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Abstract. A nonlocal vector calculus is applied to the peridynamic model of mechanics. We use
nonlocal field operators to express the constitutive relation for an ordinary peridynamic elastic ma-
terial. The linear peridynamic models and associated nonlocal volume-constrainted problems are de-
fined and analyzed within the nonlocal vector calculus framework. As an example, the well-posedness
of the peridynamic model for a linear homogeneous and anisotropic material is demonstrated and a
relation between the nonlocal linear isotropic peridynamic model and the local linear Navier model
of classical elasticity is also established.
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1. Introduction. The peridynamic continuum theory was introduced by Silling
in [II] to allow for discontinuous deformation. The internal force density denoted
by the divergence of the stress tensor was replaced by an integral operator and leads
to a nonlocal model of force interaction. An important generalization of the peri-
dynamic theory was given by Silling et. al. in [I3]. In particular, a sophisticated
deformation operator—the deformation state—was introduced generalizing the ap-
proach discussed in [IT], § 15] to allow for deformation dependent upon collective
motion. The significance is that for homogeneous deformations of a linear isotropic
material, Poisson’s ratio is no longer limited to be equal to one-fourth. The bond- and
state-based peridynamic theory refer to the case when Poisson’s ratio is one-fourth or
not, respectively. The state-based linear peridynamic theory introduced in [I3] was
generalized by Silling in [12].

The goal of our paper is to determine the well-posedeness of the linear peridynamic
equilibrium equation by exploiting the nonlocal vector calculus developed in [6] given
volume constraints. These constraints represent the nonlocal analogue [I1l § 13] of
boundary conditions necessary for the stability of the linear peridynamic equilibrium
operator. Our major contribution is the well-posedeness of the state-based linear
peridynamic equilibrium equation, a first of a kind result. Previous work has focused
on the well-posedness of the bond-based model; see [3, [8, 9] when the deformation is
vector-valued and [2], 4} [B] [T0] when the deformation is scalar-valued or the related case
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of nonlocal diffusion. Thus, the present study fills a significant gap in the analysis of
peridynamic models and also demonstrates the efficacy of the nonlocal vector calculus
framework introduced by [6] for the analysis of nonlocal problems.

We represent the peridynamic deformation fields such as the extension scalar,
dilatation, etc., in terms of operators from the nonlocal vector calculus. Based upon
the representation of the deformation state, we then formulate variational principles
and rewrite both the linear bond-based and the linear state-based peridynamic elastic
model via the nonlocal divergence operators and their corresponding adjoints. Our
variational formulation coincides with the linearization of the original peridynamic
equation derived in [IT), [I3]. Moreover, we prove the well-posedness of peridynamic
“boundary”-value problem, or more appropriately, volume-constrained problem, that
is, the linear peridynamic elastic model subject to suitable constraints that are either
explicitly enforced on volumes of non-zero measure or naturally implied by the vari-
ational principle. We also show in what sense, for linear isotropic materials, that the
state-based peridynamic operator, in the local limit, tends to the Navier operator of
classical elasticity with arbitrary Poisson ratio.

The paper is organized as follows. In Section [2] we briefly review the nonlocal
vector calculus operators that are used for nonlocal peridynamic modeling. In Sec-
tions [3] and [} we rewrite the peridynamic constitutive relation and the linearized
peridynamic models for elastic materials as variational problems involving the nonlo-
cal calculus operators by minimizing the total potential energy. Finally, in Sections [f]
and [6] we establish the well-posedness of the peridynamic models and prove the con-
vergence of the isotropic peridynamic models to their classical elasticity counterparts.
As a result, we show that whereas the bond-based peridynamic model leads, in the
local limit, to materials with Poisson ratio one-fourth, the state-based peridynamic
model has more general representations as it can correspond to an isotropic elastic
material with any Poisson ratio.

2. A review of a nonlocal vector calculus. Our formulation of the linear
peridynamic constitutive relation employs the nonlocal divergence operator for tensor
functions Dy, the weighted nonlocal divergence operators for tensor functions D, ,, and
their adjoint operators Dy and Dy, respectively. These operators were introduced
within the nonlocal vector calculus [6].

Let © denote an open subset of R? and let & = c(x,y) denote an anti-symmetric
mapping from Q x Q to R?, ie., a(x,y) = —a(y,x). Given the tensor two-point
function ¥: Q x Q@ — R™** and the point function v : @ — R”, the nonlocal point
divergence operator D (¥) : @ — R™ for tensors and adjoint operator Dy (v) : 2xQ —
R"™*F are defined as

D (P)(x) = /Q (T(x,y) +¥(y,x)) - a(x,y)dy forxeQ, (2.1a)

D; (v)(x,y) = f(v(y) - v(x)) ® a(x,y) for x,y € Q. (2.1b)

Let w: © x 2 — R denote a non-negative scalar function. Given the tensor point
function U: Q — R™**¥ and vector point functions u:  — R™, the weighted nonlocal
divergence operator Dy ,(U) : Q@ — R™ for tensors and its adjoint operator are defined
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by
Dy (U)(x) = Dy (w(x,y)U(x))(x) for x € €, (2.2a)
D)) = [ Diw)xy) wxy)dy forxe g (2.2)
One verifies that (Dy(®),v), = (¥, D;(v))

by direct calculation, where (¥, Dj(v))
From ([2.2b]), one can also see that

axg and (th(U),u)Q = (U,D;w(u))Q

oxq 18 the Frobenius inner product on €2 x €.

Tr (D}, (u))(x) = / Tr(Df (u)) (x,y)w(x,y)dy for x € Q. (2.3a)
Q

By the relations (a® b)c = (a® c)b = (b - ¢)a that holds for any d-dimensional

vectors a,b,c and that Tr(Dj(u)) = G*(u) and Tr(Dj ,(u)) = G;(u) in which G*

and G are defined in [6], we obtain the nonlocal Green’s identities for the trace of

tensor divergences:

//ﬁmmmmw@wz/mmmmﬂww, (2.3b)
QJQ Q

/ Tr(D; ,u)Tr (D5 ,v) dy dx = / Dy (Tr(Df ,u)l) - v dx. (2.3¢)
Q Q

3. Constitutive relations in peridynamic modeling. In this section, we
rewrite the constitutive relation for a peridynamic ordinary elastic material in terms
of the nonlocal vector calculus operators. In [I3], a set of deformation states and
functions of deformation states are introduced in order to represent the nonlocal
analogue of the “stress-strain relation”.

