Sandiat National Labs SAND 2009-6943J

Manuscript submitted to Website: http://AIMsciences.org
AIMS’ Journals
Volume X, Number 0X, XX 200X pp. X—XX

NEW INSIGHTS INTO CLASSICAL PARTICLE MECHANICS

EvrioT FRIED

Department of Mechanical Engineering
McGill University
Montréal, Québec H3A 2K6, Canada

R. B. LEHOUCQ

Applied Mathematics and Applications
Sandia National Laboratories
P.O. Box 5800, MS 1320
Albuquerque, NM 87185-1320, USA

ABSTRACT. Classical particle mechanics is developed from the precept that,
kinematics and the notion of force aside, power is the most basic ingredient in
any mechanical theory. The essential properties of forces between particles are
derived by requiring that the net power expended within any subsystem of par-
ticles be frame-indifferent. Moreover, requiring that the net power expended
on any subsystem of particles by external agencies be frame-indifferent yields
force, moment, and power balances. These balances account for inertia but hold
in any frame, inertial or noninertial. Assuming that each particle possesses an
interaction energy that embodies the extent to which it is attracted or repelled
by other particles leads to the proposition of an interaction-energy inequality
that serves as a purely mechanical statement of the second law of thermody-
namics. In combination with the power balance, this inequality provides an
avenue to ensure that constitutive equations do not violate thermodynamics.
This inequality is used to develop the simplest class of constitutive equations
that accounts for both energetic and dissipative particle-particle interactions.

1 October 2009

1. Introduction. The conventional approach to developing continuum theories re-
lies on distinguishing carefully between basic laws and constitutive equations. While
basic laws apply to many different classes of materials, constitutive equations dis-
tinguish between particular classes of materials. Physically reasonable models for
the properties and behavior of materials within any given class ensue upon requir-
ing that the relevant constitutive equations be both thermodynamically compatible
and frame-indifferent. An interesting alternative to this approach arises on apply-
ing frame-indifference at a more fundamental level. In particular, Noll [11] shows
that the conventional postulates imposing the balance laws for forces and moments
can be replaced in favor of a single postulate stipulating that the power be frame-
indifferent. Importantly, this power incorporates inertial force as an environmental
force that arises from interactions between objects in our solar system and all re-
maining objects in the universe. In a general frame of reference, the net external
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environmental force splits additively into noninertial and inertial components, and
the axiomatic structure is independent of the notion of an inertial frame. More-
over, the customary law of inertia arises only as a peculiar constitutive postulate
concerning the nature of the inertial force.

Noll’s [11] seminal contributions are often confused with results appearing in a
roughly concurrent work by Green and Rivlin [7], who derive the mass, linear mo-
mentum, and angular momentum balances from the energy balance. However, in
addition to stipulating that the energy balance be invariant under constant, super-
imposed rigid-body motions, Green and Rivlin [7] enforce transformation rules for
the mass density, specific internal energy, Cauchy stress, heat flux, specific external
body force, and specific external heat supply under such motions. These rules are
tantamount to demanding that these fields be frame-indifferent. Beatty [1] shows
that the various assumptions imposed by Green and Rivlin [7] reduce the energy
balance to a kinetic-energy balance. The linear and angular momentum balances
ensue from requiring the kinetic-energy balance to be invariant under constant, su-
perimposed rigid-body motions and assuming that the forces are frame-indifferent.
As Beatty [1] remarks, the results of Green and Rivlin [7] do not actually require
a consideration of the energy balance and, thus, actually hinge on Noll’s [11] ax-
iom of the frame-indifference of the power. The approach of Green and Rivlin [7]
is therefore capable of yielding the same mechanics from multiple, contradictory,
statements of energy balance. Notwithstanding this fundamental difficulty, Green
and Rivlin [7] require more hypotheses to derive the mechanical balance laws than
does Noll [11]. Specifically, whereas Green and Rivlin [7] assume that the Cauchy
stress and external body force comply with certain transformation rules, Noll [11]
assumes nothing of the sort. Instead, Noll [11] obtains the frame-indifference of the
Cauchy stress and the specific external body force as consequences of stipulating
that the power be frame-indifferent.

In this paper, Noll’s [11] approach is adapted, without serious complication, to
yield a simple formulation of classical particle mechanics. That this is possible
confirms the primacy of power in mechanical theories. More importantly, because
Noll [11] distinguishes carefully between kinematics, kinetics, and constitutive in-
gredients, his method reveals basic features of particle mechanics independent of
constitutive considerations. This is antithetical to more conventional methods based
on the provision of a Lagrangian, methods that make it difficult to discern to what
extent any result might hold independent of the innate constitutive properties of
the Lagrangian, regardless of how generic those properties might be. In particular,
the approach taken here elucidates the quintessential attributes of particle-particle
forces and moments and of environmental forces independent of constitutive con-
siderations. In a similar fashion, it provides a sound basis for frame-free statements
of the balance laws for forces and moments and clarifies the role of moment balance
in the theory. Moreover, the approach delineates the importance of constitutive
equations as the link between kinematics and kinetics. In particular, the resulting
framework is sufficiently general to allow for the development of frame-indifferent
and thermodynamically compatible constitutive equations that incorporate history
dependence. Put differently, the constitutive equations describing particle-particle
forces may account not only for interactions originating from a potential but also
for dissipative interactions.

The treatment of particle systems presented here has a few important precedents.
Gurtin and Williams [9] develop an axiomatic formulation of the energy balance
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for quite general material systems, including finite collections of particles or rigid
bodies and continuous bodies. For any such system, they show that the mechanical
balances and the laws of action and reaction for forces and moments follow from the
energy balance and provide a detailed accounting of how their results specialize to
the case of a particle system. Further developments along these lines are provided by
Williams [18]. See also, Truesdell [17] who integrates Noll’s [11] axiomatic treatment
of the concepts of body, force, motion, and energy with the contributions of Gurtin
and Williams [9] and Williams [18] and also discusses the implications for particle
systems. In a more recent work that emulates the strategy of Green and Rivlin [7],
Yavari and Marsden [19] show that the balance and conservation laws for particle
systems can be obtained by postulating that the energy balance is invariant under
arbitrary diffeomorphisms of Euclidean space. These results are also generalized
to the case where the ambient space is a Riemannian manifold. In contrast to
the works of Gurtin and Williams [9] and Williams [18], which are completely free
of constitutive assumptions, the work of Yavari and Marsden [19] is predicated
on providing a potential for each pair of particles as a function of the distance
separating those particles and assuming that the force exerted on one particle by
another particle is determined by the derivative of the underlying potential. Among
other things, this restricts the applicability of the results to conservative particle
systems.

One distinction between the strategy used here and that used by Gurtin and
Williams [9] and Williams [18] relates to the treatment of thermodynamics. Here,
the treatment is purely mechanical and particle subsystems are restricted by an
interaction-energy inequality that serves as a purely mechanical statement of the
second law of theremodynamics. In contrast, Gurtin and Williams [9] and Williams
[18] endow each particle with an internal energy and heat flux and impose an en-
ergy balance involving these quantities. The view taken here resembles more closely
that guiding the work of Pitteri [12, 13], where the underlying theory is a purely
mechanical one and statistical mechanics is used to pass to a continuum limit in-
volving an energy balance that incorporates field quantities identified as specific
internal-energy and heat flux. Importantly, the system of differential equations
that provides the foundation for Pitteri’s [12, 13] analysis is identical to the system
derived here when the frame is inertial and dissipative particle-particle interactions
are neglected. Including dissipative particle-particle interactions would likely lead
to a continuum limit different from that obtained by Pitteri [12, 13]. It would be
particularly interesting to determine any continuum level ramifications ensuing from
the thermodynamic restrictions placed by the interaction-energy inequality on the
dissipative contributions to the particle-particle forces.

The insights on the structure of classical particle mechanics provided here might
contribute to the design of improved multiscale simulation methods. Such methods
are intended to enable simulations at computational costs lower than those incurred
by purely particle-based simulations. Miller and Tadmor [10] define a partitioned-
domain multiscale method to be a computational framework where atomistic and
continuum models are synthesized. They distinguish between energy-based methods
that stem from the provision of a global energy-functional and force-based methods
that stem from imposing equilibrium equations. In either case, the most significant
challenges are associated with matching conditions between the atomistic and con-
tinuum descriptions. A formulation based on matching power expenditures could
have computational advantages.
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Silling and Lehoucq [15] establish a formal connection between particle mechan-
ics and Silling’s [14] peridynamic theory. The starting point of peridynamic theory
is a continuum-level field equation imposing linear-momentum balance with the es-
sential difference that the conventional term involving the divergence of the stress
is replaced by a nonlocal term in which a integral operator is applied to the dis-
placement field. This operator determines not only the range over which material
points interact but also the nature of allowed interactions. Silling’s [14] formula-
tion of peridynamic theory therefore mixes kinematics, kinetics, and constitutive
equations from the outset. It seems likely that the conceptual basis underlying the
approach to particle mechanics presented here can be adapted to provide an al-
ternative formulation of peridynamic theory in which these ingredients are treated
separately. In addition to clarifying the essential elements and features of peri-
dynamics, such a formulation might provide currently unavailable constraints for
peridynamic constitutive equations, including those constraints embodying dissipa-
tive interactions. This latter class of interactions has yet to be been considered in
any peridynamic formulation.

