

Swischuk et al. [6] describe an alternative way of surrogate modeling fields, where they
use some basic knowledge of the behavior of the fields in question to significantly simplify
the architecture (and therefore the training) of the surrogate model. They realized that
the spatial correlation in the fields persist and do not vary erratically as the model inputs
change, and thus the modeling could admit a “separation-of-variables” approach. They
modeled the spatial variation of the field using a basis set obtained by the proper orthogonal
decomposition (POD) of a training dataset of fields, and captured the dependence of the
weights/coefficients of the bases on the model inputs via machine-learning (ML) techniques.
They found that simple ML methods such as polynomial regressions were equal to, or
better than, complex methods (such as neural networks), which simplified the training of
the models, and reduced requirements on the size of the training dataset (TD). In this
foundational study, the problems considered were “idealized” - the fields were smooth, their
dependence on model parameters relatively benign (though nonlinear) and the number of
model input parameters less than half-a-dozen.

In this paper, we investigate whether a difficult and realistic engineering problem can be
addressed using the “separation-of-variables” approach to surrogate modeling, and whether
the usefulness of simple ML techniques still holds. We seek to construct surrogate models for
the heat-flux and pressure fields on the HIFiRE-1 geometry when placed in a My, = 7.16 hy-
personic flow in the LENS-I shock-tunnel (see Ref. [7, 8] for a description of the experiment
and modeling effort). In our study, the high-fidelity engineering simulator is a Reynolds-
Averaged Navier—Stokes (RANS) model [9] with Menter’s SST turbulence model [10] em-
bedded in it. Each simulation takes about 384 CPU-hours' to converge to steady state. The
Qols (heat-flux and pressure) are obtained on the surface grid of the HIFiRE-1 geometry
with 2170 grid points (1085 x 2 surface mesh with details in Sec. 3). The RANS model has
12 uncertain parameters - freestream density, temperature and velocity, as well as 9 SST
turbulence model parameters - which form the input vector of the surrogate model. The
hypersonic flow contains discontinuities (shock waves), regions of intense gradients (turbu-

'Bach simulation is run using 128 2.3 GHz Intel Xeon Gold processors (4 nodes, each with 32 cores) for
approximately 3 hours using Sandia’s high performance computing resources.
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lent boundary layers) and a flow separation zone on the HIFiRE-1 geometry. It is expected
to pose a realistic challenge for surrogate modeling.

The usefulness of the surrogate model will be demonstrated by calibrating the 12 uncer-
tain parameters to shock-tunnel data (heat-flux and pressure measurements on the HIFiRE-
1 surface) The calibration will be Bayesian i.e., we will develop a 12-dimensional joint prob-
ability density function (JPDF) over the uncertain parameters to capture the calibrated
values, as well as the uncertainty in them, due to a finite number of noisy measurements
and the shotcomings of the RANS model (i.e., model-form error).

This paper has two main contributions. Firstly, we provide the first comprehensive and
comparative study of data-driven ROM-based surrogate model construction for a complex
realistic engineering application in hypersonic flows. In our case, the bulk of the complexity
is expected to arise from the ML models that represent the influence of the freestream values
and the nonlinearities engendered by the SST turbulence model. Surrogate models that
leverage knowledge of the physical phenomena to simplify their architecture, training and
TD requirements have their obvious attractions, especially when computationally expensive
models have to be run thousands of time to populate a high-dimensional parameter space.

Our second contribution is the illustration of the potential of surrogate models in solv-
ing inverse problems, in our case, the SST model calibrated to measurements from a 2D
hypersonic flow experiment. RANS models are approximate and often need to be calibrated
to experimental measurements from flows similar to their final use-case (e.g., in hypersonic
flows) to be predictive. To date, turbulence models calibrated to shock-tunnel data have
been limited to low-speed flows (incompressible [11] and transonic [12]), and it is unclear
whether the approximations inherent in RANS will even allow the estimation of SST pa-
rameters with any degree of accuracy, given separated hypersonic flows over the HIFiRE-1
geometry. While there have been attempts to calibrate turbulence models in hypersonic
flows [13], they are limited to 1D (flat-plate boundary layer) problems where many tur-
bulent processes are absent. In contrast, we provide a methodology, heavily reliant on
surrogate modeling, that can be used to calibrate models with data obtained from experi-
ments that closely resemble actual flight conditions. We also provide the model that results
from it, complete with error/uncertainty estimates. Such a turbulence model, customized
to hypersonic flows, does not exist in aerospace engineering literature. Note that we have
not tested the calibrated model for its generalizability; rather, we have demonstrated how
the model could be calibrated. A generalizable model would likely require calibration to a
number of experimental datasets that, pooled together, would contain most of the physics
observed in flight. That is outside the scope of the paper.

The paper is organized as follows. In Sec. 2, we review existing literature on surrogate
modeling of fields and the state-of-the-art in turbulence model calibration. In Sec. 3 we
describe the LENS-I experimental data, the SPARC high-fidelity flow simulator, and the
setup for model calibration. In Sec. 4 we describe the construction of the surrogate model
using dimension reduction and different types of machine learning regressors, whose per-
formance is then evaluated in Sec. 5. Sec. 6 contains the formulation and results of the
Bayesian calibration problem. Summary and conclusions are in Sec. 7.

2 Literature review
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2.1 Surrogate models for fields

Surrogate modeling of high-fidelity models is a mature topic and contemporary reviews of
the field can be found in Refs. [4, 1, 14]. We limit ourselves to surrogate models that output
spatial or spatiotemporal fields (see a review in Ref. [4]). The process involves generating
a large number of instances of the field by executing the high-fidelity model repeatedly for
different inputs (a vector of independent scalar variables) and archiving the input-output
pairs as TD. The TD is then used to compute an orthogonal basis set, usually via POD [15],
though Krylov subspace bases [16, 17] and Fourier bases [18, 19] too have been explored.
The output field is then represented using a weighted linear combination of the bases,
with the (short) vector of weights serving as a low-dimensional representation of the field.
Weights, individually or as a vector, are then modeled as a function of the uncertain inputs
(of the high-fidelity model) via conventional data-driven methods. The oldest example of
such an approach seems to be Ref. [20], where Rayleigh-Bénard convection was modeled in
this fashion, using cubic spline interpolators to model the bases’ coefficients (or weights).
Gaussian Process models also have been extensively used [21, 22, 23, 24], and there have
been investigations into using self-organizing maps coupled with local response surfaces [25].
Neural networks can serve as universal approximators and consequently Ref. [26, 27] explore
their use as a mapping between inputs and the coefficients. In transient problems with a
spatial component, POD is often used to reduce spatial dimensionality while the time-
evolving coefficients are modeled as a dynamical system, using neural ordinary differential
equations (NODE) and recurrent neural networks [28, 29, 30]. Dimensionality reduction
of a spatial field X can also be accomplished in a nonlinear manner using a neural net
encoder-decoder framework and used to predict a different, dependent spatial field Y via
image-to-image regression [31]. In case of a spatiotemporal field, the time-evolution of
the field in the dimensionality-reduced encoded (or latent) space has been modeled using
a parameterized NODE [32]. It is also possible to generate the TD in an “intelligent”
manner, sampling the input space where information on the input-output relationship is
desired [33]. There are studies which explore the benefits of various surrogate modeling
techniques [34, 35, 36] for a given problem, including in fluid mechanics [37].

Surrogate models have also been used in compressible aerothermodynamics (hypersonic
flows), often to approximate temperatures, pressures and heating on wings and control
surfaces [38, 39]. They have been used within the context of aerothermoelasticity studies [40,
41, 42, 43, 44] or to design thermal protective systems [45]. In these surrogate models, the
spatial variation of the fields are captured using POD bases, though a few studies have used
kriging [40, 39, 44]. In case of POD, the coefficient of the POD bases are modeled as a
function of the environment (e.g., Mach number, altitude etc.) using kriging, radial basis
functions or Chebyshev polynomials. The training dataset is generated using computational
fluid dynamics (CFD) simulators to span over a parameter space ranging from two to
eigth dimensions, consisting of Mach number (or speed), altitude and a host of parameters
describing the attitude of the vehicle and its control surfaces e.g., angle of attack, roll
angle etc. Comparisons between various surrogate modeling techniques for hypersonic flow
fields can be found in Refs. [38, 40, 43, 44]. In these studies the dataset for training the
surrogate model generally contained O(10) — O(10?) examples. In contrast, Ref. [45] models
the temporal variation of temperature under the thermal protection system as a hypersonic



155

156

157

159

160

161

162

163

164

165

167

168

169

170

171

172

173

174

175

176

178

179

180

181

182

184

185

186

187

189

190

191

192

193

194

195

196

197

vehicle executes an uncertain trajectory using Karhunen-Loeve bases. Apart from the three
parameters that governed the uncertain trajectory, the study also considered 18 uncertain
parameters describing the material properties of the thermal protective system. The training
dataset had about 400 examples.

