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Motivation for Coupling

Motivation for Structure Preservation

Multi-scale and multi-physics problems are Ad . . d be reliabl dicti Is within digital twi f]
g . . . P Vanced matena's & manufaotunn |Ce/0(:ean svstems In order to be relia e pre ictive tools within Iglta twin workftlows,
ubiquitous and require "i""’“s coupling ) |NTEGRAT€:VE RESEARCH THRUSTS Y reduced order models (ROMs) and surrogates must preserve the key
AMEWOrKs | . :
Most existing coupr ing frameworks are based on \ . . . properties of underlying PDEs
traditional discretization methods, i.e., high-fidelity /20 | | RT1: Dynamically-integrated RT2: Reduced-order & RT3: Mathematics of i i i , i
dels (HF ] T . . . ROMs in general do NOT automatically inherit these properties!
f \ nmo es ( @' ﬂ , /7 data assimilation & decisions surrogate modeling heterogeneous predictive DTs
- e RESEARCH SUB-THRUSTS Objective (RT2.2 of M2dt): develop
i - S . RT1.1 RT1.2 RT1.3 RT2.1 RT2.2 RT2.3 RT3.1 RT3.2 RT3.3 new structure preserving (SP) model
S dynamic OED & stochastic nonlinear structure geometric coupled decomposition optimal reduction methods to mirror
objective (RT3.1 of M2dt): discover the mathematical principles data causal optimal dimensionality preserving deep learning | heterogeneous | for heterogen. model properties of established compatible
guiding the assembly of HFMs and data-driven models in stable, assimilation inference control reduction ROMs surrogates models computing management discretizations for HFMs
accurate and physically consistent ways. EDUCATION, TRAINING & WORKFORCE DEVELOPMENT

. . _ SP Neural Network OplInf ROMs
Interface Flux Surrogates for Coupling Schwarz Alternating Method (SAM) for Coupling Goa: st nontruive flly norinear O3 $25 . o

. . . ROMs that enable structure preservation (SP).
Subdomains are decoupled by using interface flux Basic Schwarz alternating method (SAM) scheme for coupling [1
| e 2] o iy i NNOpInf Assumed Form [9] Example SP Parameterizations [9]
u — V- Fi(w) = fi + Decompose 0 =0, UQ, o el o ' Matrix:
. r . . . . |/ High-Fidelity atrix:
= ¢;on Ij ~—1 Solve PDE in Q, w/ boundary conditions (BCs) on I, from just-obtained N R \  Mod (t, w) = Z N,.(, 1; 6,) N.(U,u;0,) = AU, u; 0,)U
1 . Data-Driven ) )y ) ) ) )
n-F(w)=4onT 0, (), solution. " L = Symmetrix positive semi-definite
e Solve PDE in Q; w/ BCs on T} from just-obtained Q, solution. — ~—— Schwarz “glue” y P
! ! 2 (SPSD):
. | | —eratebhti-convergence NNOpInf parameterizes PDE " ~ A .