The paper is organized as follows. The simple notions of particle systems and
their motions are defined in §§2-3. Forces, moments, and power expenditures are
introduced in §§4—6. A change-of-frame and the definition of frame-indifference
are introduced in §§7-8. The laws of mutual-action and collinearity and the frame
indifference of the particle-particle forces are derived, as consequences of assuming
that the internal power be frame-indifferent, in §9. The laws of force balance and
moment balance and the frame indifference of the environmental forces are derived,
as consequences of assuming that the external power is frame-indifferent, in §10.
Systemwise and particlewise force and moment balances are obtained as corollaries
in §11, along with reciprocal balances for the forces and moments exerted between
disjoint systems. The law of power balance, which equates the internal and the
negative of external power expenditures corresponding to subsystems of particles, is
derived in §12. The laws of mass, linear and angular momentum, and kinetic-energy
balance in an inertial frame are derived in §13, where specialized results for the
center-of-mass of a particle system are also presented. The principle of interaction-
energy imbalance is introduced in §§14-15. Constitutive equations are discussed in
§16, in which the focus is on determining the consequences of requiring consistency
with frame-indifference and with restrictions imposed by requiring thermodynamic
compatibility. Finally, a summary of results is provided in §17.

2. Particle systems and subsystems. Let N be a natural number. A particle
system is a finite set

B:{pi:i:L...,N}.

Consider a particle system B. A subset P of B defines a particle subsystem. Given
a particle subsystem P of B, the complementary subsystem of all other particles
contained in B is denoted by P’ = B\ P.! Thus,

PUP =B and PNP =0.

IThroughout this work, P’ denotes the complement of P with respect to B. Thus, in particular,
B =0.
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3. Motions of particle systems. Let £ denote three-dimensional Euclidean point
space and let V be the associated vector, or translation, space. Elements of these
spaces are referred to as points and vectors, respectively.

A motion of a particle system B is a mapping x that assigns to each particle p;
in B and each time ¢ in some relevant interval I a point x;(t), viz.

X (pi, t) = xi(t). (3.1)
The mapping x(+, t) is assumed to be one-to-one for each ¢ in I. Thus, given distinct
particles p; and p; and a time ¢,

x;(t) # x,(t) unless i = j. (3.2)
The configuration (or placement) of a particle system B at time ¢ is the collection

of points occupied at time ¢ by all particles of B. Moreover, the trajectory of particle
p; is denoted by
Ti={yeé:y=x;),tel}. (3.4)
As is conventional, a superposed dot signifies differentiation with respect to time
and, granted a sufficiently smooth motion, the velocity v; and acceleration a; of a
particle p; in B are vectors defined by

v = Xy, (3.5)
which ensures that v; is tangent to the trajectory 7;, and
a; = v, = X;. (3.6)
Given points x; and x; # x; corresponding to particles p; and p; # p; in B,
rij =X; —X; and 7y = |ry| = /Ty - Ty (3.7)

represent the vector directed from x; to x; and its length. Further,

Vij = I-‘ij and Sij = Tl] = |I‘ij‘ (38)
represent the velocity v; — v; of p; relative to that of p; and the rate at which the
distance |x; — x;| between p; and p; changes with respect to time. Since, by (3.2),
ri; > 0 for i # j, it is always possible to define the unit vector

in the direction of r;;. Then, since r;;7;; = r;; - T55, (3.7) and (3.8) imply the useful
identities
Sij =Mgj - Vi and Vi = sin;. (3.10)

4. Forces. Consider a particle system B. Let p; and p; # p; belong to B. The forces
exerted on particle p; by particle p; and by entities external to B are vectors denoted
respectively by fi; and f©**. Whereas f;; is referred to as a particle-particle force,
£2*¢ is referred to as an environmental force. Environmental forces are assumed to
include inertial forces and to admit decompositions of the form

FX0 = £ 4 £, (4.1)

where f™ and f'* are the noninertial and inertial forces exerted on p; by agencies
external to the system B.



Sandiat National Labs SAND 2009-6943J

6 ELIOT FRIED AND R. B. LEHOUCQ

Given disjoint subsystems P and Q of B, the sums

=Y > f; and fP)= D £ (4.2)

Pi€P p; €Q piEP

represent the net forces exerted on the particles comprising subsystem P by the
particles comprising subsystem Q and by agencies external to B, respectively.

The definition (4.2); is supplemented by the requirement that, for any particle
subsystem P,

£(P,0) =£(0,P) = 0; (4.3)

(4.3) embodies two reasonable notions: first, the net force exerted on a particle
subsystem P by a subsystem consisting of no particles must vanish; second, and
conversely, the net force exerted by any particle subsystem on a subsystem consisting
of no particles must also vanish.

As a simple consequence of the definition (4.2)2, the net force exerted on a particle
subsystem by external agencies obeys

<Y (P U Q) = £(P) + £(Q) (4.4)
for all disjoint particle subsystems P and Q and is, therefore, additive. Similarly,

by (4.2)1, the net force exerted on a particle subsystem by another disjoint particle
subsystem is biadditive in the sense that it obeys both

f(PUQ,R)=Ff(P,R)+£f(Q,R) (4.5)
and

f(R,PUQ)=£f(R,P)+£f(R,Q) (4.6)
for all particle subsystems P, Q, and R with P U Q and R disjoint.

5. Moments. Let p; and p; # p; belong to particle system B. Let x; and x; be
the points occupied by p; and p; in some configuration {x;,...,xny} of B and let y
be an arbitrary point. The respectively moments, about y, of the force exerted by
particle p; on particle p; and the force exerted on particle p; by agencies external
to B are vectors given by

m;(y) = (x; —y) x i and met(Y) =(xi —y) % fz'eXt~ (5.1)
The sums
m(P,Q;y) Z Z m;;(y and m™(P;y) Z m(y)  (5.2)
PiEP p;€EQ pi€EP

therefore represent the net moments, about y, on the particles comprising subsys-
tem P by the particles comprising subsystem O and by agencies external to B,
respectively.

By (4.3), the definition (5.2); is supplemented by the requirement that, for any
particle subsystem P and any point y,

m(P,0;y) = m(0,P;y) = 0. (5.3)

Remarks similar to those following (4.3) apply to the stipulation (5.3).

Analogous to the results (4.4) and (4.5)—(4.6) obtained for the net forces £f<¢(P)
and f(P, Q) exerted on a particle subsystem P by the external agencies and and
for those forces by a disjoint particle subsystem Q, the definitions (5.2) imply that
the net external moment, about y, exerted on a particle subsystem obeys

m™ (P U Q;y) = m™(P;y) + m™(Q;y) (5.4)
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for all disjoint particle subsystems P and Q and is, therefore, additive, while the
net moment, about y, exerted on a particle system by another disjoint particle
subsystem is biadditive in the sense that it obeys both

m(PUQ,R;y) =m(P,R;y) + m(Q,R;y) (5.5)
and
m(R,PUQ;y) =m(R,P;y) + m(R, Q;y) (5.6)

for all particle subsystems P, Q, and R with P U Q and R disjoint.
Let y and z be points. Then,

m;(y) = [xi —z — (y — z)] x fj;
:(xi—z) xfij—(y—z) Xfi'
= mij(z) + (Z — y) X fi'
and (5.2); implies that

m(P, Q;y) =m(P,Q;z) + (z —y) x (P, Q). (5.7)
Similarly, from (5.2)2
m®™(P;y) = m™(P;z) + (z — y) x £(P). (5.8)

6. Power. Let p; and p; # p; belong to a particle system B. The inner products
£, v; and £ v, (6.1)

then respectively represent power expenditures associated with moving p; at velocity
v; under the action of forces f;; exerted on p; by p; and £f** by agencies external
to B.

The power expenditures (6.1) account implicitly for the actions of the moments
m;;(y) and m$**(y) of the forces f;; and £, about y, exerted on p;. To see this,
choose a point y # x;, introduce the projection

IL(y) = MY g MY
Ixi =yl |xi —
and observe that the velocity v; of p; can be expressed as

v = I(y)v; + [1 — IL(y)]v;

:Hi(y)vi+<xi_y XVi) L XiTY
[x; — ¥ Ix; — ¥

=1IILi(y)vi + wi(y) x (xi =),
where
(xi —y) X v;
|x; — y|?
is the angular velocity of p; about y. Thus, by (5.1)4,
fij - vi = fi; - Ti(y)vi + £ij - [wi(y) X (xi —y)]

=i - IL(y)vi + [(xi —y) x fi;] - wi(y)

w; =

= £ - IL(y)vi + my;(y) - wi(y)
while, by (5.1)a,
£ v = 57 T (y) v + m$ (y) - w;(y).



Sandiat National Labs SAND 2009-6943J

8 ELIOT FRIED AND R. B. LEHOUCQ

eXt(y) - w;(y) reckon the power expenditures associated

Since m;;(y) - w;(y) and mg
with the moments m;;(y) and m§**(y), it therefore follows that it is unnecessary
2

to account separately for these power expenditures.
In view of (6.1); and the previous discussion, the power expended on a particle
p; belonging to subsystem P by all particles p; # p; also belonging to P is given by

S fw
pi€P\{p:}

which, when summed over all particles in P then yields the internal power win(P)

expended on P:
Pi€P p;€P\{p:}
Similarly, in view of (6.1)2, the power expended on a particle p; belonging to
a subsystem P by all particles belonging to the remainder P’ of the system and
agencies external to B is given by

E fij - vi + £ v,
p; EP’

which, when summed over the particles in P, yields the external power wext(P)

expended on P:
wext(P) = Z Z fij -V + Z fieXt © V. (6.3)

pi€EP p; EP’ pi€P

7. Changes of frame. A change-of-frame is defined, at each t in I, by a point
z(t) and a rotation Q(t) whereby each point x;(t) corresponding to a particle p; in
B is transformed into a point®

x;(t) = z(t) + Q(t) (x:(t) —y), (7.1)
with y an arbitrary point. Being a rotation, Q obeys Q'Q = 1, from which it
follows that Q'Q = —Q'Q = —(Q'Q); thus, Q'Q is skew and there exists a vector
w, the angular velocity of the change-of-frame, such that

wxr=QQr (7.2)

for all vectors r.