2.2 Calibration of turbulence models

Data-driven turbulence modeling has mostly targeted closures in RANS equations, though
some work has been done for Large Eddy Simulations too [46, 47]. Refs. [48, 49, 50] con-
tain broad reviews of data-driven models used to simulate turbulent flows. Such models
fall into three categories. The first category consists of studies which seek to replace con-
temporary RANS closures with new forms learned from TD. This often takes the form of
neural networks [51, 52, 53]. Alternatively, studies have used gene expression programming
to assemble new expressions e.g., a linear eddy viscosity model augmented with additional
terms [54, 55, 56, 57, 58]. The second category consists of inferring a spatially variable
“correction” that modulates/multiplies certain closure terms in the RANS equations; the
spatially variable term is then related to the local flow state with a data-driven model such as
a neural net or a random forest [59, 60, 61, 47, 62, 63]. This field estimation has traditionally
been performed using optimization, but Kalman filters have also been used [64, 65, 66].

The third category consists of conventional turbulence closures that have been cali-
brated to flows similar to the scenarios where they are expected to be used. Two-equation
turbulence models, like the SST (Shear Stress Transport) model used in this study, contain
a number of approximations [9], which makes it impossible to compute turbulence closure
parameters that are universally generalizable to all types of flows. Conventionally, these
parameters have been calibrated to simple turbulent boundary layer and shear flows [67],
but are routinely tuned to particular classes of flows [68, 69, 70]. Due to the simplicity
of the (conventional) closures’ forms, it is usually not possible to estimate the closures’
parameters with a great deal of certainty, and consequently, Bayesian inference is used to
construct a JPDF of the parameters.

The first attempt at Bayesian calibration of closure constants used data from simple
flows e.g., flat-plates and wall-bounded flows [71, 72]. The 1D flow models used in these
studies did not require surrogate modeling when Bayesian inference was performed using
Markov chain Monte Carlo (MCMC) techniques. In Ref. [11] the authors estimate five
closure parameters of the k — € turbulence model for urban canyon flows using a Gaussian
Process surrogate, MCMC and 10 measurements of turbulent kinetic energy from a shock-
tunnel model. A rather different approach was adopted for the 3D jet-in-crossflow problem
with measurements of velocity and vorticity [12, 73, 74], where polynomial surrogates were
employed to estimate three closure parameters of the k — € turbulence model. Bayesian
inference was also used to estimate parameters of the k — w — v turbulence model for hy-
personic transitional flows, using Stanton number measurements in a turbulent flow over a
flat plate and polynomial chaos expansion surrogates [75]. The same authors, in Ref. [13],
redid the estimation using measurements of the skin friction, using Gaussian Process sur-
rogates. In both cases, Direct Numerical Simulations provided the calibration data. The
SST model has also been tuned for hypersonic flows, using the same HIFiRE-1 measure-
ments used in this study [8], but the manual adjustment of a single parameter in the SST
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model is not quite a formal calibration. Closure parameters of the & — w turbulence model
have also been estimated using Ensemble Transform Kalman Filters and measurements
from a backward-facing step experiment [76]. The same method has been used to esti-
mate spatially-varying turbulent viscosity fields using measurements from transonic flows
over airfoils and wings [77]. In Ref. [78], the authors used Approximate Bayesian Compu-
tations (ABC) to estimate the parameters of a non-equilibrium RANS turbulence model,
and quantified the dependence of those parameters on the statistical summaries used for
calibration. The measurements used in the calibration were obtained from the Bachalo &
Johnson experiment (transonic flow over an axisymmetric bump). Finally, in Ref. [79], the
authors discovered, while calibrating RANS for Rayleigh-Taylor instabilities, a dependence
of a parameter on the Atwood number and thus helped uncover and remove a model-form
uncertainty (i.e., the use of a Atwood-number-indpendent parameter).

3 The HIFiRE-1 configuration and experiment

3.1 Flow configuration and RANS model

0.5 Profile of HIFIRE-1 geometry

0.4

hlm] 0.3

0.2

0.1

0.0

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
r

Figure 1: Profile of the cone-shaped HIFiRE-1 geometry. The heat flux and pressure fields
are measured as a function of the distance from the tip of the nose along the axis of rotation,
r.

The flow configuration: The flow configuration being simulated is the HIFiRE ground
test conducted in CUBRC’s (Calspan-University at Buffalo Research Center) LENS-I shock-
tunnel facility, as described in Ref. [7]. The HIFiRE-1 geometry is cylindrical, and 1721.7
mm in overall length and 409.2 mm in diameter. It consists of a conical forebody, with
half-angle of 7 degrees and of length 1118 mm. The cone has a blunted nose of diameter
2.5 mm and is followed by a cylindrical midbody of 400 mm. The aftbody, which is a flare
of angle 33 degrees, follows the midbody and is 203.7 mm long (see schematic of the profile
in Fig. 1). The test-section of the shock-tunnel is capable of accommodating test models
3 feet in diameter and 12 feet long. The geometry is aligned with the flow, leading to a
nominally axisymmetric flowfield. The HIFiRE-1 surface was instrumented with pressure
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and heat flux sensors. There were 42 piezoelectric pressure sensors (with a measurement
error of £3%) and 76 thin-film heat-flux sensors (with a measurement error of £5%) on
the surface. The flow is tripped (artificially rendered turbulent)? at a location 0.505 metres
from the nose-tip, causing a dramatic increase in aerodynamic heating. The experiment
has been modeled using the RANS equations with the Menter SST turbulence closure [10]
(our “full-order” model) previously and is described in Ref. [8]. The flow configuration used
in this paper is the “Condition B” of Ref. [8], corresponding to nominal HIFiRE-1 flight
conditions at an altitude of 21.1 km. The inflow velocity v is 2170 m/s, with a freestream
temperature u of 226.46 K and density p of 0.066958 kg/m?. The Mach number is 7.16 and
the unit Reynolds number Re =~ 10.2 x 10/m. The total enthalpy of the flow is 2.38 MJ /kg.
The uncertainty in the LENS-I freestream measurements are 0.5% for the Mach number,
3% for the temperature and 1% for the pressure [7]. Some simple algebra on the ideal gas
model reveals that the freestream velocity and density have a measurement uncertainty of
2% each. The HIFiRE-1 body was kept at a temperature of 296.7 K. The slender cone
causes oblique shock-waves to form near the nose. The turbulent flow separates in front of
the flared aftbody, which also causes complex shock structures, including shock-boundary
layer interactions. This is captured in both the heat-flux and pressure measurements and
the full-order model calculations.

The full-order (RANS) model: The full-order flow model solves the Reynolds-Averaged
Navier Stokes (RANS) equations [9], with Menter’s SST turbulence closure [10]. It is im-
plemented within Sandia’s SPARC (Sandia Parallel Aerodynamics and Reentry Code) flow
simulator. SPARC implements a second-order-accurate finite-volume spatial discretization
of the compressible-flow RANS equations, which consists of the continuum conservations
laws for mass, momentum and energy (a more detailed description of the simulator is in
the appendix of Ref. [80], and some grid-convergence studies are in Ref. [81]). These are
formulated for reacting gases in thermochemical non-equilibrium, though for the low total
enthalpy of our flow (2.38 MJ/kg) an ideal gas approximation is used. The equations are
solved using a finite-volume method for the conserved variables. SPARC can accomodate
structured and unstructured meshes, though, given the simple geometry, we only use struc-
tured ones in this paper. For the simulations in this paper, we use a Steger—Warming scheme
for the inviscid fluxes, extended to second-order using a MUSCL reconstruction. A mimod
limiter is used within the reconstruction. Diffusion and viscous terms in the conservation
laws are discretized using a central difference scheme. SPARC solves the unsteady form
of the governing equations, using a second-order backward difference scheme for the time-
integrator. Since all the simulations in this paper are steady, we run the time-integrator in
its first-order form to accelerate the convergence to a steady-state solution. The HIFiRE-1
simulations were computed on a 1024 x 512 x 2 grid-cell mesh, clustered near the HIFiRE-
1 surface to resolve the boundary layer and around the region with the shock attached to
the nose-tip. Two planes were used in the depth-wise direction to fit into the 3D nature of
the SPARC software; the two planes were mirrored. Studies to assess the adequacy of the
grid are in Appendix A. The fluid dynamical quantities on the solid boundary were inter-
polated onto a 1085 x 2 surface mesh that defined the HIFiRE-1 geometry via quadratic

In the RANS equations, the source terms in the k and w equations are set to zero for r < 0.505 m and
the turbulent kinetic energy k is set to zero at the inflow boundary, as the freestream flow is laminar.
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interpolation.