To simplify the notation, we let y = |u(y) +y — u(x) — x| and = = |y — x| for
any given pair x and y, where u denotes the displacement field. We choose w (x,y) as
an influence function which provides the contribution of a bond to the determination
of the force state; for a detailed definition, see Definition 3.2 in [13, page 156]. The
fundamental deformation quantities used in peridynamic modeling can be expressed
as follows:

extension scalar state e=y—ur, (3.1a)
weighted volume m= (wz) ez, (3.1b)

. . ~ d
dilatation 0= —wzee, (3.1c)

m

. . . Oz

isotropic part of e e = j, (3.1d)
deviatoric part of e el=e—¢, (3.1e)

where d denotes the space dimension. The operation e between different states may
be viewed as an inner product in a Hilbert space whose precise form is not required in
the current work; interested readers can refer to sections 2 and 3 in [13] for detailed
explanations.
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We now specialize the definitions of the nonlocal calculus to the peridynamic
theory. Let

a(x,y) = (x— y)/|y - X|7
n0) = 5 [ Iy = xPulx.y) dy. (32)

w(x,y) = ly — xlw(x,y)/n(x).
From this definition, we have the relation
n(x) =m/d.

where m is the weighted volume defined in (3.1bf). Then, after linearizing the extension
scalar state with respect to u(y) — u(x), we obtain

e=uly)+y—ux) —x| -y —x|
= (y—x) - (u(y) —u(x))/ly — x| (3.3)
= Tr(Dfu) .

By the definition of the scalar product of two states, we have the following description
of a linear peridynamic elastic material:

6 = Tr (D} u), (3.4a)
el = Tr(Dj ) ly —x|/d, (3.4b)
el = Tr(Dju) — Tr(Df ,u) |y — x|/d, (3.4¢)

where Dju = Df(u), D, u = Dy, (u) and “Tr” denotes the trace operator. We
see that, when small deformations are considered, see Definition 4.1 in [I2] for more
explanations, the peridynamic deformation quantities can be represented in terms of
the nonlocal adjoint tensor divergence operator D} and the weighted adjoint tensor
divergence operator Dy .

Let 9 > 0 denote the horizon, which is treated as a material property. For any
two points x,y € Q, if |[x —y| < J, the vector £ = y —x is called a bond. Then for the
bond-based peridynamic model, the influence function w(x,y) is a singular measure,
that is, a delta-function A(€, {)X|x—y|<s, Where & is the bond formed by x and y, ¢ is
the bond formed by x and any other point in €2, x|x_y|<s is the characteristic function
which equals to 1 if |[x —y| < 4, 0 otherwise. Then, the deformation quantities for
linear bond-based peridynamic materials are given as

= dTr(Dju)/ly — x| (3.5a)
e’ = Tr(Dju), (3.5b)
el =0. (3.5¢)

In the sequel, we focus on the linearized theory of a peridynamic solid whose
microelastic energy is given by [I3] page 23],

W0, = o8 + L) o, (3.6)

3
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where k and 7 are material parameters. Taking state-based peridynamic materials
as an example, we can rewrite the microelastic energy in terms of nonlocal vector
calculus as

N 2
w(0,et) = 2 I y) (D7) T (D) |y~ /) dy
Q

4. Variational principles for linear peridynamic models. In this section,
we use an energy minimization principle to derive equations for linear peridynamic
materials.

By , the total potential energy of a state-based peridynamic material under
an external force b(x) is given by

Es(u) = / d +//—wxy )Qdydx—/gu-bdx

:/ k(x )(Tr(;) ,wu)) dx—/Qu b dx (4.1)

/ / —w x,y)(Tr(Dfu) — Tr(Df ,u) |y — x|/d)2 dy dx.

According to the constitutive relation for bond-based peridynamic materials in Section
and [I1], we similarly have the energy of a bond-based material given by

k 6>
Eb(u)://%dydx—/u-bdx
QJQ Q

// d2k(x,y) (Tr(Dju))” dydx_/ﬂu-bdx (4.2)

2ly —x[?

_ /1 /Q w(x,y>(T2r<Dzu>)2 Iy dx /Q b dx.

where (x,y) = d?k(x,y)/ly — x/|>.

4.1. Variation of the potential energy. The model problems for peridynamic
materials we consider in this work are described by the minimization of the potential
energy so as to find the equilibrium state of the material. Thus, to determine a mini-
mizer of the potential energy, we seek a displacement field u such that éE(u)/du =0
with certain constraints. To define the contraints, we first introduce the following
notation:

Qs : the solution domain of the model equation

Q.: the constraint domain where the displacement field u is specified.
Q=(Q,UQ)U(QNQ)°

U(Q): a function space defined on 2 such that the

total potential energy is finite.

Note that the constraint domain 2. is either empty or has positive volume, that is,
it cannot be a lower-dimensional manifold.
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A variety of choices for the region ). having positive volume can be allowed
as part of the the material domain. See Figure for illustrations of some of the
possibilities. We note that most of our results can also be applied to cases where )
is a union of the domains shown in the figure.

7y

FIG. 4.1. Four of the possible configurations for Q = (Qs U Q) U (Qs N Q)0

We consider the following constrained energy minimization problem that corre-
sponds to conventional boundary-value problems with essential boundary conditions:

min Fs(u) subject to u=hy for x € Q.. (4.3)
uel(Q)

We define the test-function space Uy as

Uy={veU(Q):v=0on Q.}.

