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PeridynamicPeridynamicPeridynamicPeridynamic model of continuum mechanics:model of continuum mechanics:model of continuum mechanics:model of continuum mechanics:
PurposesPurposesPurposesPurposes

•Why do this?

– Standard PDEs do not apply on cracks.

– No natural way to couple atoms to standard PDEs.

– Classical assumption of contact forces is not accurate at small 
length scales.

•To apply the same field equations on or off of cracks.To apply the same field equations on or off of cracks.To apply the same field equations on or off of cracks.To apply the same field equations on or off of cracks.

•To treat discrete particles using the same equations as continuaTo treat discrete particles using the same equations as continuaTo treat discrete particles using the same equations as continuaTo treat discrete particles using the same equations as continua....

•To include longTo include longTo include longTo include long----range forces in a continuum model.range forces in a continuum model.range forces in a continuum model.range forces in a continuum model.
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StrategyStrategyStrategyStrategy

•The integral equations involve interaction between points 
separated by finite distances (nonlocality).

•These integral equations are not derivable from the PDEs.

•But they converge to the PDEs in the limit of small length scales.

Replace the standard Replace the standard Replace the standard Replace the standard PDEsPDEsPDEsPDEs with integral equations.with integral equations.with integral equations.with integral equations.
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PeridynamicPeridynamicPeridynamicPeridynamic equation of motionequation of motionequation of motionequation of motion



mechmat-silling-2009.ppt  • June 26, 2009  • frame 5

Determining Determining Determining Determining f::::

PeridynamicPeridynamicPeridynamicPeridynamic statesstatesstatesstates

Standard:               Peridynamic:

Strain energy at x depends collectivelycollectivelycollectivelycollectively on the deformation of the family of x.
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BondBondBondBond----based materialsbased materialsbased materialsbased materials

Bond

Deformed bond
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Simplest bondSimplest bondSimplest bondSimplest bond----based materialbased materialbased materialbased material

Bond extension

Bond force

Bond

Deformed bond

Bond extension
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Length scale in the simplest materialLength scale in the simplest materialLength scale in the simplest materialLength scale in the simplest material
is the horizonis the horizonis the horizonis the horizon

Length scale
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Length scales, Length scales, Length scales, Length scales, ctdctdctdctd....
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Example of multiple length scales:Example of multiple length scales:Example of multiple length scales:Example of multiple length scales:
NanofiberNanofiberNanofiberNanofiber networknetworknetworknetwork

Nanofiber membrane (F. Bobaru, Univ. of Nebraska)

Nanofiber interactions due 
to van der Waals forces
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Multiple length scales, Multiple length scales, Multiple length scales, Multiple length scales, ctdctdctdctd....
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Changing the length scaleChanging the length scaleChanging the length scaleChanging the length scale



mechmat-silling-2009.ppt  • June 26, 2009  • frame 13

Changing the length scale, Changing the length scale, Changing the length scale, Changing the length scale, ctdctdctdctd....
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Discrete particle motion is a special case of Discrete particle motion is a special case of Discrete particle motion is a special case of Discrete particle motion is a special case of 
peridynamicsperidynamicsperidynamicsperidynamics

Dirac delta
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Homogenization:Homogenization:Homogenization:Homogenization:
Removing length scalesRemoving length scalesRemoving length scalesRemoving length scales

• A model with small length scales is sometimes too hard to compute with…

Have this from physics
Want this

Dirac delta
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Homogenization method for Homogenization method for Homogenization method for Homogenization method for peridynamicsperidynamicsperidynamicsperidynamics

• Set up a small scale model in a representative volume.
• Can express the change in total strain energy in the RVE in response to an 
arbitrary deformation of the boundary.

RVE

Thick boundary Deformed boundary
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Homogenization, Homogenization, Homogenization, Homogenization, ctdctdctdctd....

• Compute the change in mean energy in the RVE in response to a 
displacement of any point on the boundary.
• The homogenized micromodulus is defined by
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Properties of homogenization Properties of homogenization Properties of homogenization Properties of homogenization 

• Incorporates small-scale deformation in computing the large-scale 
response.

• But the small length scale does not appear explicitly.
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Variable length scales within a body Variable length scales within a body Variable length scales within a body Variable length scales within a body 

• Small scale peridynamic model is the same as molecular dynamics.
• Large scale peridynamic model is suitable for engineering calculations.
• The two are mathematically consistent: same field equations.

Small horizon model = MD

Large scale model = continuum
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Changing the length scale Changing the length scale Changing the length scale Changing the length scale 
also changes the time scalealso changes the time scalealso changes the time scalealso changes the time scale

• Removing the small length scale also removes the high frequencies that 
characterize that length scale.
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ConclusionsConclusionsConclusionsConclusions

• Peridynamics offers mathematically consistent treatment across divergent length 

scales.

• Methods exist for 

•Homogenization (removing small length scales)

•Rescaling (changing length scales)

•These accomplish a type of coarse graining of MD into continuum.

•Regions with different length scales can communicate without coupling 

dissimilar methods and codes.
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Variable length scales within a body:Variable length scales within a body:Variable length scales within a body:Variable length scales within a body:
1D example 1D example 1D example 1D example 

• Homogeneous deformation (constant strain) is prescribed in a 1D bar.
• The horizon varies within the bar by 3 orders of magnitude.
• The resulting stress (force flux) is nearly constant.
• This demonstrates that a small scale model can coexist with large scale.
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TimeTimeTimeTime----dependent homogenizationdependent homogenizationdependent homogenizationdependent homogenization

• So far we have assumed the RVE attains equilibrium immediately.
• Instead, could compute time-dependent RVE properties as the small-
scale model adjusts to a sudden change in boundary displacement.
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