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Introduction

• Work by Kirby, et al., University of Chicago
• Finite element “Compilers” 

– FErari
– FIAT

• Construction of FE Matrices extremely 
expensive for large unstructured problems

• Methods for reducing redundant operations in 
building stiffness matrix in 2D
– Many local stiffness matrices built
– Generate code to minimize multiply-add pairs 

(MAPs) in construction of local stiffness matrix
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2D Laplace – Local Stiffness Matrix Assembly
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2D Laplace – Local Stiffness Matrix Assembly
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• Used in 
class 2D 
code

• Terms not 
grouped by 
element 
dependency

• 8*(# bases)2

MAPs



5

“Tensor” K
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“Tensor” K
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Optimization problem

• Objective: To generate code to 
minimize the number of multiply add 
pairs (MAPs) when building the local 
stiffness matrix 

e
jiji

e GKS :,, =
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Possible Optimizations
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“tensor” K

• p=2
• Many possible 

optimizations for 
K(i,j):Ge dot 
product
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Possible Optimizations – 0 Blocks
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Possible Optimizations - Same Blocks
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• 1 NZ block
• S(6,6)=3G(1)
• 1 MAP
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Possible Optimizations - 2 NZ Blocks
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• S(1,2) = 

-4G(2)-4G(4)
• 2 MAPs 
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Possible Optimizations – 3 NZ Blocks
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• S(2,5)=-8G(1)

-4G(2)-4G(3)
• 3 MAPs 



14

Possible Optimizations – Scalar Multiple Blocks 
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Possible Optimizations – More Complex
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• 2 MAPs
• Many other 
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possible…
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Implementation

• Modified 2D Helmholtz code
• “Tensor” representation of local stiffness matrix 
• Implemented several optimizations

– 0 block
– Same block
– 1 NZ, 2NZ, 3NZ
– Scalar multiple block
– Partial scalar multiple block

• Graph model for more complex block relationships 
• Implementation reports an optimal (minimal MAPs) set 

of operations to build stiffness matrix
– Optimal for block relationships used
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Implementation
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S =
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Implementation – 0 Blocks
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Implementation
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Implementation
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Graph Problem
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Graph Vertices
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Graph – Dot Product Edges
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Graph – Scalar Multiple Edges
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Graph – Partial Scalar Multiple Edges
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Graph
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Kruskal’s Algorithm -> MST
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Implementation
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Implementation

);1(*8)4,2(*1)5,2(
);4,1(*25.0)6,1(
);2,1(*25.0)3,1(
);2,1(*75.0)1,1(

);1(*3)6,6(
);2(*1)3,6(

);2(*4)3,5(
);2(*4)1(*4)1,4(

);3(*1)6,3(
);3(*3)5,3(
);4(*3)3,3(

);3(*4)2(*4)4,2(
);3(*4)1,2(

);3(4)1(4)4,1(
);4(*4)2(*4)2,1(

GSS
SS
SS
SS

GS
GS

GS
GGS

GS
GS
GS

GGS
GS

GGS
GGS

−−=
−=
−=
−=

=
−=

=
−−=

−=
=
=

+=
−=

−−=
−−=

);3,5()5,6(
);1,4()4,6(
);5,3()6,5(
);2,2()5,5(
);5,4()4,5(
);5,2()2,5(
);4,1()6,4(
);2,2()4,4(
);4,2()2,4(
);1,2()2,3(
);2,1()3,2(

);1,4(*25.0)1,6(
);1(*8)2,2(*1)5,4(

);1,2(*25.0)1,3(
);4(*8)5,2(*1)2,2(

SS
SS
SS
SS
SS
SS
SS
SS
SS
SS
SS

SS
GSS

SS
GSS

=
=
=
=
=
=
=
=
=
=
=

−=
+−=

−=
+−=



33

FErari Results
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My Results
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Conclusions

• Greatly reduced MAPs when building stiffness matrix
• Reduction for lower order FE simple 

– Many zeros in K
– Graph algorithms unnecessary (p=1, 1 MAP)

• Reduction for higher order FE more interesting
– Very few zeros in K 
– More complex algorithms necessary

• Graph model limited
– Each S(i,j) can only exploit knowledge from one 

previously calculated S(k,l).
– Can’t optimize for a K block being a linear 

combination of 2 other K blocks
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