ERROR ESTIMATION FOR NONLINEAR REDUCED
BASIS METHODS BASED ON EMPIRICAL OPERATOR
INTERPOLATION

M. Drohmann!  B. Haasdonk? M. Ohlberger®

1Sandia National Laboratories, Livermore, CA, (mdrohma@sandia.gov)
2Institute for Applied Analysis and Numerical Simulation, Stuttgart, Germany

3Institute of Numerical and Applied Mathethematics, Miinster, Germany

SIAM CSE 2012, Boston, MA, 02/27/2013

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned
subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security Administration

under contract DE-AC04-94AL85000


mdrohma@sandia.gov

ERROR ESTIMATES FOR MODEL ORDER REDUCTION
METHODS

Model reduction implies error to high fidelity model: e := uj, — teq.

ERROR BOUNDS
Error bounds 7 should be
o rigorous: 7 > ||el,
o effective: ﬁ < Cefr or “not too big"

and

o efficient, i.e. quickly computable (as fast as reduced model)
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ERROR BOUNDS
Error bounds 7 should be
o rigorous: 7 > ||el,
o effective: ﬁ < Cefr or “not too big"
and

o efficient, i.e. quickly computable (as fast as reduced model)

Often there is a trade-off between efficiency and
rigor/effectivity.
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OUTLINE

@ REDUCED BASIS METHOD FOR NON—LINEAR PROBLEMS
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REDUCED BASIS METHOD

RB Scenario:
o Parametrized PDEs  (e.g. evolution problem
“Opu(p) — L(p)[u] = 0, u(0; ) = uo(p)")
o time-critical applications
o many-query applications
Goals:
o Offline-/Online decomposition
o Efficient reduced simulations

o A posteriori error control
References: [Patera&Rozza, 2006], [Haasdonk et al., 2008]
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HIGH-DIMENSIONAL MODEL

(Orup)+ H upl=|by| -
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OFFLINE PHASE

o such that
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o Find reduced basis functions & := {(,
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OFFLINE PHASE

o Find reduced basis functions & := {¢1,...,pon},
o interpolation points X := {xy,
o such that
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REDUCED BASIS MODEL

Cunt) N {5 ! 'R

M

N

Error: e := up — Upeq With ueq ;= Pa

1PN G4
02/27/2013

8 / 25



THEORETICAL COMPLEXITIES

detailed simulation

| reduced simulation

Initial data projection O(H) O(QN)

Assembling of operators and | O(H) with large con- | O(N2M?)

derivatives in Newton step stant

Solving Newton step approximately  O(H?) | O(N3)
(depending on solver)

Computing residual O(H) O(NM?)

TaBLE: Comparison of theoretical run-time complexities between detailed and reduced

simulations.
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OUTLINE

@ A POSTERIORI ERROR ESTIMATORS
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A POSTERIORI ERROR ESTIMATOR (DHO, 2012)

ESTIMATOR

Jufi(p) — ulea ()] < 18 w1 mr(12)
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A POSTERIORI ERROR ESTIMATOR

THEOREM (A POSTERIORI ERROR ESTIMATOR )

Assumptions:
o Operator(s) fulfill “Lipschitz" properties:
lu— v+ AL [u] - AL V| > &2 flu = vily,

lu—v— AtLe [u] + AtLe [V]]| < Ceaelu—viy,

o M’-trick: Empirical interpolations exact for larger number of interpolation
points M + M’ and the initial data is up(p) € span®d
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A POSTERIORI ERROR ESTIMATOR

THEOREM (A POSTERIORI ERROR ESTIMATOR CONT.)
Assumptions:
o Operator(s) fulfill “Lipschitz" properties:
lu— v+ AtL [u] — ALL [V]|| > &2 ||u — VHW,,

Ci.at

lu—v— AtLe [u] + AtLe [V]]| < Ceaelu—viy,

o M’-trick: Empirical interpolations exact for larger number of interpolation
points M + M’ and the initial data is up(p) € span®d

Then:
[|ufa(pe) = up ()] < m e (1)
with

k—1
My () = Y Clar Gl (| RS2 e ()| + AR ()| + €M)
i=0
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A POSTERIORI ERROR ESTIMATOR

THEOREM (A POSTERIORI ERROR ESTIMATOR CONT.)
Then:

(| ufa(pe) — uf(p)]| < 77/v mmr (1)
with

s (1 Z Clar™ CEZ, (|| RS2 mw (]| + [AERS ()] + M)

The residuals R, yy measure the empirical interpolation error, e.g.

M+M’

R = Z Iy [55] €m = Twswn €] - Tulc]
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A POSTERIORI ERROR ESTIMATOR

THEOREM (A POSTERIORI ERROR ESTIMATOR CONT.)
Then:

Hufed(/“l’) - Ui’f(#)“ < U/@,M,M/(N)
with

k—1
My o (1) = D CFat™ CE gl (| RIS o ()] + [ AERE (w)| + =)
i=0

empirical interpolation error

Galerkin projection error

time evolution

Newton step error
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A POSTERIORI ERROR ESTIMATOR

THEOREM (A POSTERIORI ERROR ESTIMATOR CONT.)

