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Abstract. This survey provides an overview of higher-order tensor decompositions, their applications,
and available software. A tensor is a multidimensional or N-way array. Decompositions
of higher-order tensors (i.e., N-way arrays with N > 3) have applications in psycho-
metrics, chemometrics, signal processing, numerical linear algebra, computer vision, nu-
merical analysis, data mining, neuroscience, graph analysis, and elsewhere. Two particular
tensor decompositions can be considered to be higher-order extensions of the matrix sin-
gular value decomposition: CANDECOMP/PARAFAC (CP) decomposes a tensor as a
sum of rank-one tensors, and the Tucker decomposition is a higher-order form of principal
component analysis. There are many other tensor decompositions, including INDSCAL,
PARAFAC2, CANDELINC, DEDICOM, and PARATUCK?2 as well as nonnegative vari-
ants of all of the above. The N-way Toolbox, Tensor Toolbox, and Multilinear Engine are
examples of software packages for working with tensors.
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I. Introduction. A tensor is a multidimensional array. More formally, an N-
way or Nth-order tensor is an element of the tensor product of N vector spaces,
each of which has its own coordinate system. This notion of tensors is not to be
confused with tensors in physics and engineering (such as stress tensors) [175], which
are generally referred to as tensor fields in mathematics [69]. A third-order tensor has
three indices, as shown in [Figure T.I] A first-order tensor is a vector, a second-order
tensor is a matrix, and tensors of order three or higher are called higher-order tensors.

The goal of this survey is to provide an overview of higher-order tensors and their
decompositions. Though there has been active research on tensor decompositions
and models (i.e., decompositions applied to data arrays for extracting and explaining
their properties) for the past four decades, very little of this work has been published
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Fig. 1.1 A third-order tensor: X € RIXJXK,

in applied mathematics journals. Therefore, we wish to bring this research to the
attention of STAM readers.

Tensor decompositions originated with Hitchcock in 1927 [105, [106], and the idea
of a multiway model is attributed to Cattell in 1944 [40] 41]. These concepts received
scant attention until the work of Tucker in the 1960s [224], 225] 226] and Carroll
and Chang [38] and Harshman [90] in 1970, all of which appeared in psychometrics
literature. Appellof and Davidson [13] are generally credited as being the first to
use tensor decompositions (in 1981) in chemometrics, and tensors have since become
extremely popular in that field [103, 201, 27} [28, BT, 152] 241, 121}, 12 9, 29], even
spawning a book in 2004 [200]. In parallel to the developments in psychometrics
and chemometrics, there was a great deal of interest in decompositions of bilinear
forms in the field of algebraic complexity; see, e.g., Knuth [I30, sec. 4.6.4]. The most
interesting example of this is Strassen matrix multiplication, which is an application
of a decomposition of a 4 x 4 x 4 tensor to describe 2 x 2 matrix multiplication
24].

In the last ten years, interest in tensor decompositions has expanded to other
fields. Examples include signal processing [62}[196], [47] [43], [68] (80, 173,60, [61], numer-
ical linear algebra [87, [64] 132, [T49], computer vision [229, (190,
236, 237, [193, 102, 235], numerical analysis [22| [108, 23, 89} [114] [88] [115], data min-
ing [190] (4] [211), 5] [209] 210, 44] [14], graph analysis [136] [135] [[5], neuroscience
[20] [163| 165, 167, [170, 168] 169, [2, Bl [70, [71], and more. Several surveys have been
written in other fields [138] 52, 104, 27) 28|, [47, 129] [7R| [48, 200, {9] 29, 6, 184, and
a book has appeared very recently on multiway data analysis [T39]. Moreover, there
are several software packages available for working with tensors [179, [T1), [T46, [85), [16],
(7, (18, (239, (243,

Wherever possible, the titles in the references section of this review are hyper-
linked to either the publisher web page for the paper or the author’s version. Many
older papers are now available online in PDF format. We also direct the reader to
P. Kroonenberg’s three-mode bibliography,! which includes several out-of-print books
and theses (including his own [138]). Likewise, R. Harshman’s web site? has many
hard-to-find papers, including his original 1970 PARAFAC paper [90] and Kruskal’s
1989 paper [143], which is now out of print.