Let v} = %} be the velocity of particle p; in the new frame defined by (7.1).
Computing the time derivative of (7.1) and using (7.2) then yields

Vi =Qui+72+Q(x —y) = Qi+ c+ Qw x (xi = y)]; (73)

with ¢ = z the translational velocity of the change-of-frame. Consider the last term
Qw x (x; — y)] on the rightmost side of (7.3). Since, for any invertible tensor A
and any two vectors ry and ro,

(det A)A™"(r; x ra) = (Ary) x (Ars) (7.4)
and since Q is a rotation,

Qw x (x; —y)] = (detQ)Q™[w x (x; — y)] = (Qw) x [Q(xi —y)]. (7.5)

2This is no longer true when moments arising from actions other than torques, such as cou-
ples, are taken into account. When such moments are present, it is necessary to account for the
associated power expenditues.

3The sum of a point and a vector is defined to be a point. See, for example, Gurtin [8].
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By (7.1) and (7.5), Q[w X (x; —y)] = (Qw) x (x} — z) and the transformation rule
(7.3) for v; under a change-of-frame becomes

vi=Qv;+c+ (Qw) x (x; — z). (7.6)

8. Frame-indifferent objects. A scalar ¢ and a vector ¢ are frame-indifferent
if the transformation rules

= and P = Qe (8.1)
hold under all changes of frame.
Let p; and p; be distinct particles in B. Consider the vector r;; = x; — x;

directed from the point x; occupied by p; to the point x; occupied by p;. By (7.1),
r;; transforms under a change-of-frame to

r;; =% — x5 = Q(x; — x;) = Qryj (8.2)

and, thus, is frame-indifferent. By (8.2), [r5;| = [Qri;| = [ri;[. The distance
ri; = |r;;| separating x; and x; therefore transforms under a change-of-frame to

Tz‘*j = ‘rfj| =Tij (8.3)

and, thus, is frame-indifferent. Further, by (8.2) and (8.3), the unit vector n;; =
r;; / r;; parallel to r;; transforms according to
r*.

ij

<

and, thus, is frame-indifferent. Consider next, the velocity v;; = v; — v; of p;
relative to p;. By (7.6) and (8.2), v;; transforms under a change-of-frame to

v =vi—v; =Q(vi —v;) + Qw x Q(x}] —xj) = Qvi; + Qw x Qr;;  (8.5)

and, thus, is not frame-indifferent. However, since, by (3.10)1, s}; = nj; - v, (8.4)
and (8.5) imply that the time-derivative s;; = 7;; of the distance 7;; between x;

and x; transforms under a change-of-frame to
sij = Quu; - (Qvi; + Qu X Qrij) = ny; - vij = sij, (8.6)

and, thus, is frame-indifferent.

9. Consequences of assuming that the internal power is frame-indifferent.
The fundamental consequences of assuming that the internal power be frame-indiffer-
ent, for all particle subsystems, are now developed. In view of the definitions (6.2)
and (8.1)1, this assumption requires that

wi*nt (P) = Wint (P) (91)
for any particle subsystem P of B, where
wiP)=_ > E5vi (9-2)
pi€P p;€P\{p:i}

is the power expended within P under a change-of-frame. Here, £7; is the particle-
particle force exerted on p; by p; under the change-of-frame and v is the velocity
of p; under the change-of-frame.
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9.1. Preliminary calculations. By (7.6) and elementary properties of the cross-
product, the power expenditure associated with moving p; at velocity v} under the
action of the force f7; is given by

£ vi=1-Qvi+ £ - c+[(xi —y) x ] Qu, (9.3)

where (8.1)3 has been employed to write x; —z = Q(x; —y) as (x; —y)*. Using
(9.3) in (9.2) then yields an expression for the power (9.2) expended within P under
a change-of-frame:

P =3 ¥ f,;l.qw{z > f,;l}.c

pE€P peP\{pr} PREP peP\{pr}

{ Z Z (xK —y)* x fl:l} Qw. (94)

P €P pi€P\{pr}

Since for any rotation Q and any two vectors ry and ro, Qri-Qro =r1-Q'Qry =
ry - ro, from (6.2), the power win(P) expended within P can be expressed as

wine(P)= Y > Qfiu-Quy. (9.5)
Pr€EP p€P\{pr}

Using (9.4) and (9.5) in (9.1) shows that the internal power is frame-indifferent
for all particle subsystems if and only if

0= wlnt (P) — Wing (P)

=Y Y (fh—Qfu)-Qw

Pk€P pi€P\{px}
+{z 3 f,jl}- {Z S -y xf,jl}~Qw (9.6)
prEP preP\{px} prEP pr€P\{px}

holds for all choices of the rotation Q, translational velocity ¢, and angular velocity
w associated with a change-of-frame (7.1) and for all P.

9.2. Mutual-action and collinearity. With reference to (9.6), consider a change-
of-frame for which the translational velocity ¢ and the angular velocity w vanish.
For such a change-of-frame, (9.6) implies that

> (B -Qfk)-Qvi=0 (9.7)
PrEP pi€P\{pr}

must hold for all rotations Q and particle subsystems P.
Next, consider a change-of-frame for which ¢ # 0 and w = 0. Granted (9.7), for
such a change of frame, (9.6) implies that

{Z > f;;l}-c:o (9.8)

prEP preP\{px}

must hold for all vectors ¢ and all particle subsystems P.
Next, consider a change-of-frame for which ¢ = 0 and w # 0. Granted (9.7) and
(9.8), for such a change-of-frame (9.6) implies that

{Z ) <xk—y>*xf;l}~Qw=o (9.9)

PEP pr€P\{pw}
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must hold for all rotations @Q, all vectors w, and all particle subsystems P.
Select arbitrarily two points p; and p; # p; in B and consider the doubleton
P = {pi,p;}. For this choice of P, (9.7)—(9.9) yield the conditions

(£ — Qfi;) - Qvi + (f5; — Qf};) - Qv,; =0,
B 16 =0, (- y)" < B+ (g - y)" < £ =0,
the first of which must hold for all rotations Q. By (9.10)2,

(9.10)

(xi—y)*xfi*j+(xj—y)*xf].*i:(xi—y)*xffj—(xj—y)*xfi*j:r;‘jxfl»*j,
*

where, analogous to (3.7)1, r;; = x; — X is the vector directed from p; to p; with
respect to the starred frame, so that (9.10)5 is equivalent to

v} x £ = 0. (9.11)

Bearing in mind that p; and p; # p; are generic particles in B, (9.10); 2 and (9.11)
must hold for all 4,5 = 1,..., N with j # .

Observe that (9.10)2 and (9.11) involve only quantities referred to in the starred
frame; they must therefore be valid in any frame. The stars can therefore be dropped
from (9.10)2 and (9.11). Doing so, (9.10)s implies that the forces f;; and f;; exerted
between any two particles p; and p; of B must obey the law of mutual-action

fij = _fjia (912)

while (9.11) implies that the force exterted f;; on any particle p; of B by any other
particle p; of B must satisfy r;; x f;; = 0 and, thus, obey the law of collinearity

fij = fijnm (913)

where f;; necessarily obeys
fij = fij sy, and ’L2j = |f”‘2 (914)
While (9.12) requires that f;; and f;; be of equal magnitude and of opposite direc-

tion, (9.13) requires that f;; be either parallel or antiparallel to n;;.

9.3. Frame-indifference of the particle-particle forces. By (3.9), nj; = —n,;.
Thus, the mutual-action and collinearity laws (9.12) and (9.13) combine to yield
(fij — f3i)n;; = 0 and, since n;; is a unit vector, f;; and f;; must obey”

fii = fij. (9.15)
Consider (9.10);. By the law (9.12) of mutual action, (9.10); simplifies to
Defining f7; = f7; - Qn;; and using the consequences
fij = fijnl-j and f;} = i*jnfj = ianij’ (917)

of (3.10)q, (8.4), (9.11), and (9.13) in (9.16) yields
(ff5 — fi)Qny; - Qviy = (ff — fij)nij - vy = (ff5 — fi)si = 0, (9.18)
which holds trivially for s;; = 0 and for all choices of s;; # 0 only if
5= fij (9.19)

4Pitteri [12, 13] credits Bressan [2] with the derivation of the conditions (9.13) and (9.15) but
states that the result requires the assumption that all inertial frames are physically indistinguish-
able. The developments presented here demonstrate that (9.13) and (9.15) hold regardless of the
nature of the underlying frame.
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so that f;; is frame-indifferent. Granted (9.12) and (9.13), the relation (9.10);
implies that f;; is frame-indifferent. Conversely, granted (9.12) and (9.13), if f;; is
frame-indifferent, (9.16) and (9.17) imply (9.10);. Hence, (9.19) is necessary and
sufficient to ensure satisfaction of (9.10);. By (8.4), (9.13), and (9.19), the force
f;; exerted by a particle p; in B on a particle p; # p; in B transforms under a
change-of-frame to

£}, = Qf;; (9.20)
and, thus, by (8.1)2, is frame-indifferent. Since (9.19) is necessary and sufficient to
ensure satisfaction of (9.10); so also is (9.20).

