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Tow—Phase—Flow: Applications

RECHARGE AREA

[O Agéncia Brasil, Divulgacdo Petrobras / ABr

» Convection or diffusion dominant problems
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Tow—Phase—Flow

Analytical problem formulation

Given a porous medium © € R?, find (s, u,¢) : 2 x [0, T] — R x R? x R, such that

s+ V- (f(s)u—v(s)Vs) =qg: inQx[o,T], @)
V- (M(s)Vy) =g1+qg. inQxJo,T]and ©)
u=-M(s)Vy inQ x[o,T]. ©)

Model magnitudes:
> f(s) fractional flow

o Unknowns:
> M(s) mobility rate

. > s saturation
> pc(s) capillary pressure

> v(s) = kw(S)f(S)pc(s) diffusion coefficient
kw(s) relative permeability of wetting fluid

» uvelocity
» 1) global pressure

v

> @1, G, source terms

Martin Drohmann (mdrohmann@wwu.de)
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Tow—Phase—Flow

Analytical problem formulation (Closed form)

Given a porous medium Q € R?, find (s,u,¢) : Q x [0, T] — R x R? x R, such that

s+ V- (f(S)u—v(s)Vs) =g, inQ x [o,T], (1)
V- (M(s)VY) =g1+g. inQx[o,T], @
u=-M(s)Vy inQ x[o,T], 3
/ Wk Ydx =0 inQx[o,T], @

Q
s(-,0) =so inQ x{o}, (5)
Vs-n=o0andVy-n=0 ondQ x [o,T] (6)

Martin Drohmann (mdrohmann@wwu.de)
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Finite volume discretization

Discrete solution

Given two Hilbert spaces W,T and W,f of piecewise constant functions on cells respectively
edges of an admissable mesh of €2, find solutions u’;, = (s’;, uf,, w’,j) e WhT X W,f X WhT
fork = o,...,K, such that

(spup,wp) = (P lsol 0,0) . @
—L; [ Skt u;‘]ﬂ] Alt (s’; k+1) +7Dh [01]
Ly [ulfg] — [’E |:Sk+1,wk+l] _ ul;]+1 ES Rh[u',j] ®
cy uke] Pl (9 + 2]

/ P+ =0 ©

with Galerkin projection operatorP[ S L2(Q) — W,T and non-linear finite volume
operators.

Martin Drohmann (mdrohmann@wwu.de)
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Finite volume discretization

Discrete solution
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Finite volume operators

Saturation operator (£3)

On each mesh cell e; € T, the saturation operator is defined by

(L smunl); = D Golup,sn)— > {vlsn)}y —— ( : 2

cEE(e)) g EN(e))

(Snj—sni) (0

where {-},/ is the harmonic mean on the edge o and go : Whg X W,T — Ris an upwind
finite volume flux
Un,ouf(Sn,i)  ifUpo, >0

Up,o,f(Sh;) iftpq, <o.

go,‘/(uhvsh) = { (11)

Martin Drohmann (mdrohmann@wwu.de)
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Finite Volume operators

Velocity operator (£})

On each edge o0j; € &, the operator is defined by

)

(Lh [sn nl) —{M(Sh)}au ——(¥nj — Pni)- (12)

|

Pressure operator (£;)

(L;f) [Uh])i: Z Uh’,,. (13)

oce&(e)

Martin Drohmann (mdrohmann@wwu.de)
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Newton scheme

The non-linear equation system is resolved by the Newton—Raphson method resulting in
finding defects 85+ +1 by solving

Dﬁh‘uﬁ“*” [6k+1,u+1] -z, [ s u] IR, [“h +1] (1)

with

> Newton updates uf™°

= ukand uf TPV = TV 4 gkt

> and solutions uf ™ := u’;“"”m“(k) at the final Newton steps vmax (k)

fork=o0,...,K—1.

Martin Drohmann (mdrohmann@wwu.de)
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Empirical interpolation: What s linear interpolation?

> Interpolation operator Z : X — X' mapping from arbitrary function space
X C {f : RY — R} onto subset xT C X

> Interpolation points 72 C R9 s.t. Z[f] (x) = f(x) forallx € TZ

Martin Drohmann (mdrohmann@wwu.de)
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Empirical interpolation: What s linear interpolation?