Let v denote an arbitrary function in Uy and f(e) = Es(u + ev). We compute
1(€)]e=o0 to obtain

7'00) = | KGO T w) TH(Df ) dx / b.v dx

Q
/ / y)(Tr(Dj ) — Te(D; ) y v X')(Tr(z);v) — Tr(D} V) y v X') dy dx
= /Qk(x)Tr(D;"wu)Tr(D;wv) dx — / b-v dx+/ / w(x,y)Tr(Dfu)Tr(D;v) dx

+/Q (x)Tr(D; ,u)Tr(D;, )dQ/ w(x,y)|y — x| dy dx
* 1 *

— [ 6 m(0p )5 [ ey TeDiwly x| dy dx
* 1 *

— [ 6 m(Dp w3 [ wlxy)T@ivly x| dy dx.
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From and and the Green’s identities and , we obtain

(0) = /Q k(x)Tr(Dj ,w)Te(D; ,v) dx — /Q b-v dx + /Q /Q ()%, y)Tr(Dyu)Tr(Dv) dx
T /Q wﬂwzwumwzwv) dx — /Q %Tr(DZ‘,wu)Tr(DZwV) dx
/QWTI-(D;wu)Tr(Dsz) dx

d
= Q’Dt,w((k(x) — én(x)n(x))’H(D;"wu)I) -v dx
+D; (n(x)w(x,y)(Pfu)") - v dx — /Qb v dx.

Thus, the constrained energy minimization problem (4.3)) results in the equivalent
nonlocal system

{—E(u)(x) = b(x), xe€,,
(4.4)

u(x) = hy(x), x€Q,

where the peridynamic operator £(+) is given by

—£() = Dy (n(x)w(x,7) (D (1)) ") + Do ((k(x) = n(x)7(x)/d) T (D, ()T). (4.5)

By direct calculation, one sees that the nonlocal system derived using a
variational principle is exactly the same as the one obtained in [I3] based upon the
balance of linear momentum.

Setting

e(x) = (k(x) = n(x)n(x)/d) /n* (x), (4.6)
we have the following equivalent form of the peridynamic operator.

LEMMA 4.1. The peridynamic operator can be alternatively expressed in the fol-
lowing form. For a given function u € U(QQ),

L)) = [ Coxy) (uly) - ux) dy (1.7
where C(x,y) = K1(x,y) + Co(x,y) with

(;U(X,}’) _x _x a
|X_y|2(y )@ (y —x), (4.8a)

Ki(x,y) = 2n(x)

Cotxy) = [ (c<z>w<x, 2)io(z,y)(x —2) & (z— y)

—c(y)w(xy)u(y,z)(x —y)® (y —2) (4.8b)

T (), 2)w(x, y)(x — 2) ® (x - y>> dz.
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Proof. We first calculate Dy (n(x)w(x,y) (D (u))T):

Dy (n(x)w(x, y)(D; () ") = —25(x) /Q w(x,y)a(x,y) ® e(x, y) (uly) — u(x)) dy

== [ 2060250 (y — )@ (y — 30 (u(y) — u(x) dy
Q Ix -yl
~— | Kby uty) — ux) dy.
Next, we consider Dy, ((k(x) — n(x)n(x)/d)Tr(D;,(u))I):
Dt w ((k(x) — n(x)n(x)/d) Tr (D;w (u))I)
— [ (et) [ (uta) = uy) - aty. sty 2)ly - o]

+ C(X)/Q (u(z) — u(x)) - a(x, 2)w(x, z)|x — 2] dZ) ca(x,y)w(x, y)ly — x| dy

- /sz /sz c(y)w(x y)w(y,z)((y - x) @ (z - y)) (u(z) - u(y)) dzdy
+ /Q /Q c(x)w(x,y)w(x,2)((y — x) ® (z — x)) (u(z) — u(x)) dzdy

- / / o(y)e(x, y)u(y.2) ((y — %) ® (@ — y))u(z) dzdy
- [ [ byt (- x) @ (- y)uly) dady
QJQ
+ / / c(x)w(x, y)u(x 2)((y — %) © (2 — x))u(z) dady
- / / e(x)w(x, y)w(x, 2)((y — %) ® (@ — x))u(x) dzdy.
QJQ
We also note that, by changing the order of integration,

/Q / ()% )y, 2) (v - %) ® (2 - y))u(z) dzdy

- / / c(@)w(x, 2)u(z,y) (@ — %) ® (y — 2))uy) dzdy
QJQ
and

/ / c(x)w(x,y)w(x, z)((y -x)® (z— x))u(z) dz dy
aJa

— /Q/QC(X)Q(X, z)w(X,y) ((z -x)®(y — x))u(y) dz dy.

Thus, we have

Dy ((k(x) — n(x)n(x)/d) Tr (D, (w))1) = /QCo(XJ) (u(x) —u(y)) dy .
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The conclusion of the lemma now follows. 0

By (4.8a]) and (4.8b)), the double state K[x]|(z — x,y — x) defined in [I2, eqns 23,
24] for the peridynamic solid is obtained as

K[x|(z —x,y —x) = Ki(x,y)A(z - x,y — x)
+ e(x)w(x, 2)w(x,y)(z = x) @ (y - x),

in which A(:,-) denotes the delta-function, and the force state T(x,y) can be found
by [12, eqn 23]. Both of these states coincide with the ones derive from the balance
law. We can also refer to Table 1 in [I2] page 27] for the mechanical explanations for
the nonlocal quantities.