The remainder of this review is organized as follows. [Section 2 describes the no-
tation and common operations used throughout the review; additionally, we provide
pointers to other papers that discuss notation. Both the CANDECOMP /PARAFAC

Ihttp://three-mode.leidenuniv.nl/bibliogr /bibliogr.htm
2http://www.psychology.uwo.ca/faculty /harshman
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(CP) [B8/Q0] and Tucker [226] tensor decompositions can be considered to be higher-
order generalizations of the matrix singular value decomposition (SVD) and principal
component analysis (PCA). In [secfion 3] we discuss the CP decomposition, its con-
nection to tensor rank and tensor border rank, conditions for uniqueness, algorithms
and computational issues, and applications. The Tucker decomposition is covered
in [Section 4, where we discuss its relationship to compression, the notion of n-rank,
algorithms and computational issues, and applications. covers other decom-
positions, including INDSCAL [38], PARAFAC2 [92], CANDELINC [39], DEDICOM
[93], and PARATUCK?2 [100], and their applications. Section 6] provides information
about software for tensor computations. We summarize our findings in [section 71

2. Notation and Preliminaries. In this review, we have tried to remain as con-
sistent as possible with terminology that would be familiar to applied mathematicians
and with the terminology of previous publications in the area of tensor decomposi-
tions. The notation used here is very similar to that proposed by Kiers [122]. Other
standards have been proposed as well; see Harshman [94] and Harshman and Hong
[06].

The order of a tensor is the number of dimensions, also known as ways or modes.?
Vectors (tensors of order one) are denoted by boldface lowercase letters, e.g., a. Matri-
ces (tensors of order two) are denoted by boldface capital letters, e.g., A. Higher-order
tensors (order three or higher) are denoted by boldface Euler script letters, e.g., X.
Scalars are denoted by lowercase letters, e.g., a.

The ith entry of a vector a is denoted by a;, element (i,75) of a matrix A is
denoted by a;j, and element (i,j,k) of a third-order tensor X is denoted by z;jx.
Indices typically range from 1 to their capital version, e.g., ¢ = 1,...,I. The nth
element in a sequence is denoted by a superscript in parentheses, e.g., A™ denotes
the nth matrix in a sequence.

Subarrays are formed when a subset of the indices is fixed. For matrices, these
are the rows and columns. A colon is used to indicate all elements of a mode. Thus,
the jth column of A is denoted by a.;, and the ith row of a matrix A is denoted by
a;.. Alternatively, the jth column of a matrix, a.;, may be denoted more compactly
as a;.

Fibers are the higher-order analogue of matrix rows and columns. A fiber is
defined by fixing every index but one. A matrix column is a mode-1 fiber and a
matrix row is a mode-2 fiber. Third-order tensors have column, row, and tube fibers,
denoted by X.jk, X;.k, and x;;., respectively; see When extracted from the
tensor, fibers are always assumed to be oriented as column vectors.

Slices are two-dimensional sections of a tensor, defined by fixing all but two
indices. shows the horizontal, lateral, and frontal slides of a third-order
tensor X, denoted by X;.., X.;., and X..;, respectively. Alternatively, the kth frontal
slice of a third-order tensor, X..r, may be denoted more compactly as Xj.

The norm of a tensor X € RI1*72XXIN ig the square root of the sum of the
squares of all its elements, i.e.,

I I In
X = Z Z Z x1211'2-~~iN'
i1=lip=1  in=1

This is analogous to the matrix Frobenius norm, which is denoted || A || for a matrix

3In some fields, the order of the tensor is referred to as the rank of the tensor. In much of the
literature and this review, however, the term rank means something quite different; see Eection 3.1
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(a) Mode-1 (column) fibers: x.5,  (b) Mode-2 (row) fibers: x; . (c) Mode-3 (tube) fibers: x;;.

Fig. 2.1 Fibers of a 3rd-order tensor.

(a) Horizontal slices: X.. (b) Lateral slices: X.;. (c) Frontal slices: X.., (or Xg)

Fig. 2.2 Slices of a 3rd-order tensor.

'XIN

A. The inner product of two same-sized tensors X,Y € RI1x12x- is the sum of

the products of their entries, i.e.,

I Is In
<:x7y> = E E T § Tiyig-in Yivig-in -
i1=112=1 in=1

It follows immediately that (X, %) = || X||*.