> Interpolation operator Z : X — X' mapping from arbitrary function space
X C {f : RY — R} onto subset xT C X

> Interpolation points 72 C R9 s.t. Z[f] (x) = f(x) forallx € TZ

Example: polynomial interpolation

> X :=L([o,1])
» XD = My
» TZr e.g. Chebyshev points.

Martin Drohmann (mdrohmann@wwu.de)
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Empirical interpolation[Barrault et al, 2004]

Empirical interpolation

> X = {f(u)ip € M} CL(Q)
» XTm := span{gm}}_, “empirically” determined.
> TZm “empirically” determined.

Martin Drohmann (mdrohmann@wwu.de)
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Empirical interpolation[Barrault et al, 2004]

Empirical interpolation

X = {f(p)ip € M} CL>(Q)
XIn = span{qm}M_, “empirically” determined.
> TZm “empirically” determined.

v

v

v

Lebesgue constant assures: || Zy [f] — fll,c0 < (Am+1) [|[fy = |00

> Ay <2M—1

Martin Drohmann (mdrohmann@wwu.de)
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Empirical interpolation[Barrault et al, 2004]

Empirical interpolation for parametrized functions f(u) : R — R.

flxa;ime)
y flxin)
5.0 Base functions:
— flx;p)
4.0 Iyof(xip) y
1.0 -1
30 0.5 { 5
’ B X
0.5 1.0
2.0 y
1.0 = Q2
o 0‘5 M
: B X
0.5 1.0
X

0.2 8.4 +0.6 0.8 10
X2 X1

> “magic points” {Xm}ﬂ:1
> basis functions {gm}¥_,

Martin Drohmann (mdrohmann@wwu.de)
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Empirical operator interpolation[DHO11]

Empirical interpolation for parametrized discrete operators £, € W,
Lp(1)[up(p)(x2)

y (k) [up (p)](x2)
5.0 \ ; Base functions:
N — Llup(p)]

4.0 ZyoL(k)up(m)] v

1.0 =1
0.5 { 5
3.0
= X

0.5 1.0
y
2.0
1.0 = Q2
0.5
1.0
X
0.5 1.0

0.2 0.4 406 0.8 10
X2 X

> “magic points” {xm}}_,
> basis functions {gm}¥_,

Martin Drohmann (mdrohmann@wwu.de)
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Empirical operator interpolation: Subgrids

Restrict u,(pe) to subgrid Evaluate £y () [up ()] (Xm)

local subgrid B

Efficient evaluations

The operator evaluations in interpolation points £, ()[-](xm) can be computed efficiently
during online phase, if

» the operator has a localized structure (small stencil) and
> the local geometry information is precomputed during offline phase.

Martin Drohmann (mdrohmann@wwu.de)
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Empirical operator interpolation: Details

General operator approximation

Interpolate operator evaluations at “magic points”: RN a parameter inde-
pendent pendent
k u N o
La(1) [ub ()] (k) = (T 0 La () [uk ()] Gm) = D7 om(b2) G (xm)-
m=1

Empirical interpolation

» Basis functions gn, are directly computed from operator evaluations

> for selected parameters ., and time steps kp.

» They are computed by a greedy search algorithm and span a collateral reduced basis
space Wy C W.

Martin Drohmann (mdrohmann@wwu.de)
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Model reduction I: Empirical operator interpolation

Substitute £3 and L} by their empirical operator interpolants Zys [Cﬂ and Zyu [ﬁ,‘;]

Discrete solution (empirical interpolation)

Find solutions u := (sk,uk, 4f) € W x WE x W] fork =o,...,K, such that

(sp,u2, ) = (P Isl,0,0) , (15)
—Tus [L£3] [ k+1,l.l’;+1} . (5;;1 k+1) + 77 [qi]
T 2] [sk+1,w,§+1] = kst (16)

Ew [ k“] Ph [g1 + g2]

/ pitt =o. (17)

Martin Drohmann (mdrohmann@wwu.de)
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Model reduction Il: Reduced basis method

Parametrized PDE Wh

Find
u:fo,Tmax] = W C [*(Q), s.t.

*>e
u(o) = uo 7 ¢
up(pe)
oru(t)— L  [u(t)] =o >
K
plus boundary o)

conditions.