Through a similar but much simpler derivation, the nonlocal system correspond-
ing to the constrained energy minimization problem for the bond-based peridynamic
solid is given by

—Lp(u)(x) = b(x), x€Q,
(4.9)
u(x) = hy(x), xe€Q,

where the bond-based peridynamic operator is given by

—L4(-) = D (v(x,y) (DF () ). (4.10)

5. Well-posedness of the peridynamic solid models. In the previous sec-
tion, the peridynamic models are derived from energy minimization principles. The
derivations are implicitly based on corresponding weak formulations of the nonlocal
models, that is,

/Q/S)U(X)Q(KY)TI“(’Dfu)T&«(D:V)) dy dx

+/Q (k(x) — n(x)n(x)/d)Tr(D; ,u)Tr(Df ,v) dx = /Qb~v dx Vv e Uy,

u(x) = hg(x), x€Q
(5.1)
for the linearized state-based peridynamic solid and

/ ¥(x,y)Tr(Dju)Tr(D;v) dx = / b.-vdx VvelU,,
Q Q
(5.2)
u(x) =hy(x), x€Q.

for the linearized bond-based peridynamic solid. We then define the bilinear form

B(u,v) :/Q/le(x,y)Tr(Dfu)Tr(va) dydx+/ng(x)Tr(D;wu)Tr(D;wv) dx,
(5.3)
where

(5.4a)

~v(x,y) for the bond-based peridynamic solid,
,(/Jl (Xa Y) =

N(x)w(x,y) for the state-based peridynamic solid,
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0 for the bond-based peridynamic solid,

Pa(x) = { (5.4b)

k(x) —n(x)n(x)/d for the state-based peridynamic solid.

In the following, we focus on the well-posedness of the linearized state-based peri-
dynamic model with a given volume-constraint. The corresponding theory for the
bond-based material can be derived with simple modifications. To establish our find-
ings, we need to make some assumptions which are listed separately below.

ASSUMPTION 5.1. Q is an open and connected domain in R?.

ASSUMPTION 5.2. € is bounded and satisfies the interior cone condition with
parameters ro > 0 and 0y > 0, as defined by the property that (see [ for details) if
for any point x € Q, the intersection between the ball centered at x with radius ro and
the domain 0 contains a cone with an angle no smaller than 6y.

ASSUMPTION 5.3. n(x) > 1o > 0 and k(x) > ko > 0 for any x € Q, and w(x,y)
is non-degenerate and is nonnegative in  x Q, where the non-degeneracy condition
is specified by the property that any function B(X,y) is said to be non-degenerate if
there exist two positive constants dg > 0 and By > 0 such that

B(x,y) > Bo >0 Vx,y € Q satisfying ||x — y|| < do.

ASSUMPTION 5.4. k(x) < k1 < 00, n(x) < < o0 andw = w(x,y) is symmetric,
ie. Ww(x,y) =w(y,x), and for some constant M > 0,

/g2(x,y)dy§M, VxeN.
Q

ASSUMPTION 5.5. v = y(X,y) is non-degenerate and is nonnegative in Q x €.

ASSUMPTION 5.6. v = 7(x,y) is symmetric, i.e. v(x,y) = v(y,X), and for some
constant M., > 0,

/VQ(X,Y) dy <M,, VxeQ.
Q

REMARK 5.1. This non-degeneracy condition in Assumption s automatically
satisfied if the function under consideration is bounded below uniformly by a positive
constant over the domain Q. In the special case for which B(x,y) = 8(x —y), we
also have that B is non-degenerate if the support ofg contains a small ball centered
at the origin which is usually the case for peridynamic models [I1} 12, [13]. In such a
case, 0y 1s a parameter that is strictly smaller than the peridynamic horizon parameter.

REMARK 5.2. In the following discussions, the above assumptions are used in
different places, but they all serve to establish the well-posedness of the PD models.
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For instance, we use the Assumption to help us clarify, in Lemma that the
kernel of the operator from u to (u(y) - u(x)) - (y — x) is the rigid body motion. In
addition, Assumptions[5.1] and[5.3 are used to prove the general well-poseness of the
nonlocal variational problems associated with the PD-state models (as documented in
Lemma and Theorems and , provided that the related energy space is a
well-defined Hilbert space. The latter result on the energy space is established in the
section[5.) for the PD-state energy under the additional Assumptions[5.4 and[57), see

Lemmas and Theorems [5-4} The Assumption are used
as alternatives of the Assumption and respectively when the bond-based PD
models are concerned.

REMARK 5.3. We also note that it is possible to relax the non-negativity assump-
tions on n(x), k(x), w(x,y) or v(x,y) to consider more general cases that allow for
sign changes. Such generalizations are left to future studies.

Setting v = u in (5.3]), we obtain

B(u,u) :/Q/Qn(x)g(x,y)Tr(Dfu)Tr(Dfu) dy dx
—|—/ (k(x) — n(x)n(x)/d) Tr(D; ,u)Tr(D; ,u) dx
Q

= Lx)é\? X @wx e?)? X
- [ e | [ Tyl yax (55

where we have used the definition (3.4c|) and the derivation given in (4.1)).
Note that B(u,u) > 0 for any u € U(2), we thus formally define an inner product
and its associated norm by

(0,v)) =B(u,v) and [l = (B(u,u)"/?,
respectively. One readily sees that the function space U(£2) can be expressed as
U(©) = {u: [[[ull] < oo}
We define the space Z(€2) as
Z(©) = {u: [[|ul[| = 0},

To show that ((,-)) and ||| - ||| actually define an inner product and norm, re-
spectively, in a suitable subspace, we need the following lemma that is analogous to a
similar result stated for R? in, for instance, in [14, Prop. 1.2]. The proof requires an
argument for the nonlocal case which is substantially different from that given in [14]
for the local counterpart.

LEMMA 5.1. Assume the domain Q satisfies Assumption and u € L?(Q). If
for a.e. x € Q,

(u(y) —u(x)) - (y —x) =0 for a.e. y € QN By, (x), (5.6)

then u is given by a rigid body motion in §2, that is, there exists a constant-valued
skew-symmetric matriz A and a constant-valued vector ¢ such that

u(x) =Ax+c ae x€. (5.7)
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Proof. For any x¢ € €2, we may choose (xg) € (0,09/2) such that
UyEBa(xo)(xo)Bé(xo)(y) can Bs, (XO)'

Let {&;};=1,... ¢ be an orthonormal basis in R4, By the assumption of the lemma,
we may find for some xg € Q at which (5.6) holds for y € QN Bs,(xo) except a
measure zero set. Let Bs(x,)/n(Xo + 6(x0)€é;) be small balls centering at xo + §(x¢)é;
with radii 6(xg)/N where the positive constant N is chosen such that the balls are
small enough and do not intersect.