Consider the moment m;(y), about y, exerted on a p; under a change-of-frame.
By (5.1)1, (7.4) with A = Q, and (9.20),

*

() = (% —y) < £

= Q(x; —y) x Qfj;

= Q[(x; —y) x fjj]

= Qm;(y). (9.21)

Thus, by (8.1)2, mJ;(y) is, like fj;, frame-indifferent.

The process of arriving at the results of §§9.2-9.3 stands in sharp contrast to stan-
dard practice. Unlike conventional developments of particle mechanics, where the
laws (9.12) and (9.13) of mutual-action and collinearity and the frame-indifference
(9.20) of the particle-particle forces are introduced as postulates,” here these prop-
erties of the particle-particle forces arise from the premise that the internal power
wint (P), as defined in (6.2), is frame-indifferent for all particle subsystems P and are,
therefore, derived consequences of the theory. This distinction cannot be overem-
phasized.

m

9.4. Frame-indifferent expression for the internal power. Using the law
(9.12) of mutual action in the expression (6.2) defining the internal power yields

wint(P) = Z Z fij-vi

Pi€P p; €P\{pi}

=3> > (E 1) v,

pi€P p;€P
=35> > v
pi€P p; EP
Thus, on noting that, by (3.10) and the law (9.13) of collinearity,
fij - vij = fijnij - vi; = fijsi,
the power expended within P admits the alternative expression

Wint(P) = 3 Z Z fijsiz- (9.22)

pi€P p; EP

5See, for instance, Goldstein [6]. In such treatments, (9.12) on its own is often referred to as the
“weak form of Newton’s third law” while (9.12) and (9.13) are together referred to as the “strong
form of Newton’s third law.”
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Since, by (8.6) and (9.19), s;; and f;; are frame-indifferent, so also is the product
fijsij. The representation (9.22) of the internal power win(P) is therefore intrinsi-
cally frame-indifferent.

10. Consequences of assuming the the external power is frame-indifferent.
The fundamental consequences of assuming that the external power be frame-
indifferent, for all particle subsystems, are now developed. In view of the definitions
(6.3) and (8.1)1, this assumption requires that

wéxt (P) = Wext (P) (101)

for any particle subsystem P of B, where

wi(PY =D > f-vi+ Y (5" Vi, (10.2)

pi€P p; €P’ piEP

is the external power expended on P under a change-of-frame.

10.1. Preliminary calculations. Calculations analogous to those leading to the
difference (9.6) show that

0 = Wiy (P) — Wext (P)

= 3 ) — Qe ka+{zz +Zfext}

pPLEP Pi€EP p; P’ piEP
+{ SN iy x> (x x (FX0)* }-Qw. (10.3)
Pi€EP p; P’ pi€P

10.2. Laws of balance for forces and moments. An argument analogous to
that employed in deriving (9.10) from (9.6) shows that the terms on the right-hand
side of (10.3) must vanish separately. This yields three conditions, the first of which,

(£ — QE™Y] - Qv; = 0, (10.4)
must hold for each particle p; in B and all rotations Q, and the second and third
of which,

S Y -
pi €P p; EP’ pi€P
(10.5)
SN -y x i+ > (% x (£ = 0,
pi€EP p; P’ piEP

must hold for all particle subsystems P. Since (10.5) involve only quantities referred
to the starred frame, they must be valid in any frame. The stars may therefore be
dropped from (10.5). Doing so and invoking the definitions (4.2) and (5.2) of the
forces and moments, with the particular choice Q@ = P’, yields the law of force
balance

f(P,P)+£*(P)=0 (10.6)
and the law of moment balance
m(P,P';y) + m™(P;y) = 0 (10.7)

for any particle subsystem P.
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10.3. Frame-indifference of the environmental forces. By the frame-indifference

(9.20) of the force f;; exerted on particle p; by particle p; # p; and (4.2)1, again with
the particular choice @ = P’, it follows that, under a change-of-frame involving a
rotation Q,

D ILED S SIS b S ELULX

pi€EP p; P’ Pi€EP p; P’ piEP p; P’
(10.5); and (10.6) therefore imply that
> () = Qf(P) (10.8)
PrEP

for any particle subsystem P. For the special case where the subsystem P is a
singleton {p;}, (10.8) specializes to yield

(£74)" = Q™ (10.9)

whereby the force £7* exerted on a generic particle p; of B by agencies external to
B is frame-indifferent. Importantly, (10.9) ensures satisfaction of the first condition
(10.4) ensuing from the requirement that (10.3) vanish. Recall that ££*! incorporates
external forces.

In view of (10.9), a calculation analogous to (9.21) shows that

[ (y)]* = Qm{(y). (10.10)
Thus, the moment, about y, exerted on p; by external agencies is frame-indifferent.
The process leading to the results of §§10.2-10.3 stands in sharp contrast to stan-
dard practice in the development of theories for particle systems. For instance (10.6)
and (10.9) are commonly imposed as postulates and (10.7) is commonly derived un-
der the assumption of collinearity.’ Instead, the balance laws (10.6) and (10.7) for
forces and moments and the frame-indifference (10.9) of the environmental forces re-
sult here from the premise (10.1) that the internal power wiyt(P) is frame-indifferent
for all particle subsystems P and, therefore, are derived consequences of the theory.
As with the laws of mutual-action and collinearity and the frame-indifference of the
particle-particle forces, this distinction cannot be overemphasized.

11. Corollaries of the balance laws.

11.1. Balances for the system. By (4.3) and (5.3), choosing P = B in the laws
(10.6) and (10.7) of force balance and moment balance yields balances

f<'(B) =0 (11.1)
and

m™(B) =0 (11.2)
of forces and moments for the entire particle system B. The balance laws for forces
and moments for arbitrary particle subsystems therefore imply that the net external
forces and moments exerted on the complete particle system must vanish. When

6See, for instance, Goldstein [6]. Conventional treatments generally impose force (and the
ensuing moment) balances for individual particles. When summed over a particle subsystem,
such particle-wise balances yield the system-wise balances (10.6) and (10.7). A simple argument,
provided here in Section 11.4, demonstrates that the system-wise balances (10.6) and (10.7) en-
compass the conventional particle-wise as special cases. See also the essay “Whence the law of
the moment of momentum” in [16] explaining that (10.7) is to be postulated alongside (10.6), and
cannot, in general, be derived from (10.6).
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interpreting the balances (11.1) and (11.2) it is important to bear in mind that
f**(B) and, therefore (by (5.1)2 and (5.2)2), m®*(B) generally include inertial
forces and inertial moments, respectively.

11.2. Reciprocal balance of forces for disjoint particle subsystems. Con-
sider the force balance (10.6). Since (P’)’ = P, (10.6) implies that

£f(P',P) + £(P') = 0. (11.3)

Thus, since P U P’ = B, the additivity property (4.4), the force balance (10.6) for
a generic particle subsystem P, and the force balance (11.1) for the entire particle
system B imply that

£(P,P") +£(P',P) =0 (11.4)

for all particle subsystems P. The resultant force exerted on subsystem P by the
remainder P’ of the system must therefore be equal in magnitude but of opposite
direction to the resultant force exerted on P’ by P.

Next, since, for any disjoint pair P and Q of particle subsystems,

(PUQ/UQ=P  and (PUQ)UP=CQ, (11.5)
the biadditivity properties (4.5) and (4.6) imply that
f(P,P)+£(Q,Q) P,(PUQ)UQ)+f(Q,(PUQ)UP)
f(P,(PUQ))+£(P,Q) +1£(Q,(PUQ))+£(Q,P)

£(
(
f(PUQ,(PUQ))+£f(P,Q)+f(Q,P).
(

Thus, by the force balance (10.6) and the additivity property (4.4),
f(P,Q) +£(Q,P)=—-f(PUQ,(PUQ))+f(P,P')+1f(Q,Q)
= (P U Q) — £7(P) — £(Q)
=f*(PUQ)—f*(PUQ)
=0.

For any pair P and Q of disjoint particle subsystems of B, f must therefore obey
the reciprocal balance of forces

f(P,Q) =—£(Q,P). (11.6)

This result, which is substantially stronger than (11.4), implies that the resultant
force exerted on any subsystem P by some other disjoint subsystem Q be equal
in magnitude but of opposite direction to the resultant force exerted on Q by P.
The choice @ = P’ reduces (11.6) to (11.4), whereby (11.4) is but a special case of
(11.6).

The reciprocal balance of forces (11.6) encompasses the law (9.12) of mutual-
action as a special case. To confirm this, consider two elements p; and p; # p; of a
particle system B. On defining the singleton sets P = {p;} and Q = {p,}, it follows
from (4.2); that £f(P, Q) = f({p:},{p;}) = fi; and that £(Q,P) = f({p;}, {p:i}) =
f;;, whereby (11.6) specializes to give the law (9.12) of mutual-action.
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11.3. Reciprocal balance of moments for disjoint particle subsystems. An
argument analogous to that leading from (10.6) to (11.4), but using (5.4), (10.7),
and (11.2), yields

m(P,P;y) +m(P',P;y) =0 (11.7)

for all particle subsystems P of B and all points y. Further, an argument analogous
to that leading from (11.4) to (11.6), but using the biadditivity properties (5.5)—
(5.6) of m(+,;y) for each point y and invoking (11.7), yields the reciprocal balance
of moments

m(P, Qy) = —m(Q,P;y) (11.8)

for all disjoint particle subsystems P and Q of B and each point y. The choice
Q = P’ reduces (11.8) to (11.7), whereby (11.7) is but a special case of (11.8).