« Subdomain equations are mixed boundary value problems (BVPs) ith £ I Kk N,.(u,u; 6,) =L, u; 6,)L(U, u; 0,.)" u
SAM [ I I d-ol li " " with sum of neural networ
« The Dirichlet data ¢; is given on the Dirichlet boundaries : dgna =09 s s:am esls P ug',a“ -play coup ";Ig Overlapping Schwarz Alternating Method (O- (NN) operators. Skew:
* The Neumann data 4 is the unknown interface flux that must be estimated ot disparate meshes, solvers, time-steppers an o M) ( (n+D) | ( (n+1) Each NN is constrained to N, (@, u; 6;) = (L@@, 1; 6,) — L(W, p; 6,)")ud
models (ROM+HFM) [1-6]. rz N =f,ina, [ N(P) =710, <atisfy target problem- esentiat
™ ° ° < (Tl+1) = < u(n+ ) — , ON aQ F ifi i J 21 . — 21
Approximation of Schur Complement-based Coupling Operators SAM-based ROM-HEM Counling Workfl el Uy g, on 0\l 2 92 2\I2 specific algebraic N-(@, 1; 6,) = VLo (@, 1)
Generates approximation of Lagrange multiplier-based Schur _ % Gl > 1 \*2 1
complement from Lagrange multiplier-based coupling method-inspired input- / Reduced Order Model (ROM) High-Fidelity Model (HFM) \ SP-NNOpInf Results: 3D Hyperelastic Torsion [9]
output data pairs [8] o O-SAM is convergent with Dirichlet-Dirichlet boundary conditions (BCs) HFM has Lagrangian structure:
) T p— —_— y T pr— —_— X . . ’
o) My, + G;A =fi—-Kiui on®y < Ml":"l + G;A fi—Kiu;  on Mit = f(u), L(u,@) =T(@) —V(u)
D) | Moyt —GIA=fo—Kouy onQ, =P\ My, —GZA=fo— Kup on | A Non-Overlapping Schwarz Alternating Method (NO- NNODINE.SPSD.P o el used e T —
[~ Gana =0 . G m e =0 o M [ N(uf) = inQ f(Ap I)‘ v A-TLOt(‘(TtI?L ngg e)TlSe | S L -
' — i =], In u, = Vgz(Uu u, u, u
SgpA = GlMl_l (f1i — Kiuqp) — G2M2_1 (f2 — Kous) Data-Driven  ‘ROM in Qgom = Urom ON Iypm — Ugpm i Oypy T s N (ul ) f’ in £ ( +i) ? H u( 0 H)%o H
AENE = g o ysics-Base : (n+1) _ ) n+1) _ . . L
""""""""""""""""""""""""""""""""""""""" Qppfox'mat'on * ="\ o .\ Simulation 4 : i =g, ondQ\T “(2 o g ( +f)” 2ty Lagrangian structure-preserving NN-OpInf ROMs maintain
[/ ’ \ \ ("“) \7u Y on = Vu, "Honm on T ili i P
r Wttt = Atwo £ — AtwoGTA™! + Z w; My - Qrom ] é:QHFM 3 Qz Uy = Anyr, on T : stability and robustness during future state prediction
(FD) with BDF2 j=1 N e, SHRL Sl + Ans1 = 60ul” + (1 —6)A,,0n T,forn =1
$ ntl nJrl Txnil n+1— UroM in Qrom < Ugrm ON I'rom < UngrMm IN QuFMM . . .
Wauy ™ = Atwo + AtwoGa AT + Z wiMauz™ NO-SAM requires relaxed alternating Dirichlet- ] ] ] :
=1 Neumann or Robin-Robin BCs Dy m D y th O g
° ° - « Define ROM model form in each subdomain: Va rlat|0na| P” NCi ple (OVP)
n+l _ n+1 n+l—j n+1 n+l—j . o o o
SpoXN™ = GIW T (Atwo f1 T + 3w Miui™ ) — GaWy ! (Atwo f3 T + ) wiMougT ) 4+F@) =0 SAM-based Coupling Algorithm for Non-Intrusive
j=1 j=1 - ROMs
I ROM model forms: Offline stage: Goal: learn functional-level corrections to dissipation-dominated systems
Offline stage: > Po|ynomia| Operator Inference (POD|nf) [4-5]: * gre?te DD g{\& Into dl sdublc:oH"Flaln§ Q; lati U.Q within a StrUCture-preseWing variational integratﬂr
T(A — AAa L O(AoA BN ONR * Ferrorm a -couplied ail=- simuiation on yU; {);
« Use method by Carey* to generate high order flux approximations from coupled solution F(q) = Aq + Hq®q) + 6(qRq®Qq) . Compute POD baSiI: ®. on each Q. Lo Iy I
data | , - | » Neural Network Operator Interence (NNOplnf) [9]: . ) g . . o = argmin R, (1) v 0 N RIS
« Solve subdomain problems with homogeneous Neumann boundary conditions (do-nothing) F(a) — K@ w)a « Assume a functional form for your ROM in ;, informed g q A N