Martin Drohmann (mdrohmann@wwu.de)
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Model reduction Il: Reduced basis method

Parametrized PDE

Find, forp € M C RP,
u:fo,Tmax] = W C [*(Q), s.t.

u(o) = uo(p)
oru(t)— L  [u(t)] =o
plus boundary
conditions.

Martin Drohmann (mdrohmann@wwu.de)
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Model reduction Il: Reduced basis method

Parametrized PDE

Find, forp € M C RP,
u: o, Tmax] = W C [3(Q), s.t.
u(0) = Uo(ke) p
Buu(t) — L(w) [u(t)] = o Vd

F_
plus (parameter dependent) boundary \
conditions.

Wh

Martin Drohmann (mdrohmann@wwu.de)
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Model reduction Il: Reduced basis method

Parametrized PDE

Find, forp € M C RP,
u: o, Tmax] = W C [3(Q), s.t.
u(0) = to(p)
Oru(t) — L(p) [u(t)] = o

plus (parameter dependent) boundary
conditions.
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Model reduction Il: Reduced basis method

Parametrized PDE

Find, forp € M C RP,
u: o, Tmax] = W C [3(Q), s.t.
u(0) = to(p) -
Oru(t) — L(p) [u(t)] = o

plus (parameter dependent) boundary
conditions.

Wh
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Model reduction Il: Reduced basis method

Parametrized PDE s Wh

Find, forp € M C RP, snapshots
u: [0, Tmax] = W C L2(Q), s.t. _—
u(o) = uo(p) >
Owu(t) — L(p) [u(®)] = o / e
plus (parameter dependent) boundary \

conditions.

Martin Drohmann (mdrohmann@wwu.de)
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Model reduction Il: Reduced basis method

manifold of
"interesting" Wh

snapshots

Parametrized PDE

Find, forp € M C RP,
u: [0, Tmax] = W C [2(Q), s.t.
u(0) = to(p)
Oru(t) — L(p) [u(t)] = o

plus (parameter dependent) boundary
conditions.
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Model reduction Il: Reduced basis method

Parametrized PDE

Find, forp € M C RP,
u: [0, Tmax] = W C [2(Q), s.t.
u(0) = to(p)
Oru(t) — L(p) [u(t)] = o

plus (parameter dependent) boundary
conditions.
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Model reduction Il: Reduced basis method

Parametrized PDE

Find, forp € M C RP,
u: [0, Tmax] = W C [2(Q), s.t.
u(0) = to(p)
Oru(t) — L(p) [u(t)] = o

plus (parameter dependent) boundary
conditions.

Martin Drohmann (mdrohmann@wwu.de)
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Reduced basis scheme

Reduced solution

Given reduced Hilbert spaces W, erd C WT and Wi Whg find solutions
k

— w
Uy = (red, red,wred)e We X Wiy x W, fork = o,... K, such that

red
(s?ed’ u?ed’ ¢Sed) = ( rsed © PIT[SO]7 0, 0) ’ (18)
_PS s k+1 k—+1 k k T
a0 £ [s57% 00 o | 27 (o4 =557 + 77 Lo
7;, 8 L k+1’ k+1 _ X 1
red © £h [ by, ] v |:uh+1:| (19)
P P uktt
Prea © L [ ] P:ﬁd © 73 [9: + g2]
with Galerkin projection operators P35, : W] — W5, P4« WE — WY and
PYWT - WY

Martin Drohmann (mdrohmann@wwu.de)
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Reduced basis scheme

Reduced solution

Given reduced Hilbert spaces W, erd C WT and Wi Whg find solutions
k

— w
Uy = (red, red,wred)e We X Wiy x W, fork = o,... K, such that

red
(Sted» Ured> Vrea) = ( d © P [50], 0, 0) ; (18)
Y [ St u’;ﬂ] | {At (SIE k+1> +P7 [ql]}
Pred © Lh [ k+17¢k+1] = v [u/;ﬂ] (19)
Prea o £ ("] Py o Pl la:+ s
with Galerkin projection operators P35, : W — W5, P4« WE — WY and

P T P
Pred Wh A)Wred'

No parametrization! Reduced spaces obtained via POD of trajectories

Martin Drohmann (mdrohmann@wwu.de)
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Offline/online decomposition