The reciprocal balance of moments encompasses the law of collinearity as a special
case. Namely, an argument analogous to leading from (11.4) to (11.6) applied to
(11.8) yields m;;(y) = —my;(y) for all ¢ # j and all points y. Thus, by (5.1); and
(11.6), (x; —y) x fi; = —(x; —y) x fj; = (x; —y) x f;; for all i # j and for each
point y, from which the law (9.13) of collinearity ensues.

11.4. Laws of force and moment balance for individual particles. For the
special case where subsystem P is a singleton {p;}, the laws (10.6) and (10.7) of
force balance and moment balance specialize to yield the more familiar relations

Y f+E =0 (11.9)
p; EB\{pi}

and, for any point y,

(x; —y) X { >ofy +f§’“} =0. (11.10)

pj€B\{pi}

Computing the moment of each term in (11.9) with x; —y obviously yields (11.10).
Moment balance for an individual particle is therefore a consequence of force balance
for that particle.”

Summing the particlewise force and moment balances (11.9) and (11.10) over the
particles belonging to a subsystem P leads directly to the laws (10.6) and (10.7) of
force and moment balance for P. Hence, the requirement that (11.9) and (11.10)
hold for each p; in B is necessary and sufficient for (10.6) and (10.7) to hold for all
P in B. In this sense, the particle-based statements of balance are equivalent to the
subsystem-based statements.

12. Law of power balance. Let p; belong to a particle subsystem P of B. Then,
since

B\{pi} = (PUP)\{pi} = (P\{pi}) UP,

"For systems of structured particles—e.g., systems of spherical particles with spin and sys-
tems of nonspherical particles (both with nonnegligible moments of inertia)—the moment balance
includes additional terms and yields a richer condition leading to a particle-based statement of
moment balance that cannot simply be derived from the local consequence of the particle-based
statement of force balance.
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the definition (6.2) of the internal power expended within P and the force balance
(11.9) for a generic particle p; imply that

wint(P) = Z Z fi; - v

Pi€P p;€P\{p:}
SED I MRS Db DL
pi€P p; EP’ pi€P p;eB\{pi}
t
SEDIP SR oL R
pi€EP p; P’ piEP

which, with the definition (6.3) of the power expended on P by external agencies,
yields the law of power balance

wint(P) = _wext(P) (121)

for any particle subsystem P of B. Hence, within the framework developed here,
power balance for a particle subsystem arises as a consequence of the assumed
frame-indifference of the internal and external power expenditures.

13. Digression on inertia.

13.1. Mass. Linear and angular momenta. Inertial frames. Consider a
particle system B. The definition of an inertial frame is based on the existence of
a relation that assigns to each particle p; in B a (constant) mass m; > 0. It is
assumed that m; is frame-indifferent, so that, under a change-of-frame,

m; =m;. (13.1)

Given m;, the linear momentum p; of p; and the angular momentum 1; of p;,
about a point y, are defined by

P = m;Vv; and lz = (X,L' — y) X Pj- (132)

An inertial frame is one in which the inertial force fI* entering the decomposition
(4.1) of the force f7** exerted on a particle p; by all agencies external to B takes
the particular form

f" = —p,. (13.3)
Since the mass m; of p; is constant, it follows trivially from (13.2) and (13.3) that
fiin = —mi\'/i = —m;a;.

13.2. Net mass and momenta for a subsystem. The net mass m(P) of particle
subsystem P is simply the sum

m(P) = Z m; (13.4)
piEP
of the masses of the particles comprising P. Similarly, by (13.2), the sums
p(P)= Y pi (13.5)
pi€P
and
I(P;y) = > (i —y) X pi, (13.6)
pi€EP
represent the net linear momentum of particle subsystem P and the net angular
momentum of P about y.
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As direct consequences of (13.4)—(13.6), the net mass, linear momentum, and
angular momentum (about y) of a particle subsystem obey

m(PU Q) =m(P)+m(Q),
P(PUQ) =p(P) +p(Q), (13.7)
(PUQy) =UP;y) +UQy),

for all disjoint particle subsystems P and Q and are, therefore, additive.
In view of (4.1) and (13.3), in an inertial frame, the resultant environmental force
fext(P) exerted on P by agencies external to B is given by

fP) =D £ =Y =Y pi=£4(P) - p(P), (13.8)
pi€P pi€P pi€P
where
Py =Y £ (13.9)
pi€EP
is the net noninertial force exerted on P by agencies external to B. Similarly, the
resultant external moment exerted on P, about y, by agencies external to B is given
by

m™(P;y) = m"(P;y) — 1(P;y), (13.10)
where
mni('P) _ Z (Xi _ y) % fzm (13.11)
p; EP

is the net noninertial moment exerted on P, about y, by agencies external to B.
By (13.6), for any two points y and z,

(P;y)=1(P;2z) + (z —y) x p(P). (13.12)

13.3. Law of mass balance. Choosing Q = 1 and z such that z = ¢, with
c constant, in the definition (7.1) of a general change-of-frame yields a Galilean
change-of-frame. For such a change-of-frame, QTQ = 0, so that, by (7.2), the
angular velocity w vanishes, and the transformation rule (7.6) specializes to

vi=v;+c. (13.13)

Bearing in mind the assumed frame-indifference (13.1) of m; and that ¢ in (13.13)
is constant, (7.1), (13.2)1, (13.4), and (13.5) imply that the time-derivative of the
difference between the linear momentum of a particle subsystem P under a Galilean
change-of-frame and the linear momentum of P equals

> mivi —p(P) = m(P)c, (13.14)
piEP
with v as given in (13.13).
By (13.14), requiring the time-rate of the linear momentum of a generic particle
subsystem P to be invariant under Galilean changes-of-frame implies the law of
mass balance

m(P) =0 (13.15)
for all P. Conversely, requiring that (13.15) hold for all P implies that the time-rate

of the linear momentum of all subsystems P is invariant under Galilean changes-of-
frame.



Sandiat National Labs SAND 2009-6943J

NEW INSIGHTS INTO CLASSICAL PARTICLE MECHANICS 19

13.4. Laws of linear and angular momentum balance. In an inertial frame,
(13.8) and (13.10) may be used in the balances (10.6) and (10.7) for forces and
moments to yield the law of linear momentum balance

p(P) = £(P, ') + £(P) (13.16)
and the law of angular momentum balance
1(Py) = m(P, P';y) + m™ (Psy) (13.17)

for an arbitrary particle subsystem P of B.
The counterparts of the balances (11.1) and (11.2) of forces and moments for B
are
p(B) =f"(B) and  I(Bjy)=m"(B;y), (13.18)
and follow either on using (13.8) and (13.10) in (11.1) and (11.2) or on setting P = B
in (13.16) and (13.17) and employing (4.3) and (5.3). Similarly, the counterparts of
the balances (11.9) and (11.10) for a generic particle p; of B are

mia; =y fi+ £ (13.19)
p; EB\{pi}
and
(xi —y) x ma; = (x; —y) X { Z fi; + ffi}, (13.20)
p;€B\{p:}

and follow either on using (13.8) and (13.10) in (11.9) and (11.10) or on choosing P
in (13.16) and (13.17) to be the singleton {p;}. A discussion completely analogous
to that following the force and moment balances (11.9) and (11.10) for a particle
p; applies regarding the relationship between the linear and angular momentum
balances (13.19) and (13.20), respectively.

13.5. Kinetic energy. Granted an inertial frame, the kinetic energy k; of particle
p; belonging to B is defined by

ki = milvi|?, (13.21)
and the sum
k(P)= >k (13.22)
piEP

represents the kinetic energy of particle subsystem P. By (13.22), the kinetic energy
of a particle subsystem obeys

E(PUQ) =k(P)+k(Q) (13.23)

for all disjoint subsystems P and Q and is, therefore, additive.

13.6. Law of kinetic-energy balance. Since, by (13.21),
]{:‘7; =V;- (miai), (13.24)

using (4.1) and (13.3) in the expression (6.3) for the power expended on P by
agencies external to P yields

Wext (P) = E g fij-vi+ g £ vi — g mia; - v;
pi€P p; €P’ pi€P pi€P

= wh (P) — k(P), (13.25)

ext
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with
w;‘(t(P) = Z Z fij -v; + Z f;u * V. (1326)
pi€EP p; P’ pi€EP
An immediate, but not unimportant, consequence of (6.3) and (13.25) is that the
balances (13.16) and (13.17) of linear and angular momentum can be derived by
requiring that the difference

k(P) — we (P) = —wext(P) = wint (P)

be frame-indifferent.
Using (13.25) in the power balance (12.1) yields the law of kinetic-energy balance

k(P) = win(P) + wiy, (P), (13.27)

which states that the rate at which the kinetic energy of a particle subsystem P
changes with respect to time is equal to the sum of the power expended within P
and the noninertial contribution of the power expended on P by agencies external
to the system B. Integrating (13.27) with respect to time yields a generalization
of the classical work-energy theorem. Whereas the classical version of theorem is
generally stated for the system as a whole, the generalization arising from (13.27)
is valid for any subsystem P.