3.2 Model calibration and setup

The full-order solution represents the heating and pressure fields on the HIFiRE-1 geometry
which we denote by
y(;x) € RY: (1)

where Ny is the dimensionality of spatial discretization of the solution field, and x € R¢
is the d-dimensional tuning parameter or feature space. Fig. 1 shows the profile of the
HIFiRE-1 geometry. The full geometry is the shape generated by the rotation of the profile
around the r axis. The heat flux and pressure fields are measured on the surface along
the length of the test geometry, and, due to the symmetry of the mesh, are given as a
one-dimensional function of the axis of rotation, r. Plots of the pressure and heat flux
fields, computed with the nominal turbulence model and inflow conditions, can be found in
Ref. [8], along with numerical Schlierens of the shock structures. We can write the solution
vector in discretized form as

y(5%x) = [y(ri;x), y(rex), ..., y(rax)]7, (2)

where r;’s are the discretized mesh points along the profile in Fig. 1.

The feature space consists of 12 tunable input parameters, including three free-stream
parameters, i.e., temperature, density and velocity, and 9 closure constants defined by the
standard Menter two-equation (SST) model [10]. These quantities are varied by scaling
(multiplying) them by a uniform random variable resulting in values £15% from the nomi-
nal. Table 1 shows the three freestream quantities and their scaling parameters and Table 2
does the same for nine SST parameter constants. The +15% variation for the freestream
quantities’ scalings are designed to bracket the uncertainty in the measured values (see
above), so that the surrogate model is comfortably applicable over our prior belief regard-
ing the freestream conditions. The uncertainties in the SST parameters are obtained from
Ref. [82]. Since these uncertainties are only known as bounds, we proceed with uniform
distributions (under a maximum entropy assumption) for their prior densities.

Note that we are primarily interested in the nine calibrated SST model parameters.
However, the freestream density and velocity in the shock-tunnel, which are only known to
within £2% error, also affect the measured heat flux and pressure; the heat flux ¢ ~ pv3 and
pressure p ~ pv? [80]. This strong dependence implies that the uncertainty in the freestream
quantities have the potential to affect the calibrated values of the SST parameters. Thus
we will perform a joint estimation of the freestream variables and the SST parameters,
and compare it with a calibration when the freestream parameters held constant at their
nominal values. This comparison will reveal the degree to which the uncertainty in the
shock-tunnel inlet conditions affect the calibrated model.

The goal of calibration is to find the inputs for the flow model (set of x’s) that min-
imize some measure of discrepancy between the model prediction, y, and some observed,
experimental data, yops. Let d : R™bs x R™bs 3 RT be a discrepancy function between two
vectors of size ngps, which we use to measure the distance between the model prediction
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Scaling/multiplier | Value Freestream quantity | Nominal value
Ps (0.85,1.15) p (density) 0.066958
Vs (0.85,1.15) v (velocity) 2170
Us (0.85,1.15) u (temperature) 226.46

Table 1: Three parameters (left in white) are the multipliers used to scale the freestream
specification. The bounds of the uniform distribution for them are in the second column.
The multipliers are varied by +15% around 1. The third column contains the freestream
quantities and the fourth column their nominal values.

Par. | Value Par. | Value Par. | Value Par. | Value
Ok, (0.7,1.0) | ow, | (0.7,1.0) ay (0.31,0.40) | 51 B*/B1r
ok, | (0.8,1.2) | g* (0.0784,0.1024) | Sy, | (1.19,1.31) | B2 B*Ba2.r
ow, | (0.3,0.7) | K (0.38,0.42) B2, | (1.05,1.45)

Table 2: Table showing nine parameters from the SST turbulence model and their respective
parameter ranges. “Par.” is an abbreviation for SST parameters. Nominal values are exact
center of the specified ranges.

y(+,x) and some observation ygus.> Then, the deterministic calibration problem can be
written as

argmin d(Y(’7X)7yOb87 70)7 (3)

X

were 6 represents the parameters of the discrepancy function. A typical discrepancy is the
squared error metric given by

2
- YU X) = Yobs
dSE(y(‘7X)7yobS7;0) = H ( )02 b H2 (4)

where the numerator is the canonical squared error norm and 62 the variance. In a Bayesian
formulation, we can write

Yobs = Y(’a X) +e (5)

where € is the discrepancy between model predictions and measurements and is modeled
as € ~ N(0,0%), N(-,-) being a normal distribution. In such a case, problem Eq. (3) can
be re-interpreted as the negative log-likelihood function. Moreover, if we place a prior
distribution on # and x, we have fully defined a posterior distribution for the feature space
parameters:

Ing(Xa 9) (S8 _d(Y('aX)7YObS7;9) +1Ogﬂ-(97X)’ (6)

where 7(6,x) is the prior distribution on # and x, e.g., an inverse gamma density if 6
represents the variance in a sum of squares discrepancy error and a uniform prior over some
prescribed bounds, respectively. Fig. 2 illustrates the discrepancy between the full model
prediction, y(r;x;) evaluated at a single set of sample parameters and the experimental
data for heat flux and pressure, respectively. In the heat flux profile, there is an abrupt

3We note that neps does not need to be the same as, or even a subset of N,. In fact, in this work, the
observed points fall in between the discretized mesh points.
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jump at r ~ 0.505 where the simulation is “tripped” into turbulent flow, whereas the
experimental data shows a gradual change consistent with a transition zone. Since pressure
does not vary in the laminar versus turbulent zone, no changes are seen in the pressure
profile (Fig. 2, bottom). Further, at r &~ 1.25, both pressure and heat flux decline, with
the RANS model closely following experimental data; expansion fans are not difficult to
model. Finally, » Z 1.4, the flow separates, with the heat flux and pressure climbing
steeply, but significantly overpredicted by the RANS model. This is due to the model-form
error in RANS and its consequent inability to model separation zone correctly. The goal

heat flux: model vs. experiment
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Figure 2: Model output versus the experimental HIFiRE-1 data for heat flux and pressure.
The sharp changes in values correspond to changes in the geometry profile as seen in Fig. 1.
The RANS model prediction, using the nominal values of the model, is plotted with a solid
line. The experimental measurements are plotted with symbols.

for calibration is to find the values of x that result in the best match between the model
(blue lines in Fig. 2) and the experimental data (red dots in Fig. 2). The search for the
optimal x will require the evaluation of the RANS model repeatedly, which, at 384 CPU-
hours a run®, would make the search in 12-dimensional space intractable. Consequently,
it is necessary to replace the RANS model of the HIFiRE-1 geometry with a fast-running
proxy i.e., surrogate model. In summary, the calibration procedure involves two

4Total computational time for each simulation is roughly 3 hours on 128 cores using an Intel Xeon Gold
6140 CPU at 2.30GHz.

10



332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

stages: (1) construct a ROM-based surrogate for the heat flux and pressure
fields, and then (2) perform Bayesian inference to infer a joint density on the
tuning parameters informed by the discrepancy between the surrogate and the
HIFiRE-1 measurements.

4 Surrogate construction using proper orthogonal decompo-
sition

A simple approach for constructing surrogates for spatially varying fields, sometimes called
the multi-target regression problem in the machine learning literature, is to construct a (sub)
surrogate for each element in the output field (see Ref. [73] for an example). The complete
surrogate is then the union of all the individual surrogate models. This is cumbersome if the
dimensionality of the output y(-;x) is very large, as is the case for most complex problems.
In addition, this method does not preserve the correlations that exist between different
y(ri;x) in an efficient way. In contrast, we propose using proper orthogonal decomposition
(POD) to transform the solution space to a low-dimensional subspace or latent space and
then fit the handful of latent space dimensions with separate single-target surrogate models.
If the transform is invertible®, we can simply invert back to the full order solution space for
direct comparison.