Then:

(| ugea (1) — ug ()| < nfaee ()

with

k—1
nII{I,M,M’(V’) = Z C/k.Zt+1 Cll_—fjA’t (HRII:LI:}MM’(H)H + HAtRkH(IJJ)H + fNeW)
i=0

empirical interpolation error

(quasi-) rigorous, M’ affects efficiency and effectivity

Galerkin projection error

rigorous and efficient

time evolution

selection affects effectivity

Newton step error
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RIGOROUS ERROR BOUND

o Compute many interpolation points M'.
o “Rigorous” Lipschitz—constants

COMPUTATION OF LIPSCHITZ CONSTANTS
o For separable problems £(u) = 23:1 o(w)L9, use SCM method [Huynh et
al., 2010] (can be very inefficient)
o Otherwise use matrix approximation algorithms as in [Wirtz et al., 2012]

o CI,Iow < C[([L), CE,upper > CE(H) for all p € M.
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EFFECTIVE ERROR BOUND

o (Compute many interpolation points M'.)

o Define Lipschitz—constants as tight a s possible by approximation

-1
of Cat = sUpx—g_ k (D (Id + Ly .ar) \u’§> , e.g. as

COMPUTATION OF LIPSCHITZ CONSTANTS

o Operator—norm approximation:

|Dd+ £1.00) g v]
C[,At ~ inf L

VEXrent vl

|Da+ e v
Cenr = sup

VE Xrest || VH ,

where Xiey: is set of intermediate Newton step solutions.
o CIJow ~ Cl(ll')v CE,upper ~ CE(H’) for all (L3S M
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REMARK: OUTPUT OF INTERESTS

o If application has output of interest: s(ujp) (s linear functional),
o the error bound n° > |s(up) — s(tgeq)|
o can be improved by solving bounds for adjoint problems.
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POROUS MEDIUM EQUATION

NONLINEAR DIFFUSION

Problem definition:

Oru —mAu? =0 in Q x[0,1], u(-,0) =co+ug on Q x {0}
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POROUS MEDIUM EQUATION

NONLINEAR DIFFUSION

Problem definition:

Oru —mAu? =0 in Q x[0,1], u(-,0) =co+ug on Q x {0}

o Parametrization p = (p, m, cp) € [1,5] x [0,0.01] x [0,0.2]
o Q =10,1]? with homogeneous boundary conditions
o rectangular 100x100 grid with K = 80 time steps.
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PME: SOLUTION SNAPSHOTS

Initial data up(p): Contour plots of concentration snapshots u(-, t; p):
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diffusivity

o density—dependent c) T —olt=<10 )= 0

o degenerates at u =10

forp>1 [.lv:(p,m,CO)

a) u = (1,0.01,0.2), b) p = (1,0.01,0.0),
¢) = (2,0.01,0.2), d) g = (2,0.01,0.0),
e) = (4,0.01,0.2), f) p = (4,0.01,0.0

5 ) QA (
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PME: REDUCED BASIS FUNCTIONS

Slices of first six reduced basis functions at y = 0.6
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PME: GREEDY ERROR CONVERGENCE

(a) Estimates for POD-Greedy(m’)
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(b) Estimates for PODEI-Greedy(m’)
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PME: RUN-TIMES

o dim(Wjy) 10000
0 Umax ~1—20
0 #Mhiraino 27.

o #Myin 305

o Time gain: 9 — 50

o Efficient error bound computation

N M g-runtime[s] @-runtime(n)[s] max. error  g-offline time[h]
0 0 55.38 —1.00 0.00 0
19 72 1.61 5.37-1072 3.01-10°3 0.16
37 143 2.07 5.72-1072 7.90-107* 0.45
56 215 2.67 9.27-1072 1.66 - 10 1.01
74 286 3.6 0.12 6.36 - 10~° 1.69
93 358 4.83 0.14 3.54-107° 2.72
111 429  6.55 0.18 1.96-10°° 4.02
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PME: A POSTERIORI ERROR

Efficiency of error estimator n: A(u)

(a) N = 50, M = 200

n(p)

= TMua(e)—trea ()]

a0

30

efficiency A
N
o
T
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o (,Ce=1
o 100 random

o minimum (e) and maximum (o)

R
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M/
parameters

M. DROHMANN (MDROHMA@SANDIA.COV)

(b) N =75,M = 290
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o A>1forall u

o Larger M’ does not improve

efficiency
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OUTLOOK

SUMMARY

o Error bound for non-linear parametrized reduced basis models
o Rigorous, effective and efficient
o Trade—offs are necessary
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OUTLOOK

SUMMARY
o Error bound for non-linear parametrized reduced basis models
o Rigorous, effective and efficient
o Trade—offs are necessary

FUTURE WORK

o Improve / implement computation of Lipschitz-constant

o Compare effectivity results
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