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Crack velocity = 7
( D
X

/ O#

py =V -(a(Vy)) +b

applies everywhere except the crack. Sandia
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The reality of fracture may be too complex to represent in the form

a= f(K)
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e Any point X interacts directly with other points within a finite
distance 0 called the “horizon.”

e The material within a distance 0 of x is called the “family” of x,

H.
e B
(5horizon

H =family of x
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Deformation y

A 5 S

Undeformed family of x Deformed family of x

The deformation state is the function that maps each bond & into
its deformed image Y (§).
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Undeformed bonds connected to x Deformed bonds connected to x

O =

Compare this with standard theory in which small spheres are mapped

into ellipsoids Sandia
@ National
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e Suppose we perturb the deformed bond Y (&) by a virtual dis-
placement €. The resulting change in W (x) is

AW = T(E) - ¢
where T(&) is a vector.

e The “force state” T is the work conjugate to Y:

W—I(X—LI@%X@d%

e T is the Frechet derivative of W(Y) — analogous to a stress
tensor.

Deformed family of x

Displace just one bond &
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e Total potential energy in 5:
%~ [WX)—b-y) avy
B
e Take first variation. Euler-Lagrange equation is

[ (i %)~ Tl ) v+ bix) =0

e Write this in terms of the "bond force” : T[x(x’

/H f(x',x) dVy + b(x) = 0. o —y

e where the bond force is defined by

f(x',x) = Tix|(x' — x) — T[x]{(x — x')
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e Equilibrium equation:
/ f(x',x) dVy + b(x) = 0.
H

e where

f(x',x) = Tix|{x — x) — T[x](x — x')

e Now use d'Alembert’s principle to get the equation of motion:

p(xX)y(x,t) = Lf(x’,x, t) dVy + b(x,1)

G
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e [he simplest assumption is that all the bonds are independent.

e Equation of motion simplifies to
py(x,t) = / fly(x',t) —y(x,1),x,x) dVi + b(x, 1),
H

e The body is in effect a network of nonlinear springs.

Deformed bond Y (£

mﬁ

Bond elongation = [Y (&)] — [€|
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e Can also have materials that have no analogue in the standard theory:

e Example: A material that responds to angle changes between pairs of bonds:

1

W = 5/ (m —0(¢,—€))" dVi

where 0(&, —€) is the deformed angle between bonds & and —&.
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e The family of x could be either continuous or a collection of point
masses or other objects.

Family of x

\N
\\

:mZAX—Xi

A = 3D Dirac delta function
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e Consider a set of atoms that interact through an N—body po-

tential:

U(Yl? Y2, - -- ayN)J
Vi,...,yn = deformed positions, x;,...,xy = reference posi-
tions.

e This can be represented exactly as a peridynamic body.

Y1
[ )

® Vs

Yo
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Define a peridynamic body by:

A~

W(Y,x) = Ax—x0)U(Y {x1—x0), Y (Xo—Xq),..., Y(Xy—Xq)),
p(x) = Z A(x —x;) M,

X1
Mio
Y1 Y (x; — %)
® Y3
yoe®
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After evaluating the Frechet derivative T, find

P (x, 1) = / £ x. 1) dVi

implies
oU
My(x;, t) = ———, =1,...,N
y(xi, ) Dy, Z
In other words, the PD equation of motion reduces to Newton's second
law.
Y1 e

\ o

Yo
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e Bonds can break irreversibly according to some criterion.

e Broken bonds carry no force.

1

L

v
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If the work required to break the bond & is wy(&), then the energy
release rate is found by summing this work per unit crack area (J.

Foster):
J
G:// wo(&) dVe ds
0o JR.
R_|_ |f‘/

7

‘}
5
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py(x,t) = / f(x',x,t) dVy + b(x,1)
H

l

oyl = f(xp,x;,t) AVy + b}
keH
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Fij ~ 1/7"6

tJ

Fsphere ~ 1/D
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In any peridynamic body, we can define a tensor field v such that:

e T he force per unit area at x through a plane with normal n is
s =v(x)n

e The peridynamic equation of motion can be written as

pu=V - -v+Db

V- v(x) = /f(x’,x) dVy

vn



Suppose the deformation is twice continuously differentiable. If
the horizon is small, the deformation state is well approximated

by
Y )~ (Vy)§
SO we can write

W(Y) ~ W.(Vy)
and it can be proven that

oW,
OVy

so v is basically a Piola-Kirchhoff stress tensor in a classical hy-
perelastic solid.

V=

AN
A
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