The procedure for dimension reduction of the output and subsequent regression fitting
is as follows. Let Y = [y1,...,ym]? € R™*Ns be a snapshot matrix of sample solutions or
ensemble runs, where each row of Y represents a solution field for a particular parameter
set. These m samples are generated by sampling the twelve-dimensional feature space
using Latin hypercube sampling over the prescribed bounds. We then perform principal
component analysis (PCA) on this (centered) snapshot matrix to obtain a set of orthogonal
transformations denoted by ® = [¢1,...,¢,] € RNsxn where ¢p; € RNs’s represent n
new coordinate axes representing the directions of maximum variances. The associated
coordinates or projection coefficients for each basis term is given by ¢; = Y.¢; € R™, where
Y. is the centered snapshop matrix (see Algorithm 1). The empirical variance is then given
by A; = 02/(m — 1), where 0;’s are the singular values associated with the SVD of Y, or
equivalently, the eigenvalues associated with the normal matrix. With X = [x1,...,x,,]|T €
R™*? as the data matrix for the feature space, our subsequent task is to then create a
surrogate model for each of the reduced space training data pairs {X,c;} fori =1,...,n.
While this is still a multi-target regression problem, the number of targets is n < Ng. If
we denote g;(x) : R? — R each of the j = 1,...,n surrogate models corresponding to each
component, then our full surrogate model is given by the Karhunen-Loeve expansion [83]

y(5%) R F(5x) = o+ > /A8(%) ;. (7)
j=1

The complete PCA/ POD algorithm with details about automating the choice of n is shown
in Algorithm 1.

5Tt may be the case that the inversion is not lossless, e.g., principal component analysis.
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Algorithm 1 Principal Component Analysis

Input: Snapshots Y € R™*Ns and percentage variance threshold v € [0,1].%
Output: Basis matrix ® € RV**" and projections C € R™**",

1:

Center the snapshot data matrix, i.e. Y. =Y — u, where p = Z;n:l yj, i.e., mean w.r.t.
the rows.

Compute thin singular value decomposition (SVD): Y, = UXV?' where U € R™*K % ¢
REXK v ¢ RVsXK  where K = min(N,, m).

Find k* = argmin{k € Nt : ¥ 52/ 55 52 > 1}

Set ® = [vy,..., vk, where v;’s are the columns of V and compute C = Y&

“Each of the m snapshots corresponds to a model output evaluated at x,,, i.e. a sample from the feature or

tuning space.

®One can also scale the projections using C = Y®X 1, where X, is the k* x k* submatrix of 3.

Once the PCA approach is performed on the solution field, the remaining effort is con-
9

structing machine learning surrogates for g(x);’s. To determine the best regression, we
experiment with an array of different types of machine learning regressor models includ-
ing Gaussian process regression, multi-layer perceptron (fully connected neural network)
models, random forests, kernel ridge regression, support vector machines, and, last but not
least, polynomial chaos (or multi-variate polynomial) expansions using Legendre polyno-
mials. Each of these regressors are hyper-parameter-tuned over a specified parameter grid,
e.g., polynomial order and regularization type for polynomial fitting, using five-fold cross
validation in order to perform model comparison (see Appendix B) . We briefly summarize
some of the key model features of these model regressors in Sec. 5. See Ref. [84, 6] for
a more thorough discussion of orthogonal polynomial interpolants for multivariate model
fitting and dense neural network construction, and the Scikit-Learn documentation [85] for
a brief discussion of the other five estimators and their respective implementation.

5

Surrogate models for HIFiRE-1 simulations

The training dataset (TD) for the calibration and surrogate model construction is generated
using Latin hypercube sampling (LHS) of the feature space. Ranges for the LHS study are
defined in Table 1 and Table 2.5 The full-order i.e., RANS model is then evaluated at

m

= 2500 sample points and the heat flux and pressure fields are recorded to produce in-

put/output data pairs {(X,y;)} for i =1,...,n. Furthermore, we use 5-fold cross validation

to

tune and evaluate the accuracy of each possible regression technique (see Appendix B

for more details about the hyper-parameter tuning). Fig. 3 shows summary statistics of
realizations or snapshots of the heat flux and pressure fields. The realizations are plotted as
a function of the geometry profile shown in Fig. 1. This is data we use to train our surrogate
model in order to capture the effect of perturbations in the twelve-dimension feature space
on the heat flux and pressure fields.

5Note that the ranges for the training data are larger than the allowable ranges for the Bayesian calibration

in order to avoid problems with extrapolation.
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Figure 3: Ranges for of heat flux and pressure fields from the LHS study, simulated at
m = 2,500 LHS points, plotted against the geometric profile in Fig. 1. The experimental
measurements for heat flux and pressure, respectively, are also shown in red. The bottom
range represents the ¢ = .005 quantile while the upper range represents ¢ = .995, so the
total range encompasses 99% of the total data. The median is shown in the dashed blue
line.

Once the TD is generated, we begin with the dimensionality reduction of the spatially
varying targets using Algorithm 1. Fig. 4 shows the cumulative explained variance ratio,
which can be used to determine the dimension of the latent space. From this plot we can
deduce that a latent space dimension of k* = 4 captures more than 99% of the total variance
of the original signal. *

1.000 1.000
0.9751 0.9751
5 09501 g 0950
= )
o8 0.9251 . o8  0.9251 .
2< —— cumulative exp. var. 2 —— cumulative exp. var.
'S 0.900 = ®S  0.900 =
2o 99% var. 2o 99% var.
4 0.8751 Wr 08751
& 0.85041 £ 0.85041
0.825 0.825
0.800 0.800

123456 78 910111213141516
component

123456 78 910111213141516
component

Figure 4: Cumulative explained variance ratio (i.e., Scree plots) as a function of the PCA
component for both the heat flux (left) and pressure (right) fields. Four components (ver-
tical blue line) are enough to capture more than 99% of the total variance (red dashed
horizontal line) for both heat flux and pressure fields (a 1000x dimension reduction for only
4 components).

The first four components for the heat flux and pressure fields are shown in Fig. 5. The
components (plotted as a function/vector of the geometric profile parameter r) represent
the directions of maximum variance, in decreasing order. One can also interpret these

"We experimented with using six or eight components, but the resulting surrogate only improved test
errors by less than a tenth of a percent.
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403 components or modes as the axes of a new coordinate transformation in N-dimensional
space. While only four components are needed to capture nearly the entirety of the variance,

Components for heat flux Components for pressure
—— PCA component 1 L —— PCA component 1
—— PCA component 2 —— PCA component 2
-
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r
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Figure 5: First four principal components for heat flux (left) and pressure (right) fields.
Much of the variance is concentrated around the r Z 1.5 area, where the simulation struggles
to capture the experimental data.
404
a5 Fig. 6 shows the difference in the original versus the reconstructed signal using k* = 4
106 components. Indeed the statistics of reconstructed signal are indeed distinguishable from
207 the original data. This shows that the dimension reduction, while extremely accurate in
capturing the total variance, is not lossless when transformed back to the original space.

107 [ [.005,.995] quantiles [ [.005,.995] quantiles .
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Figure 6: 99% quantile comparisons of heat flux and pressure fields from LHS study (blue)
versus PCA reconstruction samples (red), compared to experimental data (red dots).

408
400 Each of the component projections are fit with six different regression models and a 5-
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fold cross-validation score is computed. Furthermore, for added robustness, each regressor
is tuned over a set of prescribed hyper-parameters, e.g., a range of maximum depth and
number of estimator are tested to obtain the best overall random forests regressor, a range
of polynomial orders, least squares and sparse solvers are tested to obtain the best overall
polynomial regressor, and etc. (See Appendix B for more details about the hyper-parameter
tuning and the final model architecture). We use a negative root mean square score function
for the individual regressors. Fig. 7 shows the root mean square errors (RMSE) for g; in
Eq. (7), i.e., the surrogate for the projection coefficients of the first component of heat
flux and pressure, respectively. The y-axis separates the different regressors and the x-axis
shows the the RMSE (the smaller the better). Recall that the first component has the
largest contribution to the total variance, and it decreases from there onwards. Thus, if we
focus on the first component, we see that the two best regressors, i.e., the lowest RMSE,
for fitting the component projections are the polynomial chaos expansions (PCE) with
Legendre polynomials and the multi-layer perceptron (MLP) models. We left out errors for
the k-nearest neighbor approach since the errors where significantly worse.

apr : & : gprq —=
mip 1 — : mip{ 46—
rf - - e - * f{ —— - +*

krr 4 : —— : krr{ —&

SV : — : sVr4{ —— @

pce 1 — " — : : pceq - : — — .

