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Abstract

Tensor decompositions are higher-order analogues of matrix decompositions and have proven to be
powerful tools for data analysis. In particular, we are interested in the canonical tensor decomposition,
otherwise known as the CANDECOMP /PARAFAC decomposition (CPD), which expresses a tensor as
the sum of component rank-one tensors and is used in a multitude of applications such as chemometrics,
signal processing, neuroscience, and web analysis. The task of computing the CPD, however, can be
difficult. The typical approach is based on alternating least squares (ALS) optimization, which can be
remarkably fast but is not very accurate. Previously, nonlinear least squares (NLS) methods have also
been recommended; existing NLS methods are accurate but slow. In this paper, we propose the use
of gradient-based optimization methods. We discuss the mathematical calculation of the derivatives
and further show that they can be computed efficiently, at the same cost as one iteration of ALS.
Computational experiments demonstrate that the gradient-based optimization methods are much more
accurate than ALS and orders of magnitude faster than NLS.
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Figure 4: Speed and accuracy comparison for computing the number of true underlying components (blue)
and overfactoring (red) for tensors of size 50 x 50 x 50 and collinearity C' = 0.9

Figure 5: Accuracy of different methods for computing CPD for R = Riye (left) and R = Rypye + 1 (right)
at increasing levels of noise for tensors of size 50 x 50 x 50 taking into consideration both collinearity levels,
C = 0.5 and C = 0.9. The numbers on the x-axis indicate (I1, l2) pairs. Each subplot keeps homoscedastic
noise ratio (I;) constant and changes heteroscedastic noise ratio (I3).
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6.3.5 Rank

The main effect of the rank of the tensor is in the computation time. Figure 6 splits out the timing results
for tensors of size 50 x 50 x 50 with C' = 0.5. On the left are timings for Riyue = 3 (blue is R = Riyue and red
is R = Rgrue + 1), and on the right are analogous timings for Riue = 5. We can see that the computation
time of CPNLS increases significantly when the rank increases. This is as expected, however, due to the
O(P?) cost of the method, where P depends linearly on R (see §5 for more details).
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Figure 6: Speed for Riyye = 3 and Riqe = 5 for tensors of size 50 x 50 x 50 at C' = 0.5

We also consider the effect on accuracy in Figure 7. In terms of accuracy, all methods except CPALS
perform close to 100%, while CPALS suffers from overfactoring. Interestingly, CPALS computes more
accurate CPDs in the case of overfactoring for Ri... = 5 compared to those for Ry, = 3. Further studies
are needed to determine if this trend continues as the tensor rank increases.
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Figure 7: Accuracy for Ry = 3 and Ryue = 5 for tensors of size 50 x 50 x 50 at C' = 0.5

At high collinearity (i.e., C' = 0.9), as the rank of the original tensor increases from Rue = 3 t0 Ripye = 5,
the accuracy of all methods decreases. Table A.2a in Appendix A illustrates this trend for the high collinearity
case, which is not present in the low collinearity case (i.e., C = 0.5). In terms of computation time, for
Rirue = 5, the relative performance of the algorithms is the same as for R, = 3 but there is an increase in
computation time when we go from Ryiue = 3 to Riyye = 5 (Table A.2b and Table A.2¢ in Appendix A).
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7 Conclusions

Although both ALS [8, 20] and NLS [38, 37, 39, 46, 48] are optimization-based approaches to solving the
CPD problem, we revisit the problem and consider yet another alternative. The OPT method proposed here
is a gradient-based optimization method; specifically, we use a nonlinear conjugate gradient method to solve
the CPD optimization problem in (2). In contrast to ALS, OPT solves for all factor matrices simultaneously
and our numerical results show that this leads to increased accuracy, especially in the case of overfactoring.
In contrast to NLS, we sacrifice the quadratic convergence rate of the Levenberg-Marquardt method, but
the overall speed of OPT is significantly faster because its cost per iteration is much less.

Key to the good performance of OPT is the efficient tensor formulation of the first derivative of (2). This
formulation can serve as a model for deriving analogous formulas for derivatives of other tensor decomposition
objective functions. An interesting result of our work is that there is a clear connection between the OPT
and ALS: ALS sets the gradient to zero for just one factor matrix at a time, whereas OPT sets the gradient to
zero for all factor matrices simultaneously. This is a new way of deriving the ALS equations. Moreover, this
connection between ALS and OPT means that the same methods to making ALS applicable to large-scale
problems [3] can be applied to OPT. Future work will consider the scalability of OPT to large-scale sparse
problems.

One of the major difficulties of solving the CPD problem is addressing the scaling and permutation
indeterminacies. We extended the OPT method to include a Tikhonov regularization term and have de-
scribed how this addresses the indeterminacies. We have also illustrated the connections between OPT and
the Levenberg-Marquardt method in NLS. Future work will consider investigating how to choose the best
regularization parameter.

The formulation of the CPD problem in (2) can be extended to include non-negativity or sparsity con-
straints, and we propose that OPT can be extended in a straightforward way to incorporate such constraints.
We note, however, that we use the n-mode singular vectors to initialize the methods and this would need to
change with the introduction of such constraints and therefore be another avenue of investigation itself.
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A Detailed numerical results

The numerical results in §6.3 are derived from the detailed results presented in Tables A.1 — A.4. Each cell
corresponds to twenty sets of factor matrices, each contaminated with nine levels of noise as described in
§6.1, for a total of 180 test tensors. Throughout, we report the time per CPD calculation and timings are
written as a + b where a is the average time and b is the sample standard deviation.