We introduce the DOF vectors

ak = (a’;)NS bk = (b',,‘):" and ¢k := (c'ﬁ)Nw ,

n=1 n=1

k _ x~Ns ok k _ xNu pk kK _<xNe k¥
suchthatsy = >2.% agep, upy = >4 brepand ¥, = > 0% cien -

Martin Drohmann (mdrohmann@wwu.de)
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Offline/online decomposition

Reduced solution

Find solutions (a*, bX, ¢¥) such that

Ms
1 k1 ok
a7 (a7 =) = > oalsti wil6s) [ i — [at=o form=1.. ks
m=1
My
Zﬁred [Slr(;jlv :(:dl (Xm)/ gm - bk+l =0 forn=1,..., Ny,

Zbkﬂ u Wuf/(qlJrqz = forn=1,...,Ny.

Martin Drohmann (mdrohmann@wwu.de)
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Offline/online decomposition

Reduced solution

Find solutions (a*, bX, ¢¥) such that

Ms
1 k1 ok
a7 (a7 —ab) =3 calsti vl les) [ i — [at=o form=1... ks
m=1
My
Zﬁred [Slr(;jlv :(:dl (Xm)/ gm - bk+l =0 forn=1,..., Ny,

Zbkﬂ u Wu*/(fh+(h = forn=1,...,Ny.

High—dimensional offline computations

Martin Drohmann (mdrohmann@wwu.de)
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Numerical results: visualization

Figure: Illustration of saturation concentration, and contour plot of pressure field with velocity flux at time
instances (@) t = o.25 and (b) t = 0.5. The snapshots are reconstructed from a reduced simulation.

Martin Drohmann (mdrohmann@wwu.de)
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Numerical results: Empirical operator interpolation

10° T
s
L,
—__.pu
£h
— 1077 b
q
3 .
v
9 i
1074 *L‘ B
= '
a4 "“‘«,‘“
e
!
"‘*Uu\’
1076 - i
| | |
o 100 200 300
Basis size: M

Figure: Illustration of error convergence of

EI-GREEDY algorithm for operators £} and L}..

Figure: Illustration of selected interpolation DOFs
for operators £j (control volumes) and £} (fluxes
over edges). Darker shades of marked control
volumes and longer arrows represent earlier
selected DOFs.

Martin Drohmann (mdrohmann@wwu.de)
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Numerical results: error and run—times

Detailed simulation time: ~ 52 s

Table: Error and timings of reduced simulations with different basis sizes.

(Ns; Nu,Ny) — (Ms; Mu) s = Sreall  [[9h — Yreall  time

(28,72,34) (387,386) 6.2-107° 4.11-10"4 30.15
(28,72,34) (75,75) 1.03-10" 4 2.11-1073 21.56
(28,72,34) (75,125) 7.59-1075 8.69-10 4  20.61
(23,58,28) (75,125) 2.47-10"4 2.55-10 3 18.24

Martin Drohmann (mdrohmann@wwu.de)



-
— — \\/ESTFALISCHE

WILHELMS-UNIVERSITAT
MOUNSTER 20

Example Il: Nonlinear Diffusion

Nonlinear Diffusion

Problem definition:

Oy —mAuP =0 inQ x [o,1], u(-,0) =co +Uo on x {o}

with (implicit) finite volume discretization with Engquist—Osher flux
» Q = [o,1]?> with homogeneous boundary conditions
» rectangular 100x100 grid with K = 8o time steps.
» Parametrization pu = (p,m, ¢o) € [1,5] X [0,0.01] x [0, 0.2]

Martin Drohmann (mdrohmann@wwu.de)
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Example Il: Solution snapshots

Initial data: Sample trajectories:
Co+0.5 gu D) th94 t=10 ) AVA Y —1 L
Co+0.4 07 W
Co+0.3 0.5 ’
Coto0.2 C) A g1 & t=10 0.3+ f) 215 =
Co+0.1
° 0.20.40.60.8 1 02

AR Ferea M by 2|A Het

a) p = (1,0.01,0.2),b) u = (1,0.01,0.0),
o p = (2,0.01,0.2),d) p = (2,0.01,0.0),
e) n = (4,0.01,0.2),f) u = (4,0.01,0.0)