0.08 010 0.12 014 o0.16 0.02 0.04 0.06 0.08 0.10

heat flux RMSE pressure RMSE

Figure 7: Root mean squared errors for regression surrogates for the first projection com-
ponent of heat flux (left) and pressure (right). The six different models used for comparison
are Gaussian processes (gpr), multi-layer perceptron (mlp) or dense neural networks, kernel
ridge regressor (krr), random forests (rf), support vector machine (svr), and polynomial
chaos expansions (pce).

We also compute the root mean square relative error (RMSRE) for the full field solution
g(x), which we obtain by projecting the latent space surrogate back to the original space,
for the two best performing surrogates in the latent space, i.e., the PCEs and the MLPs.
The error for the full field solution is defined by

i — 412
s A 8
R ®)

where § is the ML surrogate, i.e. either PCE or MLP, evaluated at the i*" training or
observed data point. Here we haven chosen to use relative error explicitly in order to get a
sense of the relative magnitude of the surrogate construction error, and not just as a tool
for model selection. Not shown in this plot is the baseline error computed by creating a
“dummy” mean predictor which had a RMSRE of .1. Thus, our surrogate model reduces
the relative error by almost an order of magnitude (10x) from the mean predictor.
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Figure 8: Root mean squared relative errors (RMSRE) for the full field solution surrogate.
We calculate the 5-fold cross-validation error only for two best performing models on the
projection coefficients: multi-layer perceptron (mlp) or dense neural networks and polyno-
mial chaos expansions (pce). Heat flux is shown in the left and pressure on the right. For a
baseline comparison, the mean “dummy” predictor has an RMSRE of .1, which is roughly
ten times worse.

When choosing our final surrogate model, we have to balance simplicity with accuracy.
With that in mind, for the purposes of the Bayesian calibration, we will use Legendre PCEs
for our surrogate model construction. MLPs suffered from long training times, difficult
hyper-parameter tuning spaces, and sensitivities to random seeds, which made them less
reliable and less robust. PCEs offered simpler models and fitting approaches with far fewer
tuning parameters and better reproducability.

Before we move on the Bayesian calibration we would like to make a quick remark about
the speed up in computational time. Recall that a single run for the full simulation takes
approximately three hours on a supercomputer. The surrogate, on the other hand, can run
in less than a tenth of a second on a standard laptop. Thus, the surrogate runs about one
hundred thousand times faster, i.e., a speed up of five orders of magnitude, with far less
computational power! The caveat is that, of course, the generation of the training data and
the subsequent training of the surrogate model itself are not trivial tasks. Still, without
the surrogate, it would be impossible to perform any sort of gradient-based parameter
optimization or Bayesian calibration, which requires thousands or even millions of model
evaluations, in any reasonable amount of time.

Next, in Sec. 6, we use the newly constructed ROM-based PCE surrogate to perform
Bayesian calibration of the HIFiRE-1 experiment. We will show that the Bayesian approach
not only provides a better overall model, i.e., improved match to the HIFiRE experiment,
but also a measure of the uncertainty for the heat flux and pressure fields via the joint
parameter probability density function.

6 Bayesian calibration of the HIFiRE-1 experiment

As in Section 3.2, we use a squared error discrepancy term, which equates to standard
additive Gaussian white noise model (Eq. 5; also Ref. [86, Section 2.5]), between the sur-
rogate predictions and the experimental data. Since we are attempting to simulatenously
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use both the heat flux and the pressure field during the calibration, our final discrepancy
error is actually a normalized average of the error in the heat flux and the pressure field,
with the same shared x parameter, but separate noise models ¢, and ¢,. This implies that
the mismatch between model predictions and measurements at a point for the heat flux is
assumed to be independent of the mismatch observed for the pressure. Denote dg4(x;6,)
and dy(x; 6,) to be the heat flux and pressure log-likelihood discrepancy terms respectively,
where 60, and 6, represent the noise parameters of the log-likelihood. Then, the full model
posterior form is given by

log p(x;64,0)) o< —wedy(x;60,) — wpdy(x;0,) + logm(6,) + logn(6,) +logm(x), (9)

where log 7(6y,), log7(6)), and log w(x) are the log priors, and wy,w, are weights chosen to
give equal weighting to pressure and heat flux calibration.® The explicit posterior is given
by

obs

2
log p(x; 04, 0p) 502 Z ( Exp - yf}‘p) — wgngy, log g
29q pat
nl
w obs ~ . N 2
_7732 (yp(ﬁ: Pix) — ?/;:zp> - wpngbs log 0,
205 =
+logm(6,) + logm(6,) + log m(x), (10)

XP>

where ngbs is the number of experimental observations for heat flux, r,”"’s are the loca-

tions at which the observations were made (different from 7;), y(];:;(p is the experimental

observations for heat flux, and gjq(r?Xp ) is the surrogate prediction at the observed location.
The terms are analogous for pressure. It is clear from Fig. 3 that the discrepancy between
the model and the observations are higher for the heat flux than the pressure (even after
weighting), thus the reason for the two 6’s.

We briefly discuss the choice of the prior distributions next. The feature vector x are
divided into two sets. The first set, consisting of the (scalings for) freestream (or shock-
tunnel inlet) conditions, are modeled using uniform distributions as ps ~ 14(0.98, 1.02), v,
4(0.98,1.02) and us ~ U4(0.85,1.15), where U(a, b) denotes a uniform distribution between
(a,b). The bounds for ps and v reflect the £2% uncertainty in the freestream conditions
for density and velocity (see Sec. 3). The measured quantities are only weakly sensitive to
the freestream temperature and so the bounds on u, are the same as those used for training
the surrogate model (Table 1). The second set consists of the SST model parameters whose
prior densities are cast as uniform distributions with the bounds specified in Table 2. We
use a gamma prior on the inverse variance parameter, which is the conjugate prior for the
Gaussian likelihood, where we denote the precision as 7, = 6 2 and =0, 2 with shape
and scale parameters for their respective gamma densities set to k = 2,0 = 2, chosen to
encapsulate the “model errors”.” “Model errors” here refer to a composite of model-form
errors, measurement errors and discretization error of the mesh. For our HIFiRE-1 case,

8Since the number of heat flux, nd, ., and pressure nobs, observations are different, we set wq = 1/nl
and w, = 1/n?,  or, equivalently, wy = 1 and w, = nl, /n’, ., to give equal weight to all observations.
9The log gamma prior for 7 is log(7; k, 0) o< (k — 1) log(t) — =

obs
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the model-form errors dominate due to the existence of a separation zone, which is poorly
modeled by RANS.

6.1 MCMC results

In order to obtain samples from our posterior distribution, we use Markov Chain Monte
Carlo (MCMC) [87, 88]. The idea of MCMC is to derive a Markov chain, with a prescribed
transition probability, such that the chain converges to a stationary distribution equal to the
posterior distribution. A modified version of the classic Metropolis-Hastings algorithm [86]
which adapts the covariance kernel of the transition probabilities [89] was used, often referred
to as an adaptive MCMC methods (AMCMC). 32 parallel chains were run, each with a
50,000 burn-in period and 750,000 post burn-in runs, for a total of 24 million samples. The
resulting chains had an average autocorrelation of < 500 and all chains had an acceptance
rate of 0.21—0.22. We aggressively thinned the chain by 1000 for a total of effective samples
size of 24,000 samples. See Appendix C for autocorrelation diagnostics.

The thinned chains provide samples from the 12-dimensional JPDF that is the solution
of the Bayesian inverse problem for the freestream scalings and SST parameters. These
samples are marginalized (integrated over all dimensions except one) to compute the poste-
rior probability density functions (PDFs) of each of the features i.e., elements of x. These
are plotted in Fig. 9 with a solid line. The prior distribution (plotted with a red dashed
line) and the nominal value taken from Table 1 and Table 2 (vertical dashed line), are
also shown. A posterior PDF that differs significantly from the prior density implies a
calibrated parameter that has assimilated information from the measurements. It is clear
that the freestream scaling (ps, vs, us) can be inferred quite easily - the PDFs’ peaks are
sharp and distinct from the nominal values. The performance of the SST parameters are
mixed. Some like a; and oy, have sharp PDFs whereas others such as o, and s are not
well informed by the measurements.