2.1. Rank-One Tensors. An N-way tensor X € RI1>X12XXIN is rank one if it
can be written as the outer product of N vectors, i.e.,

X —a®oa®o...0a®

The symbol “o” represents the vector outer product. This means that each element
of the tensor is the product of the corresponding vector elements:

Tiyigein = al(»ll)ag) - -al(»fvv) for all 1 <14, < I,.

Figure 2.3|illustrates X = a o b o ¢, a third-order rank-one tensor.

2.2. Symmetry and Tensors. A tensor is called cubical if every mode is the same
size, i.e., X € RIXIxIxxI [fg] A cubical tensor is called supersymmetric (though
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X a

Fig. 2.3 Rank-one third-order tensor, X = aoboc. The (i,j,k) element of X is gien by x5, =
a;bjcy.

this term is challenged by Comon et al. [49], who instead prefer just “symmetric”) if
its elements remain constant under any permutation of the indices. For instance,
three-way tensor X € R/*/*! is supersymmetric if

o

Tijk = Tikj = Tjik = Tjki = Thij = Thyjs foralld,j,k=1,... 1.

Tensors can be (partially) symmetric in two or more modes as well. For example,
a three-way tensor X € RI*/*X ig symmetric in modes one and two if all its frontal
slices are symmetric, i.e.,

X, =X, forallk=1,... K.

Analysis of supersymmetric tensors, which can be shown to be bijectively related
to homogeneous polynomials, predates even the work of Hitchcock [106], T05], which
was mentioned in the introduction; see [50), [49] for details.

2.3. Diagonal Tensors. A tensor X € R }2xXIN s diggonal if ;... # 0

only if i1 = ig = --- = ip. illustrates a cubical tensor with ones along the
superdiagonal.
"1-1 1
-
1
1
1B
1.

Fig. 2.4 Three-way tensor of size I X I x I with ones along the superdiagonal.

2.4. Matricization: Transforming a Tensor into a Matrix. Matricization, also
known as unfolding or flattening, is the process of reordering the elements of an N-way
array into a matrix. For instance, a 2x 3 x4 tensor can be arranged as a 6 x4 matrix or
a 3 x 8 matrix, and so on. In this review, we consider only the special case of mode-n
matricization because it is the only form relevant to our discussion. A more general
treatment of matricization can be found in Kolda [134]. The mode-n matricization of
a tensor X € RI1x12xxIN j5 denoted by X(n) and arranges the mode-n fibers to be
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the columns of the resulting matrix. Though conceptually simple, the formal notation

is clunky. Tensor element (i1, 42, ...,iy) maps to matrix element (i,, j), where
N k—1
=14 (ik—=1)Jx with Je= [] Im.
hn n

The concept is easier to understand using an example. Let the frontal slices of X €
R3x4><2 be

1 4 7 10 13 16 19 22
(2.1) X;=1(2 5 8 11|, Xy= |14 17 20 23
3 6 9 12 15 18 21 24

Then the three mode-n unfoldings are

1 4 7 10 13 16 19 22
Xqpy=12 5 8 11 14 17 20 23|,
3 6 9 12 15 18 21 24
1 2 3 13 14 15
< 4 5 6 16 17 18
=17 8 9 19 20 21|’
10 11 12 22 23 24
% 1 2 3 4 5 -~ 9 10 11 12
G~ 113 14 15 16 17 --- 21 22 23 24|°

Different papers sometimes use different orderings of the columns for the mode-n
unfolding; compare the above with [63] and [122]. In general, the specific permutation
of columns is not important so long as it is consistent across related calculations; see
[134] for further details.

Last, we note that it is also possible to vectorize a tensor. Once again the ordering
of the elements is not important so long as it is consistent. In the example above, the
vectorized version is

vec(X) =
24
2.5. Tensor Multiplication: The n-Mode Product. Tensors can be multiplied
together, though obviously the notation and symbols for this are much more complex
than for matrices. For a full treatment of tensor multiplication see, e.g., Bader and
Kolda [T6]. Here we consider only the tensor n-mode product, i.e., multiplying a
tensor by a matrix (or a vector) in mode n.
The n-mode (matriz) product of a tensor X € RI1*12XXIN with a matrix U €
R7*In is denoted by X x,, U and is of size Iy X --- x I,_1 X J X In41 X --- x Iy.
Elementwise, we have

I
(x Xn U)il'”in—lj 1N Z Lirig-in Ujin -

in=1
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Each mode-n fiber is multiplied by the matrix U. The idea can also be expressed in
terms of unfolded tensors:

Yy=xXx,U0 < Y(n) = UX(n).