Since holds for x € Q almost everywhere, we may choose d points {xp; }%_,
such that, xo; € Bsxy)/n(X0 + d(x0)é;) for 1 < i < d. By the definitions of
Bsxo)/n (X0 + 0(x0)é;), one readily sees that {xo; — xo}¢_; form a basis. For no-
tation simplicity, we set e; = (x0; — X0)/||X0: — Xo|-

Then we have for xo and some zero measure set N,

(u(y) —u(x0) - (y —x0) =0 Vy € Qy,

where Qy, = QN Bj,(x0) \ Nx, -
Thus, for any x € Bj(x,)(X0) N Qx,, we have

(u(x) - u(xo)) - (x—x0) =0.
Moreover,
(u(x) —u(xg + 5(x0)ei)) . (x —Xg — (5(X0)ei) =0.

This implies that u(x) - e; is linear in x for any ¢, which gives the linearity of u in
Bs,(x0). Then, implies that u has to take on the form given by (5.7).

Because (2 is a bounded connected open set, for any two points xg and x; in
Q, there exists a finite number of balls {Bg(yk)(yk)}szl with sufficiently small radii
d(yx) > 0 with the properties that their union is completely contained in €2, that
covers a connected path between xq and x;, and Bs(y,)(Yx) N Bs(y,.,)(Yx+1) has a
non-empty interior. Then, we see that in each ball, u is given by a rigid body motion
and their form must be the same in neighboring balls and thus it is a global rigid
body in the whole domain €. ]

We then have the following result.

LEMMA 5.2. If the Assumptions[5.1] and[5.5 hold, |||ul|| and ((u,v)) define a

norm and an inner product, respectively, on both Uy(2), provided Q. has a non-empty
interior, and U(Q)\ Z(Q).

Proof. We establish the result for the state-based models first. We note that |||u]||
defines a semi-norm on Up(2). Thus, it suffices to prove that B(u,u) = 0 implies
u = 0. Because the Assumption holds, from , we have

02

/ k(x) 07 dx =0 and / / LX)g(x,y)(gd)2 dy dx = 0. (5.8)
o 2 aola 2

The first equation in implies that Tr(Dj ,u) = 0 by the first equation in

and thus, by the second equation in (5.8), Tr(D;u) = (u(y) —u(x))-(y —x) = 0 in the

support of w(x,y). Given the non-degeneracy condition given on w, from Assumption

and Lemma we can deduce that the kernel of the operator Tr(Dj) is the set
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of rigid body motions u(x) = Ax + c for a constant vector ¢ and constant skew-
symmetric matrix A. So, in either Up(2) with 2, having a non-empty interior or in
U(Q)\ Z(Q2), the only u satisfying is u = 0. Thus we conclude that |||-||| defines
a norm and ((-,-)) defines an inner product on Uy(2) and U(Q) \ Z(Q).

For the bond-based model, we can apply a similar argument and the Assumption
[5.5] to obtain that, when B(u,u) =0 we have u = 0 in either Uy(Q2) or U(Q) \ Z(2),
as long as the non-degeneracy condition of + is satisfied. 0

5.1. Decomposition of the solution space. Let the space S(2) consist of
functions u € U(2) that satisfy

Dy (1 (D ()") + Do (Vo Tr (D, (W)]) =0 Vx € Q. (5.9)
Then, for all u € S(2) and v € Uy(Q2) we have
B(u,v) =0.
Thus, we conclude that
U(Q) = Up() & S(Q), (5.10)

that is, any function in U(2) can be written as a direct sum of two functions that are
orthogonal with respect to the inner product ((-,-)), the first a function that vanishes
on 2. whereas the second a function satisfying (5.9)).

5.2. Nonlocal dual spaces and nonlocal trace spaces. Define the dual norm

by
/V-bdx
* Q
[[bll[5 = sup  ————

veUy(Q), v£0 I[[v]]]
and define the dual space of Up(Q) as
Ug(©2) ={b : [|[bl][5 < oo}
Similarly, we can define the dual space of U(2) by
U (@) ={b : [|[b]|]" < oo},
where

v-bdx
I[bl[|" =" sup =
veU(Q), v#£0 [[[v]]]

As for the nonlocal trace space, let hy: Q. — R? denote a mapping; then the
trace space is defined as

Ui ={hq : [[|hallla < oo},
where

Ilhal[la = inf [[|v]]].
v]a.=hg
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5.3. Well-posedness of variational problems. The variational problems dis-
cussed above can take on quite general forms with respect to the different constraints
imposed. For example, a “Dirichlet” volume-constraint problem is formulated as

given b € Uy and hy € Uy, seek u € Up(2) such that
B(u,v) = F4(v) Vv e Uy(Q) (5.11)
and u(x) = hg(x)
whereas the form of a “Neumann” volume-constraint problem is given by

{ given b € U*, seeku e U() \ Z(Q) such that (5.12)
B(u,v) = F,(v) VveU)\ Z(Q), '

where the linear functionals Fy(-) and F,(-) are defined by
Fd(v):/ﬂv~bdx Vv elUy(Q)
and
Fn(v):/ﬂv~bdx VveU)\ Z(Q),

respectively.

We note that in the “Neumann” volume-constrained problem, the quotient space
U(Q)\ Z(€) is considered which is to guarantee the uniqueness of the solution to the
problem. Equivalently, we can instead pose a condition on the constraint domain €.

such as
/ u(x) dx = 0.
Q.

Because B(-,-) defines an inner product on both Up(€2) and U(Q) \ Z(Q2), it is
a continuous and coercive bilinear form on those spaces. If we assume that U(2)
is a complete space and the data are such that the functionals Fy(-) and F,(-) are
continuous, the Lax-Milgram theorem can be applied to show that both and
have unique solutions and, moreover, those solutions satisfy

[l < [Ibll[5 + Cll[hallla  and [[[u][| < [|[bI[]",

respectively. Thus, for the “Dirichlet” and “Neumann” volume-constraint problems,
we have the following pair of results where the completeness of the space U(Q) is
demonstrated in the next section.