Scaling/multiplier | MAP Value | Freestream quantity | Nominal value
Ps 0.981 p (density) 0.066958
Vs 0.980 v (velocity) 2170
Us 0.856 u (temperature) 226.46

Table 3: Same as Table 1 but with the optimal MAP parameters.

Par. | Value | Par. | Value | Par. | Value | Par. | Value
Ok 0.717 Owo 0.715 aq 0.399 ﬁl ﬁ*/ﬁlﬂn
ok, | 1.183 | B* 0.079) | B, | 1.304 | B2 B*Ba.r
ow, | 0.686 | K 0.382 | B2, | 1.219

Table 4: Same as Table 2 but with MAP values

The final analysis involves pushing through a few hundred samples of the posterior back
through the RANS model in order to determine if our Bayesian procedure actually results
in a better calibration. These “pushed-forward-posterior” simulations lead to a distribution
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Figure 9: Marginalized posterior PDF's for the 12 features, plotted using a solid line. The
uniform priors are plotted using red horizontal lines. The vertical line denotes the nominal
value of the parameters. The green dashed line plots are the same except that the freestream
parameters are fixed at the nominal. A one-dimensional Gaussian kde algorithm, with
automatic bandwidth determination, was used to smooth out the univariate histograms.

of predicted heat fluxes and pressures, which are summarized in Fig. 10 for the heat flux
predictions and Fig. 11 for the pressure. The prediction using the nominal SST model is
plotted with a dashed red line, the median prediction with a solid blue line, the [.025,.75]
quantiles with a gray band and the [.05,.95] quantiles with a blue band. The experimental
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data is plotted with symbols. We see that in the region over the cone with turbulent flow
(0.4 < r < 1.1), calibration reduces the agreement with heat flux measurements (Fig. 10)
though the agreement improves in the highly instrumented separation zone at the back of
the HIFiRE-1 geometry (1.5 <r < 1.6). A similar effect, though much more muted, occurs
with pressure predictions (Fig. 11). Despite the improvement, RANS’s predictive skill in
the separation zone remains low. It is unlikely that any parameter (SST or freestream
conditions) adjustment, within physical bounds, will drive RANS predictions closer to the
experimental data. This is the definition of model-form error, caused by physics missing in
the model.

heat flux: Posterior Predictive vs Experimental

---- nominal RANS —— median of the post. pred.
post. pred MAP 5-95% quantiles

. experiment I 25-75% quantiles
10°

2[&

heat flux

>~
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Figure 10: Comparison of heat flux predictions before and after calibration. The prediction
using the nominal SST model is plotted dashed red line, the median prediction with a solid
blue line, the first and third quartiles with a dashed blue line and the [.05,.95] quantiles
with a dotted blue line. The experimental data is plotted with symbols. The MAP estimate
is show in orange.

The improvement in predictive skill, post calibration, can be quantified using both the
mean absolute error (MAE; [90, 91]) and continuous rank probability score (CRPS; [90, 91]).
These can be computed for the predictions using samples picked from the posterior JPDF
(as illustrated in Fig. 10 and Fig. 11) and compared to their counterparts computed using
samples picked from the prior density [92]. Plots of the actual distributions (not summaries)
of heat flux and pressure predictions are in Appendix C (Fig. 17 and Fig. 18). For each
of the experimental data points, we compute the CRPS scores in Fig. 12. Overall, the
CRPS averaged over all experimental observations is reduced by the Bayesian calibration
procedure compared with the prior predictive, which is an indication of success (CRPS
error is roughly the same for the the heat flux, but reduced by roughly 10% for pressure).
Likewise, if we look at the MAE averaged over all experimental points in Fig. 13, we see the
same result, to a slightly higher degree (a decrease in error of about 5% for the heat flux
and 20% for pressure). We note that in order to average different MAE and CRPS score
over different experimental points over different scales, we weigh each of the experimental
data points by the inverse mean squared error of the magnitude of observations. The net
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pressure: Posterior Predictive vs Experimental
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Figure 11: Comparison of pressure predictions before and after calibration. The prediction
using the nominal SST model is plotted dashed red line, the median prediction with a solid
blue line, the first and third quartiles with a dashed blue line and the [.05,.95] quantiles
with a dotted blue line. The experimental data is plotted with symbols. The MAP estimate

is shown in orange.

field/ prediction

prior predictive CRPS error

posterior predictive CRPS error

heat flux

0.302

0.307

pressure

0.976

0.837

Table 5: Average CRPS errors for heat flux and pressure fields for the prior predictive and
posterior predictive densities. A decrease in CRPS is preferred.

effect of this is that the errors can be interpreted as relative errors. In both cases, the
calibration results seem to favor improvement of the pressure field, as opposed to the heat
flux which sees almost no change between prior and posterior predictive results. This is
because the model discrepancy error in the pressure field dominates the heat flux errors (see
Fig. 3 which shows how the LHS runs envelope heat flux better than pressure). A summary
of the average CRPS and MAE errors for the prior predictive versus the posterior predictive
are shown in Table 5 and Table 6.

field/ prediction

prior predictive MAE error

posterior predictive MAE error

heat flux

0.366

0.342

pressure

1.072

0.878

Table 6: Average MAE errors for heat flux and pressure fields for the prior predictive and
posterior predictive densities. A decrease in MAE is preferred.
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Figure 12: Continuous rank probability score (CRPS) for posterior predictive versus the
prior predictive for heat flux (top) and pressure (bottom). The dotted horizontal lines
represent the average CRPS scores at the different observation points, TZEXp’s. The average
CRPS scores are simply the uniform average over the different observed data points.

6.2 Discussion

The marginal posterior PDFs in Fig. 9 (solid lines) show that only a handful of SST pa-
rameters can be estimated well from the heat flux and pressure measurements. Since the
heat flux and pressure measurements depend strongly on freestream quantities, there is
always a doubt whether the difficulty in estimating SST parameters could be due to the
uncertainties in the freestream quantities. Therefore, we reran the Bayesian procedure
while the freestream quantities were held at their nominal values i.e., ps = vs = us = 1.
The marginalized posterior PDF's so obtained are plotted in Fig. 9 using a green dashed
line. There is not a big change in the posterior PDFs, indicating that the inclusion of the
freestream quantities did not negatively impact the estimation problem. This is probably
due to the very narrow priors /(0.98,1.02) used for ps and vs. Temperature, as expected,
had no effect on the estimation of SST parameters. The prior and posterior for oy, are
about the same, indicating that there is little information about it in the observations.
Note that sensors are densely clustered in the separation zone and the parameters’ PDFs
are strongly influenced by it.

We also notice that the peaks of the parameters’ PDF's are near their prior bounds. This
a classic sign of large model-form errors. The Bayesian calibration drives the parameters
to extremes in an effort to match experimental data, and in the process, adjust parameters
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Figure 13: Mean absolute errors (MAE) for posterior predictive versus the prior predictive
for heat flux (top) and pressure (bottom). The dotted horizontal lines represent the average
MAE scores.

to compensate for model-form errors, the primary one being RANS’s inability to model
separation zones correctly. However, the parameters are expected to stay within physical
bounds, causing the most promising values to be drawn from the extremities of their range
(and hence the peak in the PDF). One could presumably expand the priors in an effort
to match experimental data. However, for SST parameters, they would then violate the
range of values observed in literature. For the freestream parameters, it would require us
to assume that the measurement error in LENS-I are far larger than usually stated. That
is unlikely - LENS-I is very well-characterized facility.