o IRegress Ssp OF Spp Wugfs and input & output data , enables str(lfgtl;re Cll"ev;eqrvation (SP) by the functional form of the corresponding HFM
niine stage: - ) | P > Transmission conditions enter through learned
» Solve subdomain problems with homogeneous Neumann boundary conditions (do-nothing) » Kernel I\/IanlfoIdAROI\/I (KROM) [7]: source terms added to the ROM dynamical system
- Solve approximate Ss,, or S, approximates against input data, providing an estimate for 1 F(EI\) — .QTk(EI\)
* G, Carey, S.S. Chow, M.K. Seager, Approximate boundary-flux calculations, Comput. Meth. Appl. Mech. Engng, 50, 1p8
55 SemartR) 0 SomarvR) - Infer operators from HFM data by solving regularized . OpInfROM+Schwarz BCs in {;: . KROM+Schwarz BCsin f);:
obtimization broblem q;+A,q,+H(q;®q,) +B;g; + H; t; =0 | |q; + Qg,;k,(q;) +\‘Qg,ikg(gi)} +\Q't,ikt(ti)} =0
" DD-Schur(IVR) i P P SN [ W '
_ ‘; 'Motivated by BQ SChwaYrZ Sehars Alternative kerngl- Schwarz Schwarz
§102 4 implementation in Dirichlet BC Neumann BC based formulation  Dirichlet BC Neumann BC
o FEM i
Li Opinf-Opinf and OpIinf-HFM Resulits [4] term term (uselinear kg, k) term erm
2 — inear
+L (OTH(Q))
_ :atcl'll Test Bolted Joint Tension Specimen « Compute ROM operator in each subdomain Q; by solving
ax esuits Straieht interface Chevron inferface Al vbra . regularized least squares minimization problem OVP strategy [10]:
Coupling method || L? error | H! error || L? error | H! error correc>1l:l rl rrzgici ihe m Online Stage: * Discretize a Ra,ylelghan fl“‘lCtIOn.al .Comprlsed of , ﬁa?_dial
,é DD-Schur(IFR) || 7.41e-15 | 1.02e-12 || 1.78¢-14 | 2.40e-12 Wit fy pre . Apply Schwarz iteration procedure, with Schwarz BC thermodynamic free energy and dissipation potential Laboratories
Traditional IFR || 6.48¢-15 | 8.5de-13 || 7.6le-15 | 6.34e-13 chatlon 0 m;ax.llmum VOn transfer via pre-learned boundary contributions » OVP at discrete |evel > variational time-stepping scheme
‘ pD-Schur(VR) ) 16007 | 20er12 ) 327010 | 22002 Ises stress (fallure) even POPINEPOpIn conserving mass and dissipating free energy by
aditiona 9de- 3de- T5e- D7e- in predictive regime " construction
(competing method, Farcas et . . . . . . . .
al., 2024 gives incorrect solution) Towards Adaptlve On-the-FIy ROM-HFM SWItChII'Ig Unknown/uqcertaln terms Incorporated into discrete free G\
Heterogeneous 2 gsin (@ 4 4 ) + B cos (@ 4 g 11 energy functional and learned from data AR v
u; = —fBsin(z —— cos (z . s . . : . . . rookhave
Manufagcture= Solution Lo ’ 1 ’ POpInf-POpInf TET10- Motivation: ROMs may fail at run-time! » OVP ensures physics remain preserved independent National Laboratory
P up = Bsin (@ +y+ ) + 22 cos (@ 4y + 1) - ’ HEX8 couplings achieve . . < s of training process
(Verification) K1 . : « ROMs are generally only as expressive as their training data
HEM-HFM POpInf-HFM impressive 106x . : . . OVP results [10]:
speedup while « Non-intrusive ROMs are particularly susceptible to . . .
1 | T 1 | T ntainine 0(0.1% overfitting and may not generalize well beyond the training * Block co-polymer models have uncertain bulk free energy density
i | o | maintaining 0(0.1%) data within the Ginzburg-Landau free energy
References ) : norma SSTTOTS In predictive + If the system encounters unforeseen dynamics at runtime, > Learned from data with, e.g., polynomial or neural network model
| R | regime i+ haramnc nacnceans fn ewriteh to o gidcallanen « OVP ensures physics preservation despite 10x extrapolatory rollout
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