The n-mode product of a tensor with a matrix is related to a change of basis in the
case when a tensor defines a multilinear operator.

As an example, let X be the tensor defined above in and let U = [132].
Then the product Y = X x; U € R2X4*X2 g

Y,

_[22 49 76 103] _ [130 157 184 211
T |28 64 100 136]° 27 (172 208 244 280|°

A few facts regarding n-mode matrix products are in order. For distinct modes
in a series of multiplications, the order of the multiplication is irrelevant, i.e.,

X XmAx,B=Xx,Bx, A (m#n).
If the modes are the same, then
X x, Ax,B=Xx, (BA).

The n-mode (vector) product of a tensor X € RI1*12XXIN ith a vector v € RI»
is denoted by X X, v. The result is of order N — 1, i.e., the size is [y x -+ X I, 1 X
I+1 X --- x Iy. Elementwise,

I,
(O X0 V)i i ine = D Tinizing Vi

in=1

The idea is to compute the inner product of each mode-n fiber with the vector v.
For example, let X be as given in and definev=1[1 2 3 4]T. Then

70 190
X xgv= 80 200
90 210

When it comes to mode-n vector multiplication, precedence matters because the
order of the intermediate results changes. In other words,

X Xmax,b=(X X, a)X,-1b=(XXx,b)Xx,,a for m<n.

See [I6] for further discussion of concepts in this subsection.

2.6. Matrix Kronecker, Khatri-Rao, and Hadamard Products. Several matrix
products are important in the sections that follow, so we briefly define them here.

The Kronecker product of matrices A € R/*/ and B € RX*Z is denoted by
A ® B. The result is a matrix of size (/K) x (JL) and defined by

apyB ai2B -+ a1;B

a1B a2B --- a2;B
AB= .

artB apB - ar;B

=[ar®b; ay®by a;®bs -+ a;®br1 a;@bg].
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The Khatri-Rao product [200] is the “matching columnwise” Kronecker product.
Given matrices A € RI*K and B € R7*K | their Khatri-Rao product is denoted by
A ® B. The result is a matrix of size (IJ) x K defined by

AOGB=[a®b; a;®by -+ ag@bg]|.

If a and b are vectors, then the Khatri-Rao and Kronecker products are identical,
ie, a®b=a0®b.

The Hadamard product is the elementwise matrix product. Given matrices A and
B, both of size I x J, their Hadamard product is denoted by A *x B. The result is
also of size I x J and defined by

anbin  aigbiz - aigbig

ao1ba1  agabe - aagbay
AxB=

aribri arabrz -+ argbry

These matrix products have properties [227, [200] that will prove useful in our
discussions:

(A®B)(C®D)=AC 2 BD,
(A®B) = AT @ BT,
A®GBoC=(A0B)oC=A06(B6CQ),
(A®B)"(A®B)=ATA«B'B,
(2.2) (AoB) = ((ATA)«(B'B))" (A ®B)".

Here AT denotes the MoorePenrose pseudoinverse of A [84].

As an example of the utility of the Kronecker product, consider the following.
Let X € RIvxlxoxIn and A e R7*In for all n € {1,...,N}. Then, for any
n € {l,...,N}, we have

H:xxlA(l)XgA(2)"'XNA(N) PEN

T

See [134] for a proof of this property.

3. Tensor Rank and the CANDECOMP/PARAFAC Decomposition. In 1927,
Hitchcock [105] [106] proposed the idea of the polyadic form of a tensor, i.e., express-
ing a tensor as the sum of a finite number of rank-one tensors; and in 1944 Cattell
[40}[41] proposed ideas for parallel proportional analysis and the idea of multiple axes
for analysis (circumstances, objects, and features). The concept finally became popu-
lar after its third introduction, in 1970 to the psychometrics community, in the form of
CANDECOMP (canonical decomposition) by Carroll and Chang [38] and PARAFAC
(parallel factors) by Harshman [90]. We refer to the CANDECOMP /PARAFAC de-
composition as CP, per Kiers [122]. Mocks [166] independently discovered CP in the
context of brain imaging and called it the topographic components model. [Table 3.1]
summarizes the different names for the CP decomposition.
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Table 3.1 Some of the many names for the CP decomposition.