THEOREM 5.1. If Q satisfies Assumption and Up(QY) is a Hilbert space,
b € Ui(Q), and hy € Uy(QY), the Dirichlet volume-constraint problem for
the linear state-based peridynamic material (see and ) has a unique solu-
tion u € Uy(QY) provided that the Assumptz’on is satisfied. Similarly, the nonlocal
Dirichlet problem for the linear bond-based peridynamic material (see and
(4.10)) has a unique solution u € Uy(QY) provided that v = y(x,y) satisfies the As-

sumption [5.9

THEOREM 5.2. If Q satisfies Assumption[5.1] and U(Q)/Z () is a Hilbert space
and b € U*(2), the Neumann volume-constraint problem (5.12)) for the linear state-
based peridynamic material (see (4.4) and (4.5)) has a unique solutionu € U(Q)/Z(Q)
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provided that the Assumption[5.3 is satisfied. Similarly, the nonlocal Neumann prob-
lem (5.12)) for the linear bond-based peridynamic material (see (4.9) and (4.10)) has
a unique solution u € U(Q)/Z(QY) provided that v = y(x,y) satisfies the Assumption
2.9l

REMARK 5.4. The above theorems represent the first available results on the rig-
orous well-posedness of the linear bond-based and state-based peridynamic elasticity
models with volume-constraints, though it remains to verify the energy space is in-
deed a Hilbert space. In the next subsection, we provide an illustrative example as a
demonstration.

5.4. An example of the peridynamic energy space. A technique for prov-
ing that U(Q) is a Hilbert space is to establish, under appropriate conditions on the
influence function w(x,y), that U(Q) is in fact equivalent to a well-known Sobolev
space. In the classical (local) elasticity theory, this is established using some useful
facts such as the Korn inequality that generally relies on a compactness argument.
In [I5], the equivalence is established for special volume-constraints that makes the
peridynamic operators commute with the differential operators and allows for a pre-
cise characterization of the energy spaces in terms of the eigenspaces of the associated
differential operators. While that technique is special, the results/conclusions are
expected to remain valid in general. Here, we present another illustrative example
showing the equivalence of spaces via a nonlocal Korn inequality combined with com-
pactness results associated with Hilbert-Schmidt operators.

In this section, for much of the discussions here, we consider in details a state-
based peridynamic material which is possibly inhomogeneous and anisotropic. In
addition to the Assumptions and we need to further use the Assumptions
and For completeness, we also briefly state the analogous results for the
bond-based model which can be similarly derived if the Assumptions and are
replaced by the Assumptions [5.5 and [5.6]

We now define the tensor field

Plx) = /Q (Ki(x,y) + Col(x,y)) dy (5.13)

where K7 and Cj are defined in and . Under the interior cone condition
given in the Assumption on the domain, for any x € €, we may assume that a
cone By, g, (%), centered at x with radius o and angle 6 is contained in the domain
Q. Let us define

1
() = - / Iy — x%w(x,y) dy .
d Brgy,60 (%)

We now show that, under the Assumptions the energy space U() is in
fact equivalent to L2(£2). First, we note that n(x) and c(x), defined in and
respectively, have the following upper and lower bounds.

LEMMA 5.3. If the domain and coefficients in the peridynamic model satisfy

Assumptions [5. 1[5, we have that
0 < mo(r0,00) < n(x) < m(Q) = |diam(Q)[2|Q|Y/2 M2 /d (5.14a)

le(x)| < (k1 +mm1(Q)/d)/mo(ro,60) (5.14b)
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where mo(ro, 0p) = min, g 7(x).
Proof. We first prove the inequality for n(x).

1
=3 | iy —xPutxy)dy
1
&(/ I.‘y*XI“dy)l/z(/J(X,y)dy)l/2
Q Q

$|diam(ﬂ)|2|ﬂ|1/2M1/2
= 7T1(Q).

IA

IN

By the interior cone condition of the domain 2, we have n(x) > 7(x). On the other
hand, since |y — x|?w(x,y) > 0 on any nonzero measure set in B, g,(x) by the
non-degeneracy condition, we have 7(x) > 0 for any x in 2. Given the integrability
condition of w(x,y), we have that 7(x) is continuous in €2, thus we have

n(x) > min 7(x) = mo(ro, 0o) > 0.
xEN

Then one readily sees that

le(x)| < [k(x) = n(x)n(x)/d|/n*(x) < (ky +mm(Q)/d) /75 (ro, 0o)-

This proves the lemma. ]

We next show that the tensor field P(x) is uniformly positive definite.

LEMMA 5.4. If the domain and coefficients in the peridynamic model satisfy
Assumptions we have P(x) is uniformly positive definite, i.e. P(x) > Py > 0,
where

. wiX,y
Py =mno mlg/ ( )2(y —x)® (y —x)dy, (5.15)
x€Q J B, 0, (x) ly — x|
and By, g, (x) represents the intersection between a ball with the radius ro centered at
x and a cone with vertex X and angle 6.

Proof. First of all, for any unit vector u € R?, we may use a similar argument as

in the proof of the Lemma [5.3] to get that

ul/ alxy) (y—x)®(y—x)d~‘/]u=/ 09V fuy - x) dy

(x) |y X|2 Byrg .00 (%) ‘y - X|2

Brg 00

is uniformly bounded below by a positive constant, independent of x € 2. Taking
the minimum over all u in the unit sphere in R¢, we see that P, is a positive definite
matrix.

From the definitions ) and ., we get

[ oty dy = //( (2, y)(x — 2) ® (2 — y)

Jw(x, y)w(y,z)(x —y) @ (y — 2)

T e(x)w(x, 2)w(x, ) (x — 2) © (x — y)) dz dy.
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By changing the order of integrals, we obtain

[ oty dy = //( oz, y)(x — 2) ® (3 — y)

(2)w(x,2)w(z,y)(x —2) ® (z —y)

T (0w 2w, y)(x - 2) ® (x - y>) dz dy

// x,y)(x —2) @ (x—y) dady
— ox) (/ﬂw(x’y)(x_y) dy) ® (/ﬂw(x,y)(X—Y) dy)
: 1) (fsens o)
_ )

2 ([ eyt [ etenox-3)
CZE(% ( /Q w(x,y)(x -y dy) ® < /Q w(x,y)(x—y) dy>

— A, — As.