13.7. Results for the center-of-mass of a particle system.

13.7.1. Definition of the center-of-mass. The center-of-mass of a particle system B
is the point x. satisfying

> mi(xi — %) =0, (13.28)

pi€EB
where x; — X, is the vector directed from the center-of-mass to the point x;. Given
a generic time-independent point y, it follows from (13.28) that

D omilxi—xc) = > mil(xi —y) = (xe —y)] (13.29)
piEB p,EB

and, thus, that the vector directed from y to the center-of-mass x. is given by the
mass-weighted average

Xe—y = % Z mi(X; —y) (13.30)

m(B
pi€EP

of the vectors directed from y to each of the points x; occupied by particles in B.
The velocity v. and the acceleration a. of the center-of-mass x. of a particle
system B are given by

Ve = X, and a. = v, = X, (13.31)
where, since the point y in (13.30) is time-independent,
1 1
. . % 13.32
v m(B)va m(B)ZmX ( )
p.€B pi€B

and

1 . 1 .
A, = ng) Z m;v; = M Z m;X;. (1333)

piEB piEB
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13.7.2. Laws of balance for forces and moments exerted on the center-of-mass. By
(13.2)1, (13.5), and (13.32), the net linear momentum of particle system B is simply
p(B) = m(B)v.. (13.34)

Thus, p(B) = m(B)v. = m(B)a. and, since, by (4.3), f(5,0) = 0, setting P = B in
(13.16) yields
m(B)a, = " (B), (13.35)
which expresses linear momentum balance for 5.
Next, choosing P = B in (13.17) yields

1(B;y) = m"(B;y), (13.36)
which expresses angular momentum balance, about any point y, for B.% To obtain
a balance closer in spirit to (13.35), note that, by (5.8) and (13.12) with P = B,
(13.31), and (13.35),

I(B;y) — m" (B y) = 1(B; x.) + ve x m(B)ve + (xc — y) x m(B)a. — m™ (B;y)
—1(B;x0) + (x. — y) x £(B) - m" (B;y)

=1(B;x.) + m"(B;y) — m"(B;x.) — m™ (B;y)

=1(B;x.) — m“i(B; Xe)s

from which it follows that the angular momentum balance (13.36) for B about any
time-independent point y is actually equivalent to an angular momentum balance

1(B;x.) = m"(B;x.) (13.37)
for B about the, generally time-dependent, center-of-mass x. of B.

13.7.3. Power relative to the center-of-mass. Let z be a time-dependent point. The
net power expended on particle system B relative to z, excluding contributions re-
lated to inertial forces, is then defined by

wBiz) =1 D> fiye(vij—22)+ Y £ (vi—2). (13.38)
pi€Bp; eB\{p;} piEB
Using (9.22), (13.9), and (13.26), all with P = B, thus results in
w(B;z) = wine(B) + wh, (B) — { SN i+ ) f;li} >
pi€Bp;eB\{p;} piEB
= wint (B) + iy, (B) — £7(B) - 2,

from which it follows that

Wing(B) + wik (B) = w(B;z) + £(B) - z. (13.39)
In particular, choosing z = x. in (13.39) yields
Wing (B) + wli (B) = w(B;x.) + f2.(B) - v.. (13.40)

8 An alternative derivation of (13.36) arises on choosing P = B in (13.6), using the local balance
(13.19) of linear momentum for a particle p; to replace the linear momentum p; = m;a; and the
definition (5.2)2 of the moment, about a point y, exerted on a particle subsystem by entities
external to B.
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The net noninertial power expended on a particle system is therefore equal to the
net power relative to the center-of-mass of the system plus the power expended on
moving the center-of-mass under the action of the net force exerted on the system
by external entities. Finally, by (13.39) and (13.40),

w(B;z) = whi, (B;x.) + f*(B) - (v, — 2). (13.41)

13.7.4. Kinetic energy relative to the center-of-mass. Given a time-dependent point
z, the kinetic energy of a particle system B relative to z is then defined by

k(B;z) =1 Z mg|vi — 2.
piEB
Since |v; — z|? = |v;|? — 2v; -z + |z|%, (13.4), (13.2)1, (13.21), (13.22), and (13.34)

imply that
KBiz) =5 S Wil2 = S mivi a4+ 5 S mafaf?
pi€B pi€B pi€B
= k(B) = m(B)v. -z + $m(B)|z|?
— K(B) + tm(B)lv. - 4 — im(B)v. . (13.42)
In particular, choosing z = x. in (13.42) yields
k(B) = k(B;x.) + im(B)|v.|*. (13.43)

The kinetic energy of a particle system B is thus equal to the kinetic energy of B
relative to its center-of-mass plus the kinetic energy of its center-of-mass. Finally,
by (13.42) and (13.43),

k(B;z) = k(B;x.) + im(B)|v. — z|>. (13.44)

13.7.5. Law of balance for the kinetic-energy relative to the center-of-mass. In view
of the relations (13.40) and (13.43),

k(B;x.) — w(B;x.) = k(B) — m(B)a. - vo — wing(B) — whi, (B) + f*(B) - v,
= k(B) — wint(B) — w™ (B) — [m(B)a, — f*(B)] - v,

ext

whereby (13.27), with P = B, and (13.35) yield the kinetic-energy balance
k(B:x.) = w(B; x.) (13.45)

for a system B with respect to its center-of-mass.

14. Principle of interaction-energy imbalance. In continuum theories, re-
stricting attention to isothermal processes reduces the energy balance and entropy
imbalance to a free-energy imbalance, which expresses the requirement that the
time-rate of the net free-energy of any material subset of the body not exceed the
rate at which power is expended on the convecting subset by all external forces,
inertial forces included.

Because temperature is not germane to the description of particle mechanics
presented here, it seems reasonable to impose a notion of imbalance that, similar to
the notion of free-energy imbalance mentioned above, serves as a purely mechanical
statement of the second law of thermodynamics. This perspective differs sharply
from that underlying the works of Gurtin and Williams [9] and Williams [18], where
each particle is endowed with an internal energy and heat flux. The view taken



Sandiat National Labs SAND 2009-6943J

NEW INSIGHTS INTO CLASSICAL PARTICLE MECHANICS 23

here resembles more closely that underlying the work of Pitteri [12, 13], where the
underlying theory is a purely mechanical one and statistical mechanics is used to
pass to a continuum limit in which an energy balance involving field quantities
identified as specific internal-energy and heat flux arise.

As with the force, moment, and power balances, a law of energy imbalance should
apply to arbitrary particle subsystems. Toward stating such a law, assume that each
pair of particles p; and p; # p; possesses an interaction-energy 1;; satisfying

Vij = Vji, (14.1)

that embodies the extent to which p; and p; are attracted or repelled. The interac-
tion energy between a particle and itself is taken to vanish, so that

Y = 0. (14.2)
Assume that t);; is frame-indifferent, so that, in view of (7.1);,
P (113

where 1}; is the interaction energy between p; and p; under the change-of-frame.
Bearing in mind (14.2), the net interaction-energy 1 (P) of a particle subsystem P

is given by the sum
P =5 > Vi (14.4)
pi€P p;eP
The principle of interaction-energy imbalance postulates that, throughout a mo-
tion of a particle system, the time-derivative of the net interaction-energy of any
particle subsystem cannot exceed the power expended by external agencies acting
on the subsystem. In view of definitions (6.3), (13.22), and (14.4), this postulate is
equivalent to the requirement that’

W < wext(P) (145)

for all particle subsystems P and all instants of time.

15. Interaction-energy inequality. Using the power balance (12.1) in (14.5)
yields the interaction-energy inequality '’

(P) + wine(P) <0, (15.1)

which holds, of course, for all particle subsystems P and all instants of time.
Select arbitrarily two points p; and p; # p; in B and consider the doubleton
P = {pi,p;}. For this choice of P, (15.1) specializes to

%Z}ij + fijsi; <0, (15.2)
Recall, (3.10)2 and (9.14), that s;; = v;; - n;; and f;; = f;; - n;;, where, by (3.9),

n; = rij/Ti;.
9For a motion with respect to an inertial frame, (14.5) is replaced by

$(P) + K(P) < whi, (P), ()

with the kinetic energy k() and the noninertial component wii, (P) of P as defined in (13.22)
and (13.26).

0Tmportantly, utilizing the kinetic-energy balance (13.27) to simplify (1) of Footnote 9 leads
directly to the interaction-energy inequality (15.1). Unsurprisingly, results obtained on the basis
of (15.1) therefore apply also for motions with respect to inertial frames.
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16. Constitutive equations. Constitutive equations that characterize possibly
dissipative particle-particle interactions are now developed. This is achieved in the
general context where inertial forces are included in the environmental forces as
expressed by the decomposition (4.1). All results are therefore independent of the
particular nature of the underlying frame.

16.1. Basic considerations. A constitutive equation gives the value of a physical
field in terms of the values of other fields. Common examples include equations
giving stress in terms of strain and heat flux in terms of temperature gradient.
In continuum theories, constitutive equations are generally required to be frame-
indifferent and thermodynamically compatible. Whereas frame-indifference is as-
sured by imposing the requirement that constitutive equations transform properly
under changes of observer, thermodynamic compatibility is assured by ruling out
constitutive equations that allow processes in which an inequality akin to (15.2)
is violated. It would be somewhat surprising if analogous requirements did not
arise and were not valuable for developing constitutive equations in the context of
particle mechanics.