If we ignore the PDF's (in Fig. 9) that show peaks only at their extremities (since they are
adversely affected by model-form errors), we find that o, and S, can be estimated quite
well; they show a well-defined peak within the support of their prior. Some confirmation of
this behavior can be drawn from Ref. [93] where the authors performed a global sensitivity
analysis of the SST turbulence model. They used a double ellipsoid (M = 7.8, unit Re =
2.2 x 107/m) and the X-33 launch vehicle (M = 7.4, unit Re = 1.64 x 107/m) as their test
cases. These flow conditions are similar to our HIFiRE-1 test case (M = 7.16, unit Re =
1.02x107/m), as are the characteristics of the flow, especially the existence of flow separation
and reattachment. The studies found that o, was by far the most influential parameter, as
it appears very prominently in the equation for w, the specific rate of turbulent dissipation.
Since w controls the rate of conversion of turbulent kinetic energy into heat, and since

23



588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

the wall heat flux is measured and used as calibration data in our estimation process,
it is not surprising that 0,1 can be estimated well, even in the presence of model-form
errors. In addition the 0,1 PDF peaks close to the nominal value, providing some degree of
confidence in it. 2 ,, the other parameter that we can estimate stably, was not found to be
very influential in Ref. [93]. However, it also appears in the w—equation (and only there)
and is informed by the heat flux. The heat flux undergoes a large change when the flow
transitions to turbulence and again at the junction of the cone and cylindrical mid-section
(which contains an expansion fan), and these variations likely help constrain the PDF's of
the parameters that are strongly informed by the heat flux. The model-form errors in these
regions are much smaller than those observed near the separation zone, which allows the
PDFs for 0,1 and 32, to emerge from the data, clearly distinguished from the prior.

The sharpness of the PDFs for the SST parameters could perhaps be improved by re-
moving some of the hard-to-estimate SST parameters (i.e., the ones whose posterior and
prior PDFs do not differ significantly). Such an exercise is left for future work, but it
would, undoubtedly, require the use of surrogate models (Sec. 4) to perform global sensi-
tivity analysis (GSA) to choose the influential subset of SST parameters. Fig. 16 in the
Appendix C shows, via pair plots, that the SST parameters are not very correlated in the
12-dimensional JPDF, indicating that the removal of less influential SST parameters will
not adversely affect the performance of the calibrated SST model.'’

Fig. 10 and Fig. 11 show the effect of model-form errors in the SST model which prevent
it from modeling the separation zone accurately. The net effect of calibration is to improve
the prediction of pressure and heat flux in the separation zone while degrading it elsewhere.
The large number of measurements in the separation zone also contributed to the outsized
importance of this zone during calibration. It may be possible to obtain an arguably better
SST model by removing all measurements from the separation zone i.e. r £ 1.5. While such
a model would not be very predictive in the separation zone, it would be highly accurate
over the cone and the cylindrical sections 0.4 < r 5 1.5 which accounts for a large fraction of
the heating of the HIFiRE-1 geometry. The poor agreement of RANS versus experiments,
even after calibration, in the separation zone (1.4 < r < 1.7) is expected. RANS’s model-
form errors do not allow it to model separation zone well, and the calibration resulted in
predictions marginally better than the nominal model. However, the MCMC calibration
yielded signatures (parameter PDFs peaked at the lower or upper bounds) that allow us
to diagnose the data - model disagreement as model-form errors, rather than an issue that
could be ameliorated with more sensors or an error model more sophisticated than the
Gaussian used in this paper.

Note that in this study we have not used the enthalpy of the incoming flow and its static
pressure, both of which were measured in the HIFiRE-1 experiment. This is because they
only help with estimation of the freestream quantities and carry no information at all about
the turbulence model.

The preceding paragraphs reveal some very useful and practical information about hy-
personic turbulence and shock-tunnel experiments. The freestream uncertainties in the
HIFiRE-1 experiment were inconsequential to the turbulence model calibration. The infor-
mation content in the heat flux and pressure measurements on the HIFiRE-1 geometry is

10The ability to easily perform sensitivity analysis using Sobol indices is another motivation for using
PCEs, from which Sobol indices can be easily extracted due to their orthogonal basis representation.
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limited and informs only a few turbulence model parameters. However, it is the RANS’s
model-form uncertainties that are the calibration bottleneck. These findings do not exist
in fluid dynamics literature for realistic hypersonic flows in engineering geometries, and
were made possible only by our ability to construct surrogate models of fields encountered
in hypersonic turbulent flows and use them within a Bayesian inference framework. The
closest equivalent to our work is Ref. [75] which targets a Mach 6.1 hypersonic turbulent
flow over a flat plate.

7 Summary and conclusions

In this paper we formulated a surrogate which combines projection-based model reduc-
tion techniques with machine learning regressors for the prediction of scalar-valued fields.
We used principal component analysis to perform the dimension reduction and then ex-
plored a variety of different machine learning regressors to fit the projection coefficients of
the learned components. We experimented with Gaussian process regression, polynomial
chaos expansions, random forests, kernel ridge regression, support vector machines, and
multi-layer perceptron models. In order to tune each scalar regressor over a given set of
hyperparameters and perform model selection, k-fold cross validation was used. Ultimately,
for the final surrogate, a multivariate polynomial representation, i.e., a polynomial chaos
expansion with multivariate Legendre polynomials, was chosen to fit our reduced space pro-
jection coefficients. The ML experiments showed that polynomials provided the greatest
amount of expressivity and accuracy, while being the easiest and simplest to train. They
also provided the most consistent answers (e.g., without dependence on say random seeds
like MLPs) which is critical for reproducibility. We demonstrated the efficacy and accuracy
of these surrogates for predicting the heat flux and pressure fields on the surface of the
HIFiRE geometry in a Mach 7.16 turbulent flow using m = 2500 simulation runs. The sur-
rogate was then used in a first-ever Bayesian calibration of the HIFiRE experiment, using
an adaptive MCMC method to construct a joint density. The posterior predictive samples
from the JPDF matched the experiment data better than the prior predictive samples for
both heat flux and the pressure fields in terms of both the CRPS (continuous rank probabil-
ity score) and MAE (mean absolute error), thus resulting in an improved predictive model
and reduced mismatch between prediction and experimental data.

The Bayesian calibration of the SST model parameters was also able to construct poste-
rior PDFs, compare them with the prior and discern which SST model parameters could be
estimated well from the heat flux and pressure measurements. We discovered that the range
over which the freestream quantities were controlled in the LENS-I shock-tunnel during the
HIFiRE-1 experiment was sufficiently narrow that the uncertainty did not impact the tur-
bulence model estimation problem. The limiting factor was the model-form error in the
RANS model which made it infeasible to capture the separation zone at the extreme aft of
the test geometry. Further improvement in the calibrated model may be had by performing
a GSA to pick the most sensitive SST model parameters and calibrating them to the same
dataset. These findings are novel and were made possible by the numerical and statistical
tools developed in this paper. In addition, the same tools can be used to perform the GSA.

Last, but not least, we have provided software, tesuract (Tensor Surrogate Automation
and Computation), to build the types of surrogates used in this paper. tesuract is built on
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top of the scikit-learn API [85] and utilizes scikit-learn’s vast library of machine learning
estimators, model selection techniques, and dimension reduction methods in a unique ML
pipeline which allows the construction of surrogates for both single target scalar outputs
and scalar-valued fields (i.e., multi-target correlated outputs). This allows flexibility, utility
and easy-of-use for many applications related to surrogate construction. This software is
freely available on github (https://github.com/kennychowdhary /tesuract).
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A  Grid resolution studies for HIFiRE-1

A solution verification study was performed for HIFiRE-1 at the flow conditions used in
this paper. Three axisymmetric structured meshes were made, with 256 x 512,512 x 1024,
and 1024 x 2048 cells in the wall normal x streamwise directions. The coarser meshes
were constructed from the finer by removing every other mesh node, preserving regular
refinement. The solution verification procedure produces numerical error estimates for the
heat flux and the pressure on the wall at locations where the corresponding experimental
diagnostics were installed. The solution values on each mesh are interpolated to these
locations, and an extrapolated value at each location is computed from the well-known
order-of-accuracy equation. Second order accuracy is assumed, which holds except possibly
for isolated locations. Fig. 14 (top) shows the heat flux for the solutions on the three
meshes as lines and the extrapolated solution at points. We see that in the transition
region (Fig. 14 (top left)) the solutions from the 3 meshes are visually indistinguishable,
but the extrapolated heat fluxes (under a second order assumption) do not agree with any
of the numerical solutions. In the aft region (Fig. 14 (top right)) a similar issue is seen
near the separation region abutting the flare. Elsewhere, the numerical simulations on the
three meshes and the extrapolated values are visually indistinguishable. Recall that the
heat flux on the flare is highly sensitive to the separation bubble size and the consequent
shock structure. Fig. 14 (bottom) presents corresponding pressure data. Again, the only
visible differences are on the flare, for the same reasons as for the heat flux. Since the
extrapolated values from the 256 x 512 and 512 x 1024 meshes agree with what is achieved
on the 1024 x 2048 mesh, we see that SPARC is largely achieving second-order behavior.
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Figure 14: Top: Heat flux profiles computed on 256 x 512, 512 x 1024 and 1024 x 2048
meshes. The symbols are values of heat flux at the sensor locations, extrapolated from
256 x 512 and 512 x 1024, meshes to the 1024 x 2048 mesh, assuming second-order accu-
racy. The left figure shows the results upstream of the separation point while the right figure
shows results downstream of separation. Bottom: The same, but done for the pressure field.