Since k(x) > ko > 0 and n(x) > mo(ro,6p) > 0, we conclude that A; > 0. By the
definition of K7 in (4.8al), we get

/ley 210 [ WY ()@ (y - x) dy
— 24,

First, because of the interior cone condition of the domain {2, we have

777 /ly_x|2 )®(y*X)dy

> P, .

We can rewrite P(x) as P(x) = 243 + A1 — Ay = Az + Ay + (A3 — Ag). Since
A3 > Py > 0and A; > 0, we only need to show that A3 — A, is semi-positive definite,
ie. A3 — Ay > 0, which is equivalent to show that dn(x)(As — A3) > 0. Let u is an
arbitrary nonzero vector. By the definition of n(x), we have

u - d?’l(X)(Ag — Ag)u

=u- (n(X)(/Qw(X,y)IX—.VIQdy/Q|°:(()_(’;)2 (y —x) ® (y — x)dy)
([ etxy)x =) ay) o ([ wxy)x-y)ay) Ju

=160 [ wteylix—yPay [ £ fuy )" ay

olx—yl?

- (/Q@(x,y)(U(y—X)) dy)2>



Sandia National Labs SAND 2011-3870 J

18 Du, Gunzburger, Lehoucq and Zhou
where d is space dimension.

By Cauchy-Schwarz inequality, we have

< [ sty aty =) dy>2

_ </QW1/2(X y)x_y|1/2£X}’lT’)(u(y—X)) dy)z

S/Qg(x,wlx—ylde/ 2(x. ) (uly — x))*dy

olx—yl?

which implies u - dn(x)(As — A2)u > 0 for any nonzero u, i.e. dn(x)(Az — Az) >0
The result of the Lemma then follows. 0

We then have the following lemma that is a nonlocal Korn inequality for the
state-based model.

LEMMA 5.5. Let the domain and coefficients in the bilinear form satisfy the
Assumptions , Then, there exists a constant c; > 0 such that for u in Uy(2),
provided that Q. has a non-empty interior, we have

[ulll > crllull L2y (5.16)

An inequality similar to the above also holds for u e U(Q)\ Z(Q).
Proof. We show K1 (x,y) and Cy(x,y) are square integrable which in turn implies
K1(x,y) + Co(x,y) is square integrable. First,

| [P dy ix =P [ [ wcy) dydx < aifioiv < e (57
QJQ QJQ

Similarly,
//|C’0xy dxdy<|Q|/(/ 1’ w(z,y)lx —zl|z —y|
) ¢
+¢( ) (X Y) z)|x —ylly — 2|
+e(x (x y)|x—z||x—y|‘ dz dy dx

<31 ///\ (2, ) x — 2z — || dzdy dx
///’ ,2)[x — ylly — z||” dzdy dx
///’ w(x,y)lx — zl[x — y||* dzdy dx).

By a change of variables, we have

//|ngy|2dxdy<9\§2|///| w(x,y)|x —z|jx — y|| dz dy dx
—9\Q|/| / %(x,2)|x — 2|? dz) dx

< 9\diam(Q)|4M2|Q|/ le(x)|? dx
Q
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where |diam(£2)| denotes the diameter of the domain 2. The final inequality holds by
the integrability condition on w(y,x).
By the inequality (5.14bf), we can see that

//|C0(x,y)|2 dx dy < oo.
aJa

For simplicity, we separate the PD operator L, as the following

—Lu=— /Q C(x,y)u(y)dy + /Q C(x,y)dyu(x) = Au+ Bu.

We can then invoke the Hilbert-Schmidt theory to conclude that the operator A has
a sequence of real eigenvalues \; such that |A;| is monotonically non-increasing and
Ai = 0 as i — N. Then 0 is the only accumulation point of the spectrum of A.

As we have verified that the PD operator —£ = A+ B is non-negative, and under
the Assumptions , the kernel of ||| -||| only contains the zero element in Up(€2)
or U\ Z(9), we have —L = A+ B > 0. Since operator B > Py > 0 and 0 is the
only accumulation point of A, we conclude that the smallest eigenvalue of the state-
based peridynamic operator under study, which becomes a self-adjoint and compact
operator in L?(), is strictly positive. This gives . d

We can also prove the upper bound of the energy norm.

LEMMA 5.6. Under the condition of Lemma we have

ull] < coflull 2o, (5.18)

where ca is a constant.
Proof. We prove the two relations

/ / w(x,y)Tr(Dju) Tr(Dju) dy dx < c|lul|?. (5.19a)
and
k(%) — (x)n(x) /| Te(D} ) Tx(D] ) dx < ]2, (5.19b)
wheret ¢ is a generic constant. First,
/ / w(x,y)Tr(Dfu)Tr(Dju) dy dx
<on [ [ wlxyluty) - b Platey) dxdy
<o [ [ wlxy)(u)? + o) dxay

— o, / / w(x,y)u(y)? dxdy + 2, / / wix,y) () dy dx
—2771/ lu(y |2/ w(x,y) dxdy+2m/ lu(x ‘2/QQ(X»Y) dy dx

< 4m[QY2M 2 |ulfs q).
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The final inequality holds because
[y dy <1072( [ wxy) dy)7* < o202
Q Q
By the fact that |k(x) — n(x)n(x)/d| < k1 + m171(Q)/d, we then have

/Q |k(x) — n(x)n(x)/d|Tr(Dz"wu)Tr(Dz‘,wu) dx

= [ 1K60) = )] [ (uy) = () alx vt y)ly - x| dy)’ dx

Q Q
< (-t mm@/a) [ ([ Jue) - uGoP ay [ @yl - x ay) ix
< 2(ky + s () /d) /Q ( /Q () + [u(y)P?) dy /Q W, y)ly — x[? dy) i

< 2diam( DL My -+mm (/) [ [ (0G0 + u(y)?) dy dx
< 4[Q[diam(2)|* M (k1 + n1di (Q)/d) [[u]|Z2(q -

Combining the two inequalities, the result of the lemma follows. a0

Thus, the energy space for the homogeneous and anisotropic state-based peridy-
namic model is a Hilbert Space, in fact, is L?(€2). This in turn implies that the model
equation for the state-based peridynamic material is well-posed.