21
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Example Il: Empirical interpolation of L/

a) PODEI-Greedy

o

o 2

Subgrid at interpolation points

b) El-Greedy + POD-Greedy

Martin Drohmann (mdrohmann@wwu.de)
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linterpolation of L/

(a) Parameter selection PODEI-Greedy

Irica

Empi

Example Il

(c) Parameter selection POD-Greedy

(b) Parameter selection EI-Greedy

AN

,‘.EE@E

\

MAANXA
AAAVAY

S
0y €y

2

=00t

Hy=

=070

Martin Drohman#’ﬁrﬁd’rohmann@wwu.dﬁé
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Example Il: Greedy error convergence

(a) PODEI-greedy basis discards (b) X-greedy error decrease
10° T T 10° T -
——— POD-GREEDY

E 3 - - — PODEI-GREEDY
s s

= =

IS =

5 1077 5 10

3 3

w w

Xi )(1

3 3

£ £

1074 & ‘ 10~
o 100 200
extension step number RB size N

Martin Drohmann (mdrohmann@wwu.de)
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Example Il: Greedy error convergence

(a) Estimates for POD-Greedy(m’)

K
Ko, m?

—o0,..

maxy.

o 20 40 60
Basis size: N

K
K nNYMYM,

—0

maxy.

(b) Estimates for PODEI-Greedy(m”)

10/

—2

10

1074

Basis size: N

Martin Drohmann (mdrohmann@wwu.de)
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Example II: Numerical results

N M g-runtime[s] max. error g-offline time[h]
o] o 55.38 0.00 0
7 71 1.57 3.56 - 1073 1.35
33 142 1.95 8.33:10" 1.67
50 213 2.51 2.08-1074 2.07
66 283 3.19 5.88 -107° 2.43
» dim(W,) 10000 83 354 4.07 5.55-107° 2.88
> Umax A 1— 20 99 425 53 4.06 - 1075 3.3
> H#Main,o 27- N M g-runtime[s]  max. error  g-offline time[h]
> ##Miain 305 ) —1 5538 0.00 )
19 72 1.61 3.01-103 0.16
37 143 2.07 7.90 - 10~ 4 0.45
56 215 2.67 1.66 - 104 1.01
74 286 3.6 6.36 - 10> 1.69
93 358  4.83 3.54 1077 2.72
111 429 6.55 1.96 - 107 ° 4.02

26
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Example II: A posteriori error estimator

Efficiency of error estimator n: A(p) := m

(@) W=s0,M=200 (6) W=7 =290

efficiency A

20 - f
10
HEE B L
1 10 20 40
w wm

Error bar plot showing mean and standard deviation of error estimator efficiency over a
sample of 100 random parameters for different values of M. The dots indicate the minimum
(8) and maximum (o) efficiency.

27
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Outlook

Conclusion

> Model order reduction of general parametrized evolution schemes
» with reduced basis methods and empirical interpolation for discrete operators

28
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Outlook

Conclusion

> Model order reduction of general parametrized evolution schemes
» with reduced basis methods and empirical interpolation for discrete operators

» Parametrization of Two—Phase—Flow example
» Rigorous error control of reduced data

28
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X-greedy algorithm

X-GREEDY(Mtrain, Etols T max )

— Initialize reduced basis of dimension T o:
Dy, < X-INITBASIS(Q
T+ To
repeat
— Find worst approximated parameter:
(Kmax» tmax) < arg Max,,c pm,,;, X-ERRORESTIMATE(D-y, p, tF)
— Extend reduced basis by snapshot:
Dy < X-EXTENDBASIS(Dy, fmax, tmax)
T+ T+1
until max, ¢ aq,,,;, X-ERRORESTIMATE(Dry) < g1 0r T > Tmax
return reduced data: Dy

» Extension: Adaptive extension of Parameter sampling Myain-

Martin Drohmann (mdrohmann@wwu.de)
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El-greedy methods (1/2)

El-INITBASIS()

return empty initial basis: Do <+ {}

EI-ERRORESTIMATE ((Qu, m) , 14, t¥)

— Compute exact operator evaluation
Vi 4 L [uk(p)]

— Compute empirical interpolated operator evaluation
Vi < Iy o Lpuk(p)]

return approximation error: ||vy, — vy]|.
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El-greedy methods (1/2)

El-INITBASIS()

return empty initial basis: Do <+ {}

EI-ERRORESTIMATE ((Qu, m) , 14, t¥)

— Compute exact operator evaluation
Vi 4 Lp[uk(p)]

— Compute empirical interpolated operator evaluation
Vi < Iy o Lpuk(p)]

return approximation error: ||vy, — vy]|.

