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Zusammenfassung

In dieser Dissertation wurde eine Erweiterung der reduzierte Basis—Me-
thode fiir allgemeine nicht-lineare Evolutionsprobleme entwickelt. Bisherige
Verdffentlichungen auf diesem Gebiet machen Annahmen an die Art der zu-
grundeliegenden Nicht-Linearititen oder an die Trennung von Parametern
und Ortsvariablen. Durch die Verallgemeinerung der empirischen Interpola-
tionsmethode fiir Funktionen auf diskrete Operatoren, kdnnen diese Restrik-
tionen aufgehoben werden. Die entwickelten Methoden und algorithmischen
Verbesserungen wurden anhand einiger Beispiele fiir skalare Evolutionsprob-
leme getestet und analysiert. Hierbei wurde jeweils eine zeitliche Modellre-
duktion um eine Grofenordnung festgestellt. Als Ausblick wurde zudem ein
Zwei—Phasgenstromungsmodell mit der Methode der empirischen Operator—
Interpolation reduziert. Auch hier kann ein Geschwindigkeitsgewinn durch

die Projektion auf einen reduzierte Basis—Raum festgestellt werden.
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CHAPTER 1

Introduction

During the last years, numerical simulations of processes in all sciences,
industry and economy have gained importance. The reason for this is a
significant improvement of processor hardware and the involved algorithims
for the discrete solution of partial differential equations (PDEs). In most
cases, however, these simulations consume an extremely huge amount of
computational power, such that even on high-performance architectures,
simulations can take many hours or even days.

Therefor, real-time or many—query applications which depend on several
repeated simulations are still infeasible to deal with. Real-time applications
are those, which have constraints on the response time for a numerical sim-
ulation, or depend on anytime available computational power, which is not
the case for current super—computers. In the many—query context, where
several simulations need to be carried out on the same problem, one is usu-
ally interested in the optimization or estimation of certain parameters or
tries to model stochastic behavior of the underlying system.

The reduced basis method is a means to deal with such applications for
simulations based on a partial differential equation (PDE). The idea is to first
introduce a parametrization of the problem which restricts the solution space
to solutions of interest for the application. Then, the essential characteristics
of this manifold of solution can be captured with the goal to approximate the
simulation output in an efficient and reliable way. The latter implies the need
for efficiently computable bounds on the error between the high—dimensional
and the reduced simulation.

Then, the reduced basis method is decomposed into two parts: an offline
and an online phase. During the offline phase, few high—dimensional compu-
tations are carried out, and during the online phase, we work with surrogate
solvers efficiently and reliably generating low—dimensional solution outputs,
such that these solvers can be used in real-time or many—query applications.

The parametrization of the underlying PDE can models e.g. initial or
boundary conditions, and inertial model properties. A huge effort has also
been put on the special case of shape design [64, 56|, where the geome-
try of the spatial problem domain, gets parametrized. The quality of the
parametrization of the PDE can have a big impact on the quality of the
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2 1. INTRODUCTION

reduced basis surrogate solver. Therefor, a focused choice of the parameter
space is of great importance.

There even exist a priori convergence results for the reduced basis method,
first proven for the single—parameter case [54] and recently for the multi—
parameter case [7, 4, B4]. For these convergence results, it has to be as-
sumed that the manifold S C W), of all parametrized solutions shows an
exponentially or polynomially decreasing Kolmogorov N-width in the dis-
crete function space Wj. This Kolmogorov N-width measures the error of

the worst approximation by a linear function space of dimension N, by

dy(S,Wp) := inf  sup min |vj, — uh”Wh . (1.1)
vAchwh vp ES upEW
dim(W)=N

The complete theory for the reduced basis method, including efficient re-
duced schemes, basis generation algorithms and a posteriori error estimates,
has been developed during the last years, mainly for discretizations based on
the finite element method. For linear elliptic problems, we refer to [61] and
for linear parabolic problems to [33]. This was later extended to problems
with quadratic non-linearities [74, [73, 58]. Most of the early publications
made the assumption, that the parameter dependent contributions can be
efficiently separated from the space dependent functions and operators in the
original scheme. This assumption can be dropped, since the introduction of
the empirical interpolation method (EIM) [I]. The method allows to inter-
polate parametrized functions in a suitable constructed linear function space
by localized and therefor efficient computations. The integration of the EIM
on the reduced basis method has been proven in several works afterwards,
e.g. [32, 52 311, [§].

Goals and outline

The main goal of this thesis is the extension of the above described re-
duced basis method to the general case of non—linear, parametrized evolution

equations of the form
Ou(p) — L(p)[u(p)] =0 on 2 x [0, Tmax] (1.2)

for all parameters p € M from some parametrization space M C RP. Here
L is a parametrized differential operator and u; the parametrized solution
trajectory. As a preliminary step, scalar partial differential equations are
considered, but the long—term goal is the simulation of a system modeling
two phase flow, which is a problem that is of interest mainly in the oil

production context or in environmental applications.
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Extending previous work on reduced basis methods, we allow all kind of
non—linearities. This leads to the notion of the empirical operator interpo-
lation, which is the main part of this work and detailed in Chapter 2] It is
based on the work in [39], where it was first suggested to apply the empiri-
cal interpolation method on operators and tested for explicit discretization
schemes. In this work, we generalize the idea, define derivatives for the
empirical interpolants, in order to integrate them into non-linear implicit
discretizations, transfer the results for a priori and a posteriori error results
from [I] and discuss on the invariance of operator properties under empirical
interpolation. In the latter case, we have especially finite volume operators
in mind, as these are used in our numerical experiments.

The empirical interpolation of operators in numerical schemes is from
a computationally point of view similar to the recently developed discrete
empirical interpolation method (DEIM) [16] or to the interpolation point se-
lection method for the “Gaufi-Newton with approximated Tensors” (GNAT)
method [II]. Other, than in those approaches the relationship to the func-
tion spaces of the high—dimensional problem is preserved. This simplifies
the derivation of reduced basis schemes and a posteriori error estimators. In
Chapter [3], we present such a scheme and a very general a posteriori error
estimator for discretization of a generalized evolution scheme. As mentioned
earlier this scheme allows all kind of non-linear behavior. This gives rise to
a very flexible model order reduction with the reduced basis method, as it
is presented in Chapter [l There, a system of partial differential equations
modeling immiscible and incompressible two phase flow in a porous media
is discretized by a finite volume method proposed in [57] and shown that it
can be decomposed into offline and online simulations.

In Chapter [ the generation and quality of convergence of reduced basis
spaces is discussed. We revise the most popular algorithms to find character-
istic reduced basis functions which well approximate the parametrized solu-
tions, namely proper orthogonal decomposition (POD) and different greedy
algorithms. For the latter, an new variant is proposed and described in
this chapter, that automatically reconstructs the optimal ratio between the
quality of the reduced basis approximation and the empirical operator in-
terpolation. This is of great importance, as the standard greedy algorithm
forces the experimenter to make assumptions on this ratio a priori, which is
in general infeasible.

The reason for this is the difficulty to compute the constants specifying
the exact rate of the error decrease, a priori. Thus, it is impossible to predict
the reduced basis size needed to reach a given error tolerance. Nonetheless,

for many applications, it is realistic to assume an exponential decay of the
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Kolmogorov N-width of the manifold of solution snapshots. This gives rise
to smart algorithms that increase the reduced basis size incrementally and
split the complexity in the parameter space if necessary. Such algorithms
have been developed recently, e.g. [29] 21), 241 35]. In Section these smart
algorithms are described by means of our own contribution splitting the time
domain for the empirical interpolation.

As there always remains a risk that the reduced basis method does not
lead to the anticipated performance gain, we assume, that rapid prototyp-
ing of a reduced basis framework for an existing detailed scheme is of high
importance. Therefor, in Chapter [7, the software used to implement the
numerical examples is described and analyzed in order to derive an abstract
software concept from it. It is shown, where implementations of reduced
basis methods can be split into independent components, with the goal to
re—use existing approaches for the rapid development of prototypes of the
reduced basis method for untested detailed schemes.

For all the theoretical and algorithmic improvements, extensive numer-
ical experiments are carried out. The results are summarized and analyzed
in Chapters 5 and

The main parts, including the empirical operator interpolation, the a
posteriori error estimate and the PODEI-GREEDY for a synchronized gener-
ation of reduced basis approximations and empirical operator interpolations,
have already been published in [25].

Other approaches generate small reduced basis spaces for small reference
domains and combine the results with domain decomposition techniques [63),
40].



CHAPTER 2

Empirical operator interpolation

As explained in the introduction, the reduced basis method depends on
underlying numerical schemes which allow to separate the parameter depen-
dent influences from the space dependent parts. Therefor, early publications
on this topic considered discretizations of linear problems, e.g. [60] 66] or
problems with quadratic non-linearities, e.g. [51], [73]. Furthermore, most
of them required all parameter dependent functions g : 2 x M — R to be
regular, such that g(-; ) € L>®(R) for all parameters p € M C RP and to
be of a separable form

Q
g(z;p) = o' (w)g(x) (2.1)
q=1

with parameter independent functions g? € L*°(9Q).

As these assumptions are very restrictive, the empirical interpolation
method (EIM) was introduced in [I]. This method allows to interpolate
parametrized functions with a small set of data functions which are ex-
act in certain interpolation points x1,...,zp € €1, called “magic points”
in the original publication. A suitable selection of these ansatz functions
&1, ..., & € L then makes the interpolants

M
Tar [g(; )] = Y g@ar; p)ém (2.2)

m=1
good approximations of the data function g(z; p) for all parameters p € M
and x € Q. The interpolation costs are lower than the exact evaluation,
because they depend on the evaluation of the function in the few “magic
points” only.

The empirical interpolation method has been adapted to many different
problem settings. These methods are published under the notions “discrete
empirical interpolation” (DEIM) [16], “multi-component empirical interpo-
lation” (MCEIM) [71], the equivalent “tensorized empirical interpolation”
(TEIM) [44] and “Gauf-Newton with approximated tensors” (GNAT) [9] [11].

Other than in the original empirical interpolation approach [I], in this

work, we want to define an empirical interpolation of operators Lp(u) :
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Wy — W, acting on a discrete function space Wy. The goal is to interpo-
late operator evaluations Ly () [up(p)] of parametrized solution snapshots
up () € Wh. Therefor, the empirical interpolant Tys[Ln(p)] : Wi — Wy, of
a discrete operator is defined by the interpolation of operator evaluations,
such that
ot [La(p)] [] = Zas [La(p)[]] - (2.3)

This concept, first introduced in [37] leads to the notion empirical oper-
ator interpolation. It gives us the opportunity to rewrite numerical schemes
by substituting the spatial operators with their empirical interpolants and
to develop reduced schemes based on the high dimensional ones, even if the
operators are non-linear or cannot be separated from the parameter. For
details we refer to Chapter [3] In Section we show that also the Fréchet
derivative of a discrete operator can be interpolated efficiently, and thus en-
ables us to embed the operator into non-linear numerical schemes depending
on the Newton-Raphson method or other optimization algorithms.

Throughout this thesis, we will demonstrate the applicability of the em-
pirical operator interpolation on several numerical reduced basis schemes
with and without non-linear behavior. The full flexibility of our approach
to empirical interpolation will be demonstrated in Chapter [0, where a sys-
tem of partial differential equations will be reduced with the reduced basis
method and specialized empirical interpolants.

The interpolation of operators instead of model functions has two further

advantages, because

(i) it allows to deal with schemes, where the non-linearities are intro-
duced by the discretization, like in flux based discretizations as such
derived by finite volume or discontinuous Galerkin methods, and

(ii) in many applications the reduced basis space is composed of the
same solution “snapshots” as the ansatz space for the empirical in-

terpolation. Therefor, only one space needs to be generated.

If the empirical operator interpolation is used as described in (ii), it is
computationally equivalent to the “discrete empirical interpolation method”
(DEIM) [16] or the “Gauss—Newton with approximated tensors” (GNAT)
methods [9, 1T].

In the next section, we define the empirical operator interpolation for
discrete operators by specifying the generation of the ansatz functions and
the interpolation Dofs which correspond to the “magic point” in the original
empirical interpolation. Afterwards, we discuss the computational complex-
ities for evaluations of empirical interpolants in Section [2.2] A priori and a
posteriori error results for the original EIM can be transferred to the context
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of operator interpolation, which is done in In Section [2.4] we conclude
with the discussion on linear operator properties which are retained by the

empirical interpolants.

2.1. Basis generation and Dof selection

Before we start with the description of the empirical operator interpola-

tion, we introduce some notation used subsequently.

Definition 2.1.1 (Discrete function space). We write W), C L>(Q) for a
finite dimensional discrete function space equipped with a norm HHWh and
defined on a closed subset 2 C R™ with a non empty interior and a polygonal
boundary. Following the notation of a finite element by P.G. Ciarlet [19], we
define the set Xp, 1= {Ti}fil C W, of linearly independent functionals, which
are unisolvent on Wy, i.e. there exist unique functions y; € Wy,i=1,..., H
which satisfy
(i) = dij, 1<j<H.

The linear functionals 1;,1 = 1,..., H are called the degrees of freedom
(DOFs) of the discrete function space Wy, and the functions ;i =1,..., H
are called basis functions. Note, that these basis functions can e.g. be fi-
nite element, finite volume or discontinuous Galerkin basis functions on a

numerical grid T, C €.

From now on, L;(p) : Wi, — W), always denotes a discretized (non-
linear) operator acting on an H-dimensional discrete function space Wj,. In
order to decompose the computations in an efficient online and an offline
phase for high-dimensional data, the scheme must be formulated in a sepa-
rable way, i.e. the discrete operators are written as a sum of products of effi-
ciently computable parameter dependent functionals and high—dimensional
basis functions that can be precomputed during the offline phase.

Hence, we approximate the discrete operators by an empirical inter-
polant Zys[Lp(p)] of the form

M
T [Ln(p)] [vn] == D 7o (La(pe) [vn]) Em =~ L) [o8) (2.4)
m=1

for arguments v, € Wj. Ingredients for the interpolation are the collateral
reduced basis &y = {Em}M_; C Wy and interpolation Dofs 721 : Wy, — R
which must be computable with complexity independent of H. The sum is
assumed to contain few terms, i.e. M < H.

One can think of many reasonable choices for collaterate basis functions
and corresponding interpolation Dofs, but we focus on a specification result-
ing in the empirical operator interpolation specified in the next section.
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2.1.1. Empirical Operator Interpolation. The empirical operator
interpolation method can briefly be expressed based on a set of interpolation
DOFs Xy := {rEI1}M_| C ¥}, and a corresponding interpolation basis £,
which is nodal in the interpolation DOFs, i.e. 727 [¢,] = Spm for 1 <
m,m’ < M. The generation process for these components works similarly to
the algorithm described in the original empirical interpolation paper [1] in
which point evaluations in so-called “magic points” are used as interpolation
DOFs after the basis functions were selected.

The idea of the empirical interpolation data generation is sketched in
Algorithm First, for each parameter from a finite training set of pa-
rameters Mp.in C M, exact operator evaluations on also parametrized ar-
guments up(p) € Wy are computed and the empirical interpolated results
of the operator evaluations are computed. Note, that the parametrization of
the argument functions is important in order to define the manifold of oper-
ator evaluations that shall be approximated well by our empirical operator
interpolation.

Then, the function space norm of the residual between the exact and
the interpolated operator evaluations, gives a measure for the quality of
the interpolation. Alternatively, we could also use the L°°-norm, like in
the original empirical operator interpolation [I]. In this case, rigorous a
posteriori error estimates can be constructed as is shown in Section [2.3]
In most applications, however, better interpolation results can be expected
when the interpolation error is minimized in the more “natural” norm of the
discrete function space.

The general idea of a greedy algorithm is to improve the approximation
with the help of the worst parameter ... In case of the empirical operator
interpolation, this improvement is realized by

(1) selecting the residual rp;( ) as a new basis vector and

umax
(2) using the residual’s degree of freedom with largest absolute value

as a new “‘magic point” after normalization in the L*° norm.
With this strategy, the approximation is expected to improve with growing
reduced basis size M. In [1] an a priori estimate for the empirical interpola-

tion error verifies this expectation for reasonable assumptions. The result is
cited in Section .3

Remark 2.1.2. The nodal basis &,; = {§m}%]zl introduced in equation
[2.1.1) is constructed from the iteratively created basis Qur := {qm}M_; by
the constructive relation

&=> (B g, (2.6)
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Algorithm 2.1.1 Greedy algorithm for collateral reduced basis generation
EI-GREEDY
EI-GREEDY()
— Start with empty initial basis:
Qo + {}
o+ {}
M+ 0
for each p € Mypin C M do
— Compute exact operator evaluations on parametrized functions
vp(p) < Ln(p)[un(p)]
end for
repeat
for each p € Myain C M do
— Compute interpolation coefficients

() = (o2 () e RY
’ El}{\fl:

— by solving the linear equation system at EI-Dofs Xpr = {Ti

M
Z Oéw(“)TiEl [Qj} = TiEI [on(p)], i=1,....M (2.5)
=1

— Determine residuals:
M
() < vn(p) — Zj:l o} (1)gj
end for
— Determine parameter with mazimum approximation error:

Hmax < arg SUDP e Myrain ”TM(/J')HWh

(OT" Mgy < arg SupHEMtra‘in HTM(“’)”LOO(Q)>
— Define the mazimum residual.

EMA41 < TM(/J/max)

— Find interpolation Dof mazimizing the residual.

Ty < argsup, ey, |7(ea41))|

— Normalize to obtain a new collateral reduced basis function.

av1 4 (Th e 1 (Bimax)) ™ 700 (Banas)
— extend basis data:
Qui1 +— Qu U {qni1}
Saris  Tar U {rfi )
M+— M+1
until (|70 (Bmax) lyy, < €tol 08 M > Minax
— construct nodal basis as described in Remark[2.1.2

WM - Span {gm}n]\le

where the matriz B € RM*M 4s given by its coefficients

Bij =7 [qi]- (2.7)
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The regularity of the matriz B is trivially proven by the special structure of
the basis Qur, such that

1 form =m/,
m lam] =190 form <m’ and (2.8)
ce[-1,1] else

leading to a lower triangular matriz with ones on the diagonal. The nodal
basis &, has the special structure TET[€! ] = Sy for all 1 < m,m/ < M. It
allows a simpler exposition of the empirical interpolation Dofs. However, in
[1), [32] it is shown that the mazimum norms of the nodal base functions can
grow exponentially. Indeed, this fact can lead to infeasible Lebesgque constants
quantifying the error ratio between the empirical interpolation and the best
approzimation in the collateral reduced basis space. The Lebesgue constant
is detailed in Section [2.3. Due to the expected growth of the Lebesque con-
stant, we use the basis Qs in the implementation, but keep &, for simpler

exposition in the following paragraphs.

Remark 2.1.3. It is worth to mention, that the loops over the training set
Mrain for the computation of the operator evaluations and for the search for
the worst approximation parameters in Algorithm can easily be executed

i parallel with hardly any communication costs.

It is noteworthy, that there exist alternative approaches of basis genera-
tion (|16, @]) in which the reduced basis is generated by a proper orthogonal
decomposition (POD) of selected solution snapshots, and afterwards a dis-
crete empirical interpolation method on the system matrices is applied re-
ducing the number of matrix rows, such that after projection on the reduced
basis space only a low—dimensional system of linear equations needs to be
solved.

As in this case the number of interpolation points (matrix rows) can
exceed the reduced basis space dimension, an extension of the method is
necessary, finding the best least squares approximation [9].

In Section we propose a further approach for the generation of a
collateral reduced basis and empirical interpolation Dofs, by improvement
of the interpolation based on an error measure derived from a reduced basis

scheme.

2.2. Interpolation efficiency

Now, we show under which conditions the empirical interpolation Dofs
can be computed efficiently, i.e. with complexity independent of the dis-
crete function space dimension H. As a further extension, we show that the



2.2. INTERPOLATION EFFICIENCY 11

Fréchet derivative of a discrete operator can be efficiently approximated with
the same collateral reduced basis as the operator itself.

An efficient evaluation of the functionals 727 (£, (u) [vg]) for every p €
M and every argument function v, € {up(p)|p € M} requires them to
depend on few basis functions only. This fact inspires the following definition.

Definition 2.2.1 (H-independent Dof dependence). With an H-dimensional
function space Wh, a discrete operator Lp(p) @ Wy — Wy fulfills an H-
independent Dof dependence, if there exists a constant C' < H independent
of H such that for all T € ¥y a restriction operator

H
’Rg : Wh — Wh,'l)h = Zﬂ(?)h)wi —> Z Tj(’l)h)’(/Jj (2.9)
i=1 jelr
exists, that restricts the operator argument to |I.| < C degrees of freedom

and the equation

7 (Ln(w) [on]) = 7 (La(p) [RE [va]]) (2.10)
still holds for all vy, € Wy,

Remark 2.2.2. In particular, finite element or finite volume operators fulfill
the H-independent Dof dependence, as o point evaluation of an operator ap-
plication only requires data of the argument on neighboring grid cells together

with geometric information of this subgrid.

2.2.1. Evaluation of interpolation functionals 75l o £y (u). As-
suming this H-independence condition for a parametrized discrete operator,
its empirical interpolant can be evaluated efficiently, i.e. independently of
the dimension H. This result is summarized in the following corollary.

Corollary 2.2.3. Let for each p € M the discrete operators Ln(p) : Wy, —
Wy, fulfill the H-independent Dof dependence and let Xy and &£, be de-
termined for this operator by Algorithm [2.1.1. Then, the empirical operator
interpolation Lyr defined by

M
Tor [Ln(w)] [on] := > 7" (L (1) [vn]) ém (2.11)
m=1

gives a separable approximation of Ln(p) depending on at most CM degrees
of freedom for each evaluation.

Ignoring the parameter independent collateral basis functions, an evalua-
tion of the empirical interpolant has a complexity independent of the dimen-
sion H. This fact holds during a reduced basis simulation, because then the
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collateral reduced bagis functions are substituted by low—dimensional surro-
gates, which are computed during the offline phase. Details on this reduction

can be found in the next Chapter [3]

2.2.2. Evaluation of interpolated Fréchet derivative. Many solvers
for numerical approximations of nonlinear partial differential equations use
the Newton—-Raphson method to resolve non-linearities in the equation and
therefore depend on derivatives of discrete operators. It is easy to observe
that the Fréchet derivative can also be applied to the empirical interpolant

of an operator Lp(p) as

D (Zn [Cn () uy]) ZD Lo Ln(p)luy,) [ &m. (2.12)

For an efficient usage of such an interpolation in a reduced scheme, it
suffices to show that the functionals D (7% o £5 (), ) can be evaluated
efficiently: Assuming the existence of the derivatives w.r.t. the degrees of

freedom, we obtain with the linearity of the derivative

H
D (1" o L (1)) [va] = D (75" 0 Ln(14)]uy,) [Z Ti(Uh)%]

=1

D (75" 0 Lo(w)]u,) [ti] i(vn)

I

@
I
—

(2.13)
0

o T (La(p) [un)) 7i(vn)

Il

ﬁ
Il
—

o (a0 ) i(on)

I
-
4 M
&
~

The reduction in the number of addends holds true, as substituting the Dof
TEL(Ly () [up)) by its restriction .57 (L, () [RE [us]]) shows that most of
the directional derivatives are zero. Each summand depends on one degree
of freedom of the directional function v, and at most C degrees of freedom
of uj, summing up to an overall complexity of C2M < H. Again, this result

with all its prerequisites is summarized in the following corollary.

Corollary 2.2.4. Let the parametrized operators Lp(p) be as in Corollary
with a Fréchet derivative at the point up, € Wy, Then, the Fréchet deriv-
ative of the empirical operator interpolation evaluated in direction vy, € Wy
is a separable approximation of DLy (p)|y, [vn] with complexity independent
of H for all t € [0, Tnax] and p € M if the derivatives % TEL(LL () [up))
exist foralli=1,... . H andm=1,..., M.
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Note, that it might be necessary to change the greedy algorithm, in a
way such that evaluations

DLy (1), (n) [vr(10)] (2.14)

are also used in order to find functions for the collateral reduced basis space.

2.3. Error analysis

For the analysis of the interpolation error in empirical operator interpo-
lation, we shortly revise that the empirical operator interpolation is theoret-
ically equivalent to the empirical interpolation of functions

9(@; ) := Ly () [un(p)] (2.15)

defined by the corresponding operator evaluations for all parameters pu € M.
Therefore, in this section the most important results from [I 53] are only
shortly cited and translated to our notation. We conclude with a discussion
on the a posteriori error bound which is used in Chapter [3]in order to derive
an a posteriori error for a reduced basis scheme.

In the following, we always assume, that the collateral reduced basis
space and the empirical interpolation Dofs are derived with Algorithm [2.1.T]
where the parameter training set equals the full parameter space Myppin = M

and the maximum approximation error is obtained in the L°°-norm.

Theorem 2.3.1 (A priori bound). Assuming, that for the set of admissible
operator evaluations U = {Lp(p) [un(p)]}uers C Wh, there is a sequence of

finite dimensional subspaces
Z1C2Z9C...C 2y C...Cspan U, dimZy = M, (2.16)

and constants ¢ > 0 and o > log(4), such that the best approzimations in

the subspaces are bounded by

inf |up —v < ce” M 2.17
int = vl < .17

for all snapshots u € U, then
1 Zar [u] — u| < ce™(elosMNM, (2.18)
PROOF. See [53] 0
This theorem proves that the greedy Algorithm 2.1.1]iteratively improves
the interpolation under the reasonable assumption of a possible exponential

convergence of reduced basis approximations. The next result provides us

with an a priori quality measure for the selection of the interpolation points.
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Lemma 2.3.2 (Lebesgue constant). For any pu € M, the empirical operator

interpolation error is related to its best approrimation by

1406) lon (1)) = Ta (o) an ()] .
< (1 Aar) it lon — £u() fan ()] (219

VhEWM

via the Lebesgue constant

M
Apri=sup Y [&n(z)| < 2M 1, (2.20)
e m—1
PROOF. See [I] O

So, theoretically the best approximation in the collateral reduced basis
space can be missed by the empirical interpolation by a factor depending ex-
ponentially on the number of the interpolation points. In this very unlikely
case, the Greedy algorithm does not converge, as the convergence result from
Theorem gets “neutralized” by the interpolation error. Although the
Lebesgue constant can indeed reach this bound, as shown in [53], this is very
unlikely to happen and has not been observed in practical settings. Note,
that the Lebesgue constant of collateral reduced basis can be computed for
verification. These observations are also verified by [59] where the empirical
interpolation method is numerically compared to a “best point approxima-
tion” where expensive optimization problems are solved in order to find the
best interpolation Dofs.

As the construction process of the collateral reduced basis with Algo-
rithm in each extension step computes the maximum error in the
L>(9Q)-norm over the the entire parameter domain, we can define the fol-

lowing

Definition 2.3.3 (Overall a posteriori error bound). For all M < Mpyax,
we define the overall error bound 3,(p) for allu € U by

[ — Zag 1 [ulll oo < 77" [EM] =t € (), (2.21)

where epr 4s the mazimum residual in the M-th iteration as computed in

Algorithm

There exists a more sophisticated rigorous a posteriori error bound [2§]
for the maximum interpolation error over all parameters u € M mainly
based on the Lebesgue constant Ay from Lemma[2.3.2] The authors improve
the a posteriori error by bounding the partial derivatives of the parametric

function

o= Ly () [un ()]
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Another approach in this direction is demonstrated in [16, [14] where also an
overall error bound is given introducing an assumption that again forgoes
rigorousness.

We want to conclude this section with a very simple a posteriori error
estimate for the empirical operator interpolation which is sensitive in the

parameter. As the empirical interpolation is exact in case of
dim Wy = min {dim(W},), dim(span i)}, (2.22)

and as we can assume exponential convergence of the greedy algorithm under
the assumptions in Theorem [2.3.1], it is reasonable to further assume, that the
empirical operator interpolation in a large enough collateral reduced basis

space and with a sufficient number of interpolation Dofs, is exact.

Definition 2.3.4 (A posteriori error). Under the assumption that there ex-
ists a constant M' > 0 such that Tyrypp [Ln(p)] [un(p)] = Ln(p)[un ()] for
all p € M and all up, € Wy, the approzimation error nf/[]M/(u) caused by

the empirical operator interpolation is given by

1 Zar £ ()] [un ()] = La(e)[un ()],

M+M'
= 1| Y Cawun(@))em| = nifar (). (2.23)
m=M-+1

Wh,

This estimate has been proposed in several works, e.g. [32] [71] 39] who
fixed M’ = 1. We extended this to arbitrary M’ in order to obtain more
reliable results. In order to evaluate the a posteriori error, it is neces-
sary to adapt the greedy Algorithm to compute more basis functions
AM+1, - - - @+ and interpolation Dofs T]E{H, ceey T]\E/[{HV[, after the targeted
interpolation error e, has been reached. In our numerical experiments in
Chapter[5] we show that already small choices for M’ can produce sufficiently
good estimations of this error.

Note, that both rigorousness and sensitivity in the parameter can be
combined, even if we drop the assumption in Definition in an error
estimate

Marar = Mt a0 (1) + O, Eir g arrs (2.24)

where Cyy, > 0 is a constant satisfying

[ull oo @y < O, [ullyy, (2.25)

for all w € W). Such a constant exists, as all norms on finite dimensional

vector spaces are equivalent. Such an error estimate has been used in [71].
For the practical applications in this thesis, the bound nf/f A from

will be used, as the sensitiveness in the parameter is required for the basis
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generation algorithms shown in Chapter [d] and it turns out to produce suffi-

ciently accurate results in our experiments.

2.4. Invariant properties

We want to conclude this chapter by stating that operator properties
with a somehow linear behavior are preserved by its empirical interpolants.
First, we want to show that the local conservation property of finite
volume operators is preserved by its empirical interpolant. This result is of
interest in chapters [3]and [5 as we use a finite volume schemes as a basis for

our numerical experiments.

Definition 2.4.1 (Local conservative flux operator). In order to define the
local comservation property for a flur operator Lp : Wy — Wh, we need
a neighbor relation N : [1,...,H|] — P({1,...,H}) on the Dof indices
1,..., H of the function space , where P denotes the power set. This neighbor

relation must be symmetric, such that
JeEN(G)=ieN(). (2.26)

For grid based operators this usually describes the topology of the grid, i.e. the
neighboring relation of cells. Then, the operator is called locally conservative
Jor this neighbor relation N, if there exist fluzes gi; : Wi — R, for all
i=1,...,H and j € N (i), such that the operator evaluation in the i-th Dof
can be writlen as

mlLnlll= D> g4() (2.27)

FEN(3)

and gij = —gji-

Now, we can formulate a lemma, stating the invariance of the local con-

servation property for empirical interpolants of discrete operators.

Lemma 2.4.2. If for all p € M, the parametrized finite volume operator
Lr(e) : Wi — Wy, has a locally conservative flux g(ps;-), then the empirical
interpolant Zyy [Lr ()] inherits the local conservation property.

Proor. We assume, that the EI-GREEDY algorithm selected the param-
eters utl, ... u%} for the extension of the collateral reduced basis space, such

that the basis functions are given by

Gm = cm (Ln [un) (BED) — T [L3)] [un (BB (2.28)

with normalization factors ¢, := (Tn%j](rm))fl (c.f. Algorithm . Now,
we want to show that for all v, € Wy, the i-th Dof of the empirical operator
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interpolation
T [Lr(p Z om(vn)q (2.29)
can be evaluated by
7 [(Zns [Ln(p) Z gIM (5 vp) (2.30)
JEN (i)

for all v, € W), with a parametrized flux g?™ (u;-) recursively defined by

7 7
G (w3 vn) == onr(vp) (gij (met; un(phn)) — g (u}ﬁ};w(uﬁ}))) 231)
. :
+gi;" " (vp)

for all M > 0 and g-p( ;+) :=0.
From equation (|2 , it follows by induction and with the local conser-
vation property for all parameters that

z
Tilam] = e - Z gi5 (s un(pi? ) — 92" (e sun(pif)) - (2.32)
JEN(9)
Then, from (2.4.4) follows
(Zar (L ()] [on)); = 031 (vn) (an); + D gi"™ (2.33)
JEN(3)
and such, after substituting (2.4.7) into (2.4.8)),
gi" (vn) = =g (vn), (2:34)

because g(u;-) and g?M-1(u;-) are both conservative fluxes by assumption
and by induction, respectively. Therefore, the sum of conservative fluxes
stays conservative. O

Of course, the above lemma stays true for other operator properties be-
having in a somehow linear way. Sometimes, however, these properties do
not apply to all operators L£p,(p) in the parameter domain. In this case,
one can simply generate two sets of collateral reduced basis functions and
interpolation points, one for the parameters on which the property applies,
and one set for the other parameters.

We conclude with a further remark on properties common to all operator

evaluations.

Remark 2.4.3. [t is a trivial fact, but noteworthy, that the set of interpolated
operator evaluations Uye mZyr [Ln(p)] [un(p)] is a subset of the convexr hull
of the original operators evaluations U := Upe Ly () [un(p)]. Therefore, a

property which applies to all functions of this convex hull conv(U) is preserved
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by the empirical operator interpolation. An example is the global conservation
property stating that discrete functions vy, € U have zero mean fQ vy, = 0.
Again, it can happen, that the property is restricted to a subset of the
parameter space, but it might also happen that it apply to a local restriction
of the spatial domain only. The latter case can be observed for finite volume
operators modeling Dirichlet boundary conditions, for example. Here, it is
preferable to split the operators in two parts Lp(p) := L () + L3 (p), such
that the required property holds for E,ll(u) for all p € M. Then, again the
EI-GREEDY algorithm should be applied to both operators separately leading
to interpolations Izlwl and IJQW, such that the required operator property is

conserved locally.



CHAPTER 3

Reduced basis method

In this chapter, we want to develop an efficient reduced basis scheme
for non—linear parametrized evolution equations. These are problems which
are characterized by a parameter vector u € M from a set of admissible
parameters M C RP.

For a fixed p € M the evolution problem consists of solving for functions
u(z;t, p) on a bounded domain Q C R? and a finite time interval [0, 7], T >
0, such that

Opu(t, p) + L(t, p) [u(t, w)] =0, (0, p) = uo(p), (3.1)

and suitable boundary conditions are satisfied. Here, ug(p) are the param-
eter dependent initial values and L(¢, p) is a parameter dependent spatial
differential operator. The initial value and the solution are supposed to have
some spatial regularity ug(p), u(-;t, u) € W C L*(Q).

In the following section, an abstract numerical scheme for the above
problem is introduced, for which a reduced scheme with an offline-/online
decomposition is demonstrated in Section Furthermore, an example
finite volume discretization for a general convection diffusion problem is pre-
sented as a basis for the implementation of the test problems used in the
numerical experiments in Chapter

The chapter concludes with Section on error analysis of the error be-
tween the reduced and the high dimensional solutions, with the proposal of
an a posteriori error estimator, which we first published in [25]. Throughout
this chapter, we assume the existence of reduced basis spaces and all neces-
sary empirical interpolation data. The next chapter d] comprises a detailed
discussion on several ways to generate these magnitudes during the offline
phase of the reduced basis method.

3.1. Evolution Scheme

In this section, we define an operator based numerical scheme which can
be understood as an abstract formulation for many modern discretizations
of the parametrized evolution problem (3.0.10).

For the discrete solutions of the analytical problem, a finite dimen-
sional Hilbert space W), C L%*(Q) with a suitable norm Iy, is needed.

19
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Considering a time discretization at parameter independent time instants
0=1t"<t! <...<tf =T, the evolution scheme produces discrete solution
snapshots uf (p) for k=0,..., K.

The following Definition[3.1.1]defines an operator based numerical scheme
with a first order discretization in time and a separation of the differential op-
erator into explicit and tmplicit contributions operating on either the solution
snapshot at the last computed time instant & or the first unknown snapshot
at time instant k + 1. Both operator parts may depend in a non-linear
way on the argument, where the non-linear implicit part will be treated
by a Newton—Raphson method. For clarity of exposition, we fix the time
step size to a constant At, but of course, it is possible to choose it problem

dependent.

Definition 3.1.1 (General parametrized evolution scheme). Let W), be an
H-dimensional discrete function space with o basis {wl}szl and tF .= kAt k =
0,...,K be a sequence of K + 1 strictly increasing time instances with a
global time step size At > 0. Furthermore, there needs to exist a projection
P, : L2(Q) — Wy, onto the discrete function space, and we assume an arbi-
trary space discretization operator Ly := L1+ Lg decomposed in its implicit
and explicit contributions Ly := L1(t*, u), Lp = Lp(t*, w) : Wy — Wy, For
each parameter u € M we define a numerical scheme for discrete solutions
ui = U]Z(H) = Zfil u’fwm € W, at time instances t* for k =0,...,K by

initial projection
up = P [uo(w)], (32)

and subsequently solving the equations
F [u;ﬂ = (Id + AtLy) [ugﬂ] —(Id — AtLp) [uﬂ —0, (3.3)

with the Newton—-Raphson method. In each Newton step, we solve for the
defect (SZH’VJrl in

DF] i1 [5,’;‘“”1} —_F [u’,j“ﬂ , (3.4)
h

k+1,0 | k+1,04+1 | k+1,v 5k+1,y+1
hoov +0p

= uZ and uy, =y define the updates in

k+1
h T

where u

each Newton step, and the solution at time instance t*11 is given by u
k
u]:LH’Vm‘""‘. Here, the last Newton step index vF

¥ ax €quals the smallest integer

v satisfying the inequality

< ghew (3.5)
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for the Newton residual
B o = wi P =l + At (21 [l ] + £ [uf]) (3.6)
and a predefined residual error bound eV > 0.

Note that, if £ is linear, a single Newton-step is sufficient and in case
L7 is zero, we obtain a purely explicit scheme. As a special case, the Crank—
Nicolson scheme of second order is also covered.

3.1.1. Finite volume scheme. In this subsection, example operators
for the numerical scheme from are introduced, resulting in a finite
volume scheme. For this, we consider a special instances of the evolution
problem (3.0.10)), solving the following scalar nonlinear convection—diffusion
problem on a polygonal domain 2 C R? with the abbreviation u = u(t; p)

for a clearer exposition:
Ou+ V- (v(u; p)u) — V- (d(u; ) Vu) =0 in Qx[0,Tmax] (3.7)

with suitable parametrized functions v(-; ) € C(R,R?) for the convective
direction and d(-;p) € C(R,Ry) for the diffusion coefficient. Furthermore,

we prescribe

(0 i) = ug(m) in Qx{0},  (38)

u(“) = udir(u’) on Fdir X [OmiaX],
(3.9)

(v(u; p)u — d(u; ) Vu) - n = upey(pr) on They X [0, Tinax]
(3.10)

and cyclical boundary conditions on the remaining boundary 9Q\(I'gy U
Ihew)- Here, n denotes the outer normal on the boundary. Note, that we
also allow d = 0.

We denote W as the exact solution space with respect to the space vari-
able that can be chosen e.g. as L>(Q2) N BV (Q) C L?(£2). We obtain unique
entropy solutions in L°°([0, Timax]; W) if the data and boundary functions
fulfill adequate regularity conditions. For a discussion on well-posedness,
uniqueness and existence of entropy solutions for these kind of finite volume
problems, we refer to e.g. [13], 46].

Numerical scheme. Before we formulate the numerical scheme, we must

introduce some notations.

Definition 3.1.2 (Numerical grid). Let T := {e;}/L, denote a numerical
grid consisting of H disjoint polygonal elements forming a partition of the

domain Q) = Ufil e;. For each