As a conclusion, we have the following theorem.

THEOREM 5.3. The Dirichlet volume-constrained problem for the state-based peri-
dynamic model is well-posed provided that the assumptions are satisfied.
Moreover, the energy space, in this case, is equivalent to L*(12).

Similar results hold for the “Neumann” volume-constraint problem of the state-
based peridynamic model as well as for bond-based models. We state the results
and omit the derivations.

THEOREM 5.4. If the Assumptions|5.1 are satisfied, the Neumann volume-
constrained problem for the state-based peridynamic model is well-posed in
UQ)\ Z(Q) and the energy space is equivalent to L*(Q). Similarly, the nonlocal
Dirichlet and Neumann volume-constraint problems for the bond-based peridynamic
models are also well-posed in Up(Q) and U(QX) \ Z(R2), respectively, and the energy

spaces are equivalent to L*(Q), if the Assumptions and |5.545.6 are all satis-
fied.

REMARK 5.5. In many practical applications of peridynamic models, w = w(x,y)
has compact support for x —y € Bs(0) which is a special case of the above general
discussion. In this case, the integrability condition in the Assumption[5.4] becomes

/ w?(x,y) dy < M.
Bs(x)

This is only one of the sufficient conditions to assure the well-posedness. It is com-
monly believed that a weaker condition requiring only the L' integrability of w would
suffice for the well-posedness of solutions in L*(S2), as shown in [15] for a system of
bond-based models with special constraints. Yet, the stronger conditions used in the
theorems here allow the immediate application of the standard Hilbert-Schmidt theory.
In addition, as studied in [15], for a special bond-based peridynamic system and more
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recently for scalar nonlocal equations in [1], if we change the integrability condition on
w(x,y), one may also derive a more regular energy space U(S2), say, that equivalent
to a fractional Sobolev space.

6. Relation between classical elasticity theory and peridynamic mod-
els. In this section, we state a rigorous result relating the linear isotropic state-based
peridynamic model with the linear Navier equation of classical elasticity with a gen-
eral Poisson ratio. Similar results have been presented before for linear bond-based
models, demonstrating that they converge to the Navier equation with Poisson ratio
one-fourth as the peridynamic horizon approaches zero [0l [I5]. The discussions here
generalize the earlier findings to the state-based model.

To be able to readily use the framework of the nonlocal vector calculus developed
in [6], we consider the case in which the peridynamic state-based solid is homogeneous
and isotropic, that is,

k(x) =k >0,n(x)=n>0, (6.1)

and

6.2
w(|z|) is nonnegtive function of z, and has compact support Bs(0). (62)

{w(x,y) = w(|]x —yl),

And we also assume that the model is defined on R¢ which implies the normalization
function n(x) is also constant due to the condition .

First, we recall some convergence results in the nonlocal vector calculus in [6]
Corollary 11].

LEMMA 6.1. Let u € [HY(RY)]? and ¢ : RY — R in L=(RY). If w(x,y) satisfies
the condition , then

Dy (¢ Tr(Dj ,(0))I) = =V (cV - u),
where the convergence as § — 0 is in H~1(RY).
Following arguments similar to those in the proof of [8, Theorem 2.19], we also

have the following result (a detailed proof is omitted).
LEMMA 6.2. Let u € HY(R?) and w(x,y) satisfy the condition (6.2)). If

v [ Pl dy s d(d 2 ass oo,
B5(0)

then, as § — 0,
N T . _
Dy (ne(|x — y1) (D} (W) ") = —uV - (Vu) — 249(V ) in H™'(RY).
We then readily see that under conditions (6.1]) and (6.2)), the state-based peri-
dynamic operator defined in (4.5)),
* T *
—Lu = Dy (nw(jx — y[)(D; (w)" ) + Do ((k — nn/d) Te(D;, ())T)

converges, in H~'(R%) in the local limit, to the Navier operator

Nu=—uV-(Vu) = (u+A)V(V-u),
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where

pw=lim o Ix|?nw(|x|) dx/(d(d+2)) and = p+k—nn/d. (6.3)

6—0 Bg(

Therefore, the state-based homogeneous and isotropic peridynamic material corre-
sponds to the material, in the local case, having Poisson ratio

dy + dk —nn

_ 4
Y7 Adp + 2dk — 2nm (6:4)

that could be any reasonable value.

We summarize these result in the following theorem.

THEOREM 6.1. If the conditions and are satisfied, for any function
uc HY(RY), as § — 0 the state-based peridynamic operator

—Lu =D, (nw(x — y)(D; (W)") + Dy ((k — ng/d)Tr (D, (w)1)
converges to Navier operator
Nu=—-uV-(Vu)— (p+A)V(V-u)

in H=Y(RY) with p and X given by (6.3) and Poisson ratio given by (6.4]).

7. Concluding remarks. In this study, we apply the nonlocal vector calcu-
lus developed in [6] to peridynamic models. We express the constitutive relations
of the peridynamic models in terms of nonlocal calculus operators. We rewrite the
peridynamic equation in terms of a variational principle using the nonlocal calcu-
lus operators and prove that the both the bond-based and state-based peridynamic
models are well-posed in their intrinsic energy norm. Moreover, the convergence, in
an appropriate limit, of the state-based peridynamic operator to the Navier operator
with any Poisson ratio is also demonstrated. Discussions on more general peridynam-
ics state-based models, that is, for anisotropic and/or non-ordinary models, will be
pursued in the future.
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