B Final ROM machine learning models

Here we discuss the hyper-parameter tuning procedure and the final ROM-based model
architectures for both heat flux and pressure fields. Recall that we have chosen four PCA
components for our reduced order model. The corresponding projection coefficients associ-
ated for each of the four components is then fit with six different machine learning regressor
models, and each of these regressors is hyper-parameter tuned over a set of possible parame-
ter combinations. These parameter combinations are listed below, of which more detail can
be found in the documentation of our surrogate construction software tesuract and sklearn’s
website. A 5-fold cross validation score was computed for every single combination of grid
values.

# polynomial chaos regressor
pce_grid = {
’order’: list(range(1,11)),

27



723 ’mindex_type’: [’total_order’,’hyperbolic’],

724 ’fit_type’: [’LassoCV’,’ElasticNetCV’,’linear’]}
725

726 # random forest regressor

727 rf_grid = {

728 ’n_estimators’: [200,500,1000,5000],
729 'max_features’: [3,’sqrt’,’auto’],
730 ’max_depth’: [5,10,50]%}

731

732 # multi-layer perceptron regressor

733 mlp_grid = {

734 ’hidden_layer_sizes’: [(50,),(50,)*2,(50,)*4,(50,)*6

735 (100,),(100,)*2, (100,)*4, (100,)*6
736 (500,), (500,)*2, (500,)*4, (500, )*6],
737 ’solver’: [’1lbfgs’,’adam’,’sgd’],

738 activation’: [’relu’],

739 ‘max_iter’: [2500],

740 ’batch_size’: [’auto’],

741 ’learning rate’: [’invscaling’],

742 ’alpha’: [le-4,1e-6,1e-2],

743 ’tol’: [le-6,1e-4],

744 ’random_state’: [0,99,324]}

745

746 # kernel ridge regression regressor

7 krr_grid = {

748 ’kernel’: [’polynomial’],

749 ’kernel_params’: [{’degree’:1},{’degree’:2},{’degree’:3},{’degree’:4}],
750 ’alpha’: [le-4,1le-2,1e-1,1.0]}

751

752 # gaussian process regressor

753 gpr_grid = {

754 ’kernel’: [1.0 * RBF(.1) + .1%*2 *WhiteKernel(.1),

755 1.0 * RBF(.1) + .1%*2 xWhiteKernel(.1) + 1.0*DotProduct(.1),

756 1.0 * Matern(length_scale=.1, nu=1.5) + .1**2 *WhiteKernel(.1)],
757 ’alpha’: [le-10],

758 >optimizer’: [’fmin_1_bfgs_b’],

759 ’n_restarts_optimizer’: [2],

760 ’random_state’: [0]}

761

762 # Kk-nearest neighbor regressor
763 knn_grid = {

764 ’n_neighbors’: (1,5,8,10),

765 ’leaf_size’: (20,30,40,1),
766 p’: (1,2),
767 ‘weights’: (uniform’, ’distance’),
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‘metric’: (’minkowski’, ’chebyshev’)}

# support vector machine regressor
svr_grid = {
’kernel’: (’linear’,’poly’, ’rbf’, ’sigmoid’),
’degree’: (2,4,8),
’gamma’: (’scale’,’auto’),
’C’: (1,5,10)}

To give an example, consider the the polynomial chaos regressor parameter grid above. A
5-fold cross validation score was computed for each and every combination of the order,
the polynomial total degree, mindx_type, which controls the number of interaction terms,
and fit_type, the algorithm for solving the least squares problem. There are 60 parameter
combinations and, thus, a total of 300 PCE fits were computed (five for each of the 60
parameter combinations since we are using five-fold cross-validation) for each of the four
components. This method was repeated for each of the regressors listed above in order
to obtain the penultimate model for both heat flux and pressure fields. Thus, each model
comparison involves hundreds or thousands of ML regression fits, all of which is handled
neatly and efficiently within the tesuract and the sklearn framework so that the user does
not need to bother with the cumbersome nesting and splitting of the test and train data.

The PCE and MLP models had the highest cross-validation scores among the regressors.
For heat flux, the PCE model with the highest cross-validation score had polynomial orders
of degrees {2, 2,4, 4} for each of the four components, and for pressure the PCE model with
the highest cross-validation score had polynomial orders of {4,4,4,4}. In contrast, the best
MLP network for each projection coefficient had 4 hidden layers of 50 nodes each for both
the pressure and heat flux fields. The network used rectified linear units for the activation
functions, a tolerance of 107% for the LBFGS solver, and an inverse scaling for the learning
rate, which gradually decreases as the time step progresses. The rest of the parameters
were set to their default values [85].

C Bayesian calibration results

The adaptive MCMC algorithm described in Sec. 6 yielded a chain of that was thinned to
reduce the autocorrelation in the sequence of samples. The autocorrelation vs lag time is
plotted in Fig. 15. !

The full JPDF, illustrated as a matrix of pair plots, is shown in Fig. 16. While Fig. 9
shows the SST parameters that could be estimated from the HIFiRE-1 measurements,
Fig. 16 shows the correlations that exist between the various SST parameters in the posterior
JPDF. We see that the correlations are mild i.e., the structures in the 2D plots are mostly
horizontally or vertically aligned. This is fortunate as it implies that the SST parameters
that cannot be inferred well (i.e., where prior and posterior PDF's in Fig. 9 are similar) can

1The aggressive thinning accounted for the variability in the autocorrelation amongst the different param-
eters and was chosen so that all twelve parameters has sufficiently converged according to the autocorrelation
lag plot in Fig. 15.
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Figure 15: Autocorrelation time for each of the twelve calibration parameters, including the
two noise parameters, n1,n2. The horizontal dotted line represents the amount by which
we thin the chain, giving us an effective sample size of roughly 24k samples in our twelve-
dimensional sample space (plus two noise parameters, i.e., I distributed random variables
71 and 7y representing the inverse variance of the model discrepancy errors).

be simply removed to yield a smaller estimation problem without materially (negatively)
impacting the accuracy of the SST turbulence model.

The posterior predictive densities, computed by simulating the HIFiRE-1 experiments
with x drawn from the posterior JPDF (as plotted in Fig. 16 and marginalized in Fig. 9)
are plotted in Fig. 17 (heat flux) and Fig. 18 (pressure) in blue. The prior predictive are
plotted in red. These predictive densities were used to compute the CRPS and MAE in
Fig. 12 and Fig. 13. These plots are colloquially known as joy plots. The y-axis represents
the locations of the observed data point and the x-axis represents the log values of the heat
flux and/or pressure.

30



ps = 0.99755;

v, =0.98%399

%, % Y%, Y

; = 0.87188%

2
<,

L gi, = 0843311
l Thenio,
! =1.13*3:9

L— , = 0521514

|5

a,
%, % % Y ©

=0.82%3%

/1% e =0.09%3%}
AN
' 7 =0.403:%2
ol

) lip
=

o 2 0, o 2, 0
v %% %% % %% % %% %o

L

12
o, o o 0 0 0,
% 2o, % %, %, %
% % % % % & % » %,

L

Ut

B, = 1.283332

B

2o o
% e e % % N % 0

r=12133%7

il

!

B

R >
FILES F I TSI IILIFS FIIT IO IS SIS ITTISS S SIS0
- VJ w a a o o - . - b s

Figure 16: Corner (pair) plot for the posterior distribution over the twelve calibration or
tuning parameters. The maximum a posteriori estimate is displayed above the univariate
plots. Given that the priors are chosen to be uniform, all parameters are informed, to some
extent, from the observed data.
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Figure 17: Prior versus the posterior predictive distributions for log-scaled heat flux, de-
noted by log(q). r-axis is displayed on the vertical, the blue histogram represents the
posterior predictive, while the red shows the prior. The green dot shows the single observed
data.
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Figure 18: Prior versus the posterior predictive distributions for log-scaled pressure, denoted
by log(p). r-axis is displayed on the vertical, the blue histogram represents the posterior
predictive, while the red shows the prior. The green dot shows the single observed data.
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