Accuracy (%)
Rank (Rtrue) 3 5
Collinearity (C) 0.5 0.9 0.5 0.9
Extr. Components (R) 3 4 3 4 5 6 5 6
CPALS 100.0 47.2 49.4 45.6 | 100.0 67.8 11.1  10.0
CPNLS 100.0 100.0 52.2 52.2 | 100.0 98.9 11.1 13.3
CPOPT 100.0 100.0 52.2 52.2 | 100.0 99.4 11.1 133
CPOPTR 100.0 100.0 52.8 53.3 | 100.0 100.0 11.1 13.3
(a) Accuracy
Time (sec.)
Rank (Ritrue) 3
Collinearity (C) 0.5 0.9
Extr. Components (R) 3 4 3 4

CPALS 01+00 1.0+14 07£03 1.0£0.7

CPNLS 02+£00 12+06 06+05 1.7£09

CPOPT 0.14+00 044+02 04£01 06=£0.2

CPOPTR 01+£00 02£00 04+0.1 06+£0.2

(b) Computation time for Rirue = 3
Time (sec.)
Rank (Ritrue) 5
Collinearity (C) 0.5 0.9
Extr. Components (R) 5 6 5 6

CPALS 0.1£+£00 09+12 12407 16+£1.1

CPNLS 04+£01 23+14 28+19 43+£22

CPOPT 02+£00 05+02 08%+02 1.0+£04

CPOPTR 02+£00 03+01 08+02 1.0+£04

(¢) Computation time for Rtrue = 5

Table A.1: Detailed results for 20 x 20 x 20 tensors
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Accuracy (%)
Rank (Ritrue) 3 5
Collinearity (C) 0.5 0.9 0.5 0.9
Extr. Components (R) 3 4 3 4 5 6 5 6
CPALS 100.0 13.9 73.9 67.8 | 100.0 48.9 60.0 60.6
CPNLS 100.0 100.0 72.8 81.7 | 100.0 99.4 65.0 66.1
CPOPT 100.0 100.0 744 82.8 | 100.0 100.0 60.0 62.2
CPOPTR 100.0 100.0 739 83.3 | 100.0 100.0 60.0 62.2
(a) Accuracy
Time (sec.)
Rank (Rirac) 3
Collinearity (C) 0.5 0.9
Extr. Components (R) 3 4 3 4
CPALS 0.1+0.0 02+£0.3 1.24+0.5 1.7+0.7
CPNLS 26+£03 202+99 95+£9.1 243+134
CPOPT 0.3+0.1 09+04 09+0.3 1.3+£04
CPOPTR 0.3+0.1 04+£0.1 09+0.3 1.3+£0.3
(b) Computation time for Rirue = 3
Time (sec.)
Rank (Rtrue) 5
Collinearity (C) 0.5 0.9
Extr. Components (R) 5 6 5 6
CPALS 0.2+£0.0 0.5+£0.5 21+1.0 2.3+£0.8
CPNLS 59+1.0 354+21.8 26.7£21.1 504+254
CPOPT 04+0.1 1.24+0.6 1.7+ 0.5 2.1+0.7
CPOPTR 0.5+0.1 0.6+0.1 1.7+ 0.5 2.14+0.6
(c) Computation time for Rtrue = 5
Table A.2: Detailed results for 50 x 50 x 50 tensors
Accuracy (%)
Rank (Ritrue) 3 5
Collinearity (C) 0.5 0.9 0.5 0.9
Extr. Components (R) 3 4 3 4 5 6 5 6
CPALS 100.0 11.1 91.7 72.8 | 100.0 42.8 66.7 61.1
CPNLS 100.0 100.0 90.6 99.4 | 100.0 99.4 67.2 67.8
CPOPT 100.0 100.0 89.4 96.7 | 100.0 100.0 644 67.2
CPOPTR 100.0 100.0 89.4 96.7 | 100.0 100.0 65.6 67.2
(a) Accuracy
Time (sec.)
Rank (Rtrue) 3
Collinearity (C) 0.5 0.9
Extr. Components (R) 3 4 3 4
CPALS 1.2+0.1 1.2+0.6 13.6 £ 3.2 11.24+3.5
CPNLS 292432 19494847 72.7+£594 209.0+82.0
CPOPT 3.2+0.8 59+3.3 10.5+ 2.8 8.8+23
CPOPTR 3.6 0.8 3.2+06 10.5+2.6 89+24
(b) Computation time for Rirue = 3
Time (sec.)
Rank (Rtrue) 5
Collinearity (C) 0.5 0.9
Extr. Components (R) 5 6 5 6
CPALS 1.5+0.1 2.8+1.6 15.5+6.2 16.6 £6.7
CPNLS 64.44+8.9 324441394 295.0+265.0 525.9+ 308.7
CPOPT 4.0+£0.7 9.3£4.3 14.0£3.3 18.5+4.6
CPOPTR 4.5+£0.7 59+0.8 14.2+3.3 18.2+4.4

(c) Computation time for Rtrue = 5

Table A.3: Detailed results for 100 x 100 x 100 tensors
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