Detailed simulation for all trainings parameters needed. Expensive!
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El-greedy methods (2/2)

EI-EXTENDBASIS((Qu, Zu) , 1, t°)

— Compute exact operator evaluation.
Vi < Lpug(m)]
— Compute empirical interpolated operator evaluation.
i < Iy o Lp[uk ()]
— Compute the residual.
m < Vh — Vum.
— Find “magic point” maximizing the residual.
Xp1 < Arg SUPyey, |rm (%)
— Normalize to obtain a new basis function.

1
AM+1 M )

return extended basis data: Dy, ({qm g {xm}%i})

Martin Drohmann (mdrohmann@wwu.de)



— — \\/ESTFALISCHE
WILHELMS-UNIVERSITAT
MOUNSTER

POD-greedy methods

return initial reduced basis functions: {¢n gil

POD-ERRORESTIMATE ({05 }N_ , 1, t5)

return error estimate: nf; (1) > ||uk (1) — uk(p)||

POD-EXTENDBASIS({@n}h_. , tmaxs?)

— Compute trajectory {Ulﬁ(ﬂmax)}fzo-
— Compute new basis function with POD and Galerkin projection P,.q projecting
onto span {pn}N_ :
K
¢nt1 < POD ({U)h((l"max) — Pred [Ul;;(.u/max)} }k:o)

return extended reduced basis: {pn Q’Ll

32
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POD-greedy methods

return initial reduced basis functions: {¢n gil

POD-ERRORESTIMATE ({05 }N_ , 1, t5)

return error estimate: nf; (1) > ||uk (1) — uk(p)||

POD-EXTENDBASIS({@n}h_. , tmaxs?)

— Compute trajectory {Ulﬁ(ﬂmax)}fzo-
— Compute new basis function with POD and Galerkin projection P,.q projecting
onto span {pn}N_ :
K
¢nt1 < POD ({U)h((l"max) — Pred [Ul;;(.u/max)} }k:o)

return extended reduced basis: {pn Q’Ll
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Remarks: El-greedy + POD-greedy

» “El-greedy” has to be computed before “POD-greedy” with detailed simulations for all
trainings parameters.
» A prioriitis unknown, how to choose the error tolerance e, for the “El-greedy”.

» Number of El base functions might be too large.
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Remarks: El-greedy + POD-greedy

» “El-greedy” has to be computed before “POD-greedy” with detailed simulations for all
trainings parameters.
» A prioriitis unknown, how to choose the error tolerance e, for the “El-greedy”.

» Number of El base functions might be too large.

Alternative: “PODEI-greedy”

Martin Drohmann (mdrohmann@wwu.de)
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Motivation: PODEI-greedy

N N o
oo Rl O

,\

34
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PODEI-greedy methods (1 of 2)

PODEI-INITBASIS()

— Generate small empirical interpolation basis:

(QMsmaH7 ZMsmal\) — E|-GREEDY(ME%?;SE7 Etol,smalls Msmall)
— Compute initial reduced basis:
{on}Ne  + RB-INITBASIS)

return initial bases data: Dy < {pn}h°, U (Qu

small ? ZMsmall )

PODEI-ERRORESTIMATE(Dry, &, tX)

return reduced basis error estimate: 1 (1)

35
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PODEI-greedy methods (2 of 2)

PODEI-EXTENDBASIS (D, fha; t°)

Reduced data Dy comprises DR := {¢n}Y_, and DY := (Qu, Em)

— Extend El basis: DY < EI-EXTENDBASIS(DE, paax, tX)

— Extend RB basis: DFf | « RB-EXTENDBASIS(DR, parax, tF)

— Discard extended RB if error increases:

if n;\(l—l,M—l(IJ‘maX) 2 max(l‘vt)eMtrain nl’@,M(”’) then
return extended basis data: Dy, + (DR, DE|

else

return extended basis data: Dy, + (DR,
end if

+1)

El
DM+1)
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