Name Proposed by
Polyadic form of a tensor Hitchcock, 1927 [105]
PARAFAC (parallel factors) Harshman, 1970 [90]
CANDECOMP or CAND (canonical decomposition)  Carroll and Chang, 1970 [38]
Topographic components model Mocks, 1988 [166]
CP (CANDECOMP/PARAFAC) Kiers, 2000 [122]

/Cl /Cz /R

—// —// —/—/
~ b + b> NN br
X
aj an aR

Fig. 3.1 CP decomposition of a three-way array.

The CP decomposition factorizes a tensor into a sum of component rank-one
tensors. For example, given a third-order tensor X € R/*/*K  we wish to write it as

R
(3.1) X~ a,ob,oc,
r=1
where R is a positive integer and a, € R!, b, € R/, and ¢, € RX forr =1,...,R.
Elementwise, is written as
R
Tijk %Za”bﬁckr fori=1,...,1, j=1,...,J, k=1,... K.
r=1

This is illustrated in [Figure 3.1]

The factor matrices refer to the combination of the vectors from the rank-one

components, i.e., A = [a1 ag - aR} and likewise for B and C. Using these
definitions, |(3.1) m may be written in matricized form (one per mode; see section 2.4)):
(3.2) X1y ~A(COB)T,

X ~#B(CoA)T,
X3 ~CBoA).
Recall that ® denotes the Khatri—-Rao product from[section 2.6l The three-way model
is sometimes written in terms of the frontal slices of X (see[Figure 2.2):
X, ~ AD®BT where D™ = diag(cy.) for k=1,...,K.

Analogous equations can be written for the horizontal and lateral slices. In general,
though, slicewise expressions do not easily extend beyond three dimensions. Following
Kolda [134] (see also Kruskal [141]), the CP model can be concisely expressed as

R
fX?m[[A,B,C]]EZaTobTocT.

r=1
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It is often useful to assume that the columns of A, B, and C are normalized to length
one with the weights absorbed into the vector A € R® so that

R
(3.3) X~[X;A,B,C[=) Aa,ob,oc,.
r=1

We have focused on the three-way case because it is widely applicable and suf-
ficient for many needs. For a general Nth-order tensor, X € RI1>*/2X:=XIN the CP
decomposition is

R
X~ [[)\;A(l),A(Q),...,A(N)]] EZ)\T agl)oagz)o---oaﬁN),

r=1

where A € RR and A™ € Rm"*R for p = 1,...,N. In this case, the mode-n matri-
cized version is given by

X (n) ~ AMAANM o ..o APTD o ALY oo AT,

where A = diag(A).

3.1. Tensor Rank. The rank of a tensor X, denoted rank(X), is defined as the
smallest number of rank-one tensors (see that generate X as their sum
[105] I41]. In other words, this is the smallest number of components in an exact CP
decomposition, where “exact” means that there is equality in Hitchcock [105]
first proposed this definition of rank in 1927, and Kruskal [T41] did so independently
50 years later. For the perspective of tensor rank from an algebraic complexity point
of view, see [107, B7) M30), 24] and references therein. An exact CP decomposition
with R = rank(X) components is called the rank decomposition.

The definition of tensor rank is an exact analogue to the definition of matrix rank,
but the properties of matrix and tensor ranks are quite different. One difference is
that the rank of a real-valued tensor may actually be different over R and C. For
example, let X be a tensor whose frontal slices are defined by

1 0 0 1
X1 = |:O 1:| and X2 = |:_1 0:| .

This is a tensor of rank three over R and rank two over C. The rank decomposition
over R is X = [A, B, C], where

10 1 10 1 1 10
A‘{o 1 —1]’ B_[o 1 1}’ and C_[—l 1 1]’

whereas the rank decomposition over C has the following factor matrices instead:

1 11 1 1 ]1 1 1 1
] R R B )
This example comes from Kruskal [142], and the proof that it is rank three over R
and the methodology for computing the factors can be found in Ten Berge [212]. See
also Kruskal [143] for further discussion.

Another major difference between matrix and tensor rank is that (except in special
cases such as the example above) there is no straightforward algorithm to determine
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