Typically, the independent variables entering constitutive equations are kine-
matical. Consider a particle p; in B. Among the various kinematical descriptors
introduced in §3, consulting (8.2), (8.3), (8.4), and (8.6) shows that r;;, r;;, n,;, and
s;; are frame-indifferent and, thus, are, for each j # 4, potential choices for indepen-
dent constitutive variables. Since 1);; accounts for interactions strictly between p;
and p; # p;, a dependence upon 7;; seems reasonable. Moreover, since the time-rate
si; of r;; appears as a factor in the second term on the left-hand side of (15.2), it
seems reasonable to allow for the possibility that, for each j # ¢, f;; might also de-
pend on s;;. However, dissipative particle-particle interactions are precluded within
a constitutive framework for which v;; and f;; depend at most on the instantaneous
value of 7;;. A comprehensive approach to developing constitutive equations encom-
passing dissipative interactions would allow the values ;;(¢) and f;;(¢) of ¢;; and
fij at any time ¢ in I terms of the collection {r;;(s) : s € I,s <t} of values of r;;
at all times in I up to and including ¢, much as in Coleman’s [3] theory for simple
materials with memory.!' Here, the complex dependence on time-history embodied
in such constitutive equations is ceded in favor a more modest rate-dependence.
Specifically, constitutive equations of the relatively uncomplicated form'?

Yij = bij(rij, 8i5), fiz = fij(rij, sij), (16.1)
are considered, where, to ensure satisfaction of the combined consequence (9.15)

of the laws (9.12) and (9.13) of mutual action and collinearity and the symmetry
requirement (14.1), ¢;; and f;; are assumed to be consistent with

bij(rij,sig) = bji(sijory)  and  fiy(rig, si) = fi(rij, sij)- (16.2)

Here, ’L/A)ij and fij are called (constitutive) response functions.

Since Coleman’s [3] theory allows for dependence upon the entire time-history, including all
times prior to the initial time, as a means to account for processing prior to the initial state, a
strict analogy between the type of constitutive theory alluded to here and the theory of simple
materials with memory is valid only for the specialization of that theory to materials with virginal
initial states.

12To clarify, the constitutive equations (16.1) embody the notion that, at any instant ¢ in I,
the values ;;(t) and f;;(t) of 1;; and f;; are determined by the values r;;(t) and s;;(t) of the
lists Tij and Sij through ’LL%‘j (Tij (t), Sij (t)) and fij (7"1']' (t), Sij (t))



Sandiat National Labs SAND 2009-6943J

NEW INSIGHTS INTO CLASSICAL PARTICLE MECHANICS 25

Although it might seem contrived to include the relative speeds as indepen-
dent variables in the constitutive equation (16.1) for the interaction-energy, it is
more sensible to allow for such a dependence at the outset rather than to rule it
out peremptorily.'® In the present context, this comprises Truesdell’s principle of
equipresence.

16.2. Consistency with frame-indifference. As noted above, the independent
constitutive variables r;; and s;; appearing in (16.1) are frame-indifferent; that is,
(rr,8%) = (ri5, 8:5). Hence,

05 2ij
W =i (r, 88) = Vi (rij, si5) = bij,
5= Fis (. s5) = Fig(rig. sig) = fiss

and the constitutive equations (16.1) are intrinsically consistent with the require-
ments (14.3) and (9.19) that 1;; and f;; be frame-indifferent.

16.3. Restrictions imposed by the requirement of thermodynamic com-
patibility. The constitutive equations (16.1) must not lead to violations of the
interaction-energy inequality (15.2). The restrictions imposed by this requirement
are now explored. Observe that the function fij admits a decomposition of the form

Fii(rig, si) = F5t(rig) + f3°(rij i), (16.3)
where ff and d‘“ are defined, respectively, by
Firig) = fij(ri;,0) (16.4)
and R R X
5 (rijy si5) = fij(rij, sig) = fij(riz, 0). (16.5)

By (16.3), the force f;; exerted on particle p; by particle p; decomposes into the
sum

fi; = £ + £5° (16.6)
of equilibrium and dissipative contributions, where, by (9.13),
feq = f rij)ny; and fl-djis = Afjis(rij,sij)nij. (16.7)

Consider a process consisting of an arbitrary motion x together with interaction
energies v;; (i,j =1,...,N) and forces f;; (i,j =1,...,N, i # j) determined by
x through (3.1) and the constitutive equations (16.1). The force balance (11.9) for
p; then determines the external forces £** (i = 1,...,N) needed to support the
process. As such, assume that £f7** (i = 1,...,N) is arbitrarily assignable. This
hypothesis is important: because of it, the law of force balance in no way restricts
the class of constitutive equations under consideration. On the other hand, unless
these constitutive equations are suitably restricted, not all constitutive processes
will be compatible with thermodynamics as embodied by the interaction-energy
inequality (15.2). The subclass of constitutive equations of the form (16.1) that are
compatible with thermodynamics is determined by requiring that all constitutive
processes be consistent with the interaction-energy inequality (15.2). This approach
is a simple adaptation of a procedure developed within the context of continuum
thermomechanics by Coleman and Noll [4].

I3Energetic dependence upon the symmetric component of the velocity gradient arises, for
instance, in the theory of second-grade fluids, as shown by Dunn and Fosdick [5].
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The interaction-energy inequality severely restricts the constitutive equations.
To see this, consider an arbitrary constitutive process. Then, by (16.1),
; 37/;z'j(7’z'j, Sij) 5’1/;@(7"1‘3‘, Sij)
= Sii + $ij; 16.8
Vij or; ij Dsi; ij ( )
hence, granted constitutive equations of the form (16.1), the interaction-energy
inequality (15.2) is equivalent to the requirement that

{81/)1](7“”,5”) + fiejq(rij)}sij +f{ijis(7"ij,$z‘j)31j + MSH < 0 (16.9)
87"1»]» 6Sij

for all motions. Given a time ¢ in [, it is possible to construct a motion such that
Tij, Sij, and $;; take arbitrarily prescribed, and therefore independent, values at ¢
for all j # i. The coefficients of the rates $,;, which appear linearly in (16.9), must

therefore vanish for each j # i. Thus, 81@3- (rij,8i;)/0si; = 0 for each j # i and
there must exist a response function 1; of 7;; such that
ij = Vg (rijs 515) = Pij(rig).- (16.10)
In view of (16.10), the interaction-inequality (16.9) simplifies to
i (r4 re Adis
{57‘(0 + fi]q(rij)}sij + f% (n-j,sij)sij < 0. (1611)
ij

Next, fix r;; and replace s;; in (16.11) by ass;; for some o > 0. Dividing the resulting
inequality by « then yields

0 Nz" Tij fe Adis
{waj,r(]) + fijq(rij)}sij + fg (Tz‘j, OéSij)Sij < 0. (16.12)
ij
By (16.5), ~Z-‘}is(r, 0) = 0 for all choices of r and for all j # i. Letting o — 0 in
(16.12) therefore yields the inequality

{8@/1](7*]) + f;’?‘(mj)}sij < 0. (16.13)
87"15
Since, for each j # 4, (16.13) must hold for all s,;, it follows that, for each j # i,
feary) =~ 2atTia) (16.14)
37@-

Importantly, (16.14) is consistent with the symmetry constraints embodied by
(16.2). An immediate, but significant, consequence of (16.14) is that the first term
on the left-hand side of (16.12) vanishes identically. In addition, the residual dissi-
pation inequality
FiP(rijsig)siy <0 (16.15)

must therefore hold for each j # .

In summary, requiring that the constitutive equations (16.1) be compatible with
the interaction-energy inequality (15.2) in all processes yields the thermodynamic
restrictions:

e The interaction energy 1;; between particles p; and p; depends only upon 7;;,
the distance between p; and p;:

bij = i (rij)- (16.16)
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e The interaction energy determines the equilibrium contribution f;;' to the
force exerted on p; by another particle p; through the relation
00 )
eq _ ig\Tij)
e The dissipative contribution f4 to the force exerted on p; by another particle
p; has the form

£5° = f5°(rig. 517)mi, (16.18)

fdis

;;° must obey the inequality

where

Aldjis(Tij, sij)sij S 0. (1619)

On combining (16.17) and (16.18) with the decomposition (16.6), it follows that the
force f;; exerted on p; by another particle p; has the specific form

81[’1']' (riz) Adis

fij =~ — i+ i

Ory; (rij, Sij) M. (16.20)

16.4. Final differential equations. The final differential equation for a generic
particle p; ensues on using the general constitutive equation (16.20) for the force
fi; exerted on p; by another particle p; into the statement (11.9) of force balance
for p; to yield

i) .
Z {j(jnij - z‘dj (rijasij)nij} = £ (16.21)

O
p;€B\{pi} "ij

The specialization of (16.21) to the case when the underlying frame is inertial, which
follows directly from the decomposition (4.1) and the relations (13.2); and (13.3)
determining the inertial force, is simply
O (1 o .
mlx + Z {Wnij - idjls(rij, Si]’)nij} = flm (1622)

p; €EB\{pi} Orij

where m; denotes the mass of p;. When dissipative particle-particle interactions
are neglected, so that ffjis(mj, sij)=0ford,j=1,...,N,i# j, (16.22) is classical.
In particular, the system of equations arising in this case is identical to that used
by Pitteri [12, 13] in his statistical-mechanical derivation of continuum equations of
balance from particle mechanics. Moreover, the system is identical to that obtained
by Yavari and Marsden [19] for the case when the ambient space is Euclidean.

16.5. Sample constitutive equations.

16.5.1. Interaction energies and associated equilibrium forces. The classical law of

universal gravitation constitutively determines the interaction energy ;; between

two particles p; and p; of respective mass m; and m; and the associated force fqu

exerted on p; by p;, viz.,

Gmimj eq Gmimj

- ij 2 n;j,
ij

and (16.23)

Yij = v
where G > 0 is the universal gravitational constant. Since the notion of particle
mass is tied to the notion of an inertial frame, these relations implicitly assume that
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the underlying frame is inertial. By (16.23), the net interaction energy ¢ (P) of a
subsystem P corresponding to (16.23) is

NGEED DD DL (16.24)

Tij
Pi€P p;€P\{pi}

which, modulo a sign, is simply the classical gravitational potential energy.

Similarly, the interaction energy 1);; between particles p; and p; connected by a
linear spring with constant k;; > 0 and reference length ¢;; > 0 and the associated
force ffjq exerted on p; by p; are given by constitutive equations of the form

wij = %k‘w (rij — fi]’)z and fqu = —k‘ij (’/‘Z‘j — &-j)nij. (1625)

16.5.2. Dissipative forces. Provided ;%is is a continuous function of s;;, the residual

dissipation inequality (16.19) admits a solution of the form
£ (rigy sig) = =Mij(rig, sig)siz,  Mi(rig, si) 20, (16.26)

where M;; is the mobility of particle p; with respect to particle p;. Since r;; = rj;
and Sji = Sij,

fii = =Mji(rji, sji)sji = —Mji(rij, 5i5)si5-
On recalling from (9.15) that f;; = f;;, it follows that
Mj; = M;;, (16.27)

whereby the mobilities of p; with respect to p; and of p; with respect to p; must be
equal. The dependence of M;; on s;; allows for general viscous damping.

The residual dissipation inequality also admits discontinuous solutions. The sim-
plest such solution,

~dis = Sii =
F5P(rig, si4) = fij(rij)7|;7|7 fij(riz) >0, (16.28)
ij

for all r;;, corresponds to classical Coulomb damping. More generally, the general
class of response functions fjis defined so that

~idjis(7"7;j, Sij) é 0 for all Sij S 0,
- (16.29)
,L-djls(T'ij, Sij) Z 0 for all Sij 2 0,
for all r;;, is consistent with the residual dissipation inequality, incorporates both
(16.26) and (16.28) as special cases, and allows for dissipative particle-particle in-
teractions where viscous and frictional damping are combined.

On returning to the example of particles p; and p; connected by linear springs,
if, in addition to springs, p; by p; are connected by a linearly viscous dashpot with
damping coefficient v;;, then the dissipative contribution ffjis to the force exerted
on p; by p; is given by

fzdjis = i Sig Mg (16.30)
where, by (16.26)5 and (16.27), v;; = 7 > 0.
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17. Summary. The general framework for classical particle mechanics developed
here is based on five simple hypotheses:

Hi: Each particle p; in a system B is subject to forces f;; and £** due, respectively,
to interactions with other particles in the system and with external entities,
inertia included.

Hz: The moments m;;(y) and m$**(y) exerted on a particle p; in a system B are
confined to torques associated with the forces f;; and £

Hs: For any particle subsystem P of a system B, the net internal and external

power expenditures
wine(P)= > > v
pi €P p;€P\{p:i}

wet(P) =Y D fij-vit £,

PiEP p; P’ pi€EP

and

are frame-indifferent.

H4: Each pair of particles in a system possesses a frame-indifferent interaction
energy ;; = 1bj; (with 1;; = 0).

Hs: For any particle subsystem P of a system B, the rate at which the frame-
indifferent net interaction-energy

VP =5 > vy

pi€P p; EP

changes with respect to time cannot exceed the net external power wext(P)
expended on that subsystem.

Most, if not all, of the ingredients encountered in conventional developments of
classical particle mechanics are missing from this set of hypotheses. Force and
moment balances are not imposed. A choice of frame, inertial or otherwise, is not
made. Neither the forces between particles nor the forces exerted on particles by
external agencies are presumed to be frame-indifferent. The forces exerted between
two particles are not assumed to be of equal magnitude and opposite direction. The
force between two particles is not assumed to be collinear with the vector connecting
the points occupied by those particles. A constitutive structure determining the
particle-particle forces or the interaction energies in terms of kinematical descriptors
such as the distances between the points is not invoked. The consequences of the
hypotheses stated above are, nevertheless, significant.

Of these hypotheses, H3 is the most consequential. In particular, the portion of
Hs concerning the internal power wiy(P) implies that:

Cy: The forces f;; and f}; exerted by p; on p; and by p; on p; are of equal magnitude
and opposite direction, so that
f,L" = _fij~
Cy: Given points x; and x; corresponding to p; and p;, the force f;; exerted on p;
by p; is either parallel or antiparallel to r;; = x; — x;, so that
fi; = fijni,
with .
fij = fij . I’LL'j7 l'lij = ﬂ, and Tij = |rij‘-
Tij



Sandiat National Labs SAND 2009-6943J

30 ELIOT FRIED AND R. B. LEHOUCQ

Cs: The force f;; exerted on p; by p; and the associated moment m;;, about
an arbitrary point y, are frame-indifferent, so that, for a change-of-frame
involving a rotation Q,

£ = Qfy; and m7;(y) = Qmy;(y).
Consequences C; and C, are here referred to as the laws of mutual action and
collinearity, respectively. Cy and the first of C3 imply that f;; is frame-indifferent

and that f;; and f;; must be equal. Moreover, these results combine to yield an
alternative expression,

wint(P) = % Z Z fijSijs Sij = Tijs

pi€EP p; EP

for the internal power. Since s;; is frame-indifferent, this expression for win:(P) is
intrinsically frame-indifferent.

Next, the most salient consequences of Hs concerning the external power weyt (P)
are:

C4: The resultant forces f(P,P’) and f**(P) exerted on the particles in any par-
ticle subsystem P of a system B by the particles in the remainder P’ of B and
by external agencies obey the balance

£(P,P') + £4(P) = 0.

Cs: The resultant moments m(P,P’) and m®**(P) exerted, about a point y, on
the particles in P by the remaining particles in B and by external agencies
obey the balance

m(P,P';y) + m™(P;y) =0

for any point y.
Ces: The force f£** exerted on p; by external agencies the associated moment m$**,
about an arbitrary point y, are frame-indifferent, so that, for a change-of-

frame involving a rotation Q,
(B = QE™  and (i (y)) = Qum(y).
C4 and C5 constitute force and moment balances for a particle subsystem P. Choos-
ing P to be a singleton in these subsystemwise balances yields the more familiar
particlewise force and moment balances as special cases. Moreover, choosing P = B
yields force and balances for the system. In an inertial frame, the force and moment

balances for arbitrary particle subsystem P of B specialize to the linear and angular
momentum balances,

p(P) = £(P,P') +£"(P)
and )
I(P;y) = m(P,P';y) + m™(P;y),
respectively.
An important corollary of C4 is that the power balance

Wint (P) + Wext (P) =0

must hold for any particle subsystem P. Using the power balance in hypothesis Hs
and restricting attention to the case where P is a doubleton yields an interaction-
energy inequality

Vij + fijsi; <0,
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for each particle p;. Along with hypothesis Hy and the derived frame-indifference
of fi;, the interaction-energy inequality forms the basis for the development of
thermodynamically consistent constitutive theories along the lines developed in the
context of continuum mechanics by Coleman and Noll [4].

While it is certainly possible to develop a general constitutive framework in
which the values of v;; and f;; at any time ¢ in the interval I depends upon terms
of the values of r;; up to and including ¢, only the simplest possible class of rate-
dependent constitutive equations is considered here. In this case, dependence upon
r;; is augmented by dependence on s;;. Constitutive equations of the form

Yij = Yij(rij, si)  and  fiy = fij(rig, si5)

are therefore considered. A simple calculation shows that such constitutive equa-
tions are inherently frame-indifferent. Since, by C; and Co, fi; = fji, a simple ar-
gument shows that f;; can depend at most on r;; and s;;. With this result in mind,
stipulating that the constitutive equations be consistent with the interaction-energy
inequality in all processes requires that the interaction energy );; be determined
strictly by a constitutive equation involving a response function 1[) that depends
only on r;;. The force f;; exerted on p; by another particle p; therefore admits an
additive decomposition

g Qialrig) o gais

¢ 87"7;]' * w

into equilibrium and dissipative components, both collinear with the unit vector

(Tigs )0

rij - X; —X]'

Ml e xl
directed from the point x; occupied by p; to the point x; occupied by p;, where the
magnitude fidjis of the dissipative contribution must obey
£dis
ij
The final differential equation for a generic particle p; ensues on using the general
constitutive equation for the force f;; exerted on p; by another particle p; into the
statement of force balance for p; to yield

> 2D g smg =

87@»
p; EB\{pi}

(Tija sij)sij S O

For an inertial frame, f** = 2 + fi* = M — mya;, with m; the mass of p;
and a; = X; the acceleration. Thus, when the underlying frame is inertial, the
differential equation for p; becomes

.. 9isir)
miX + Z {Hnij z‘dj (Tijvsij)nij =f".

87"ij
p; EB\{pi}

Except for the presence of the dissipative contributions ffjis(rij,sij)nij7 i,] =
1,..., N, to the particle-particle forces, this equation is classical.

Thus, when attention is restricted to inertial frames and dissipative particle-
particle interactions are neglected, the differential equations for a system of parti-
cles obtained here specialize to the classical system of evolution equations to those
used by Pitteri [12, 13] to derive continuum equations of balance from statistical
mechanics. Assuming that Pitteri’s [12, 13] arguments can be extended, perhaps
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by using the tools of nonequilibrium statistical mechanics, to yield a distinguished
continuum limit, it is interesting to speculate on the nature of any restrictions that
the residual dissipation inequalities

Adis .o . .
ijlb(rijﬂsij)sijgov 13.7213"'7N7 Z#ja

might impose at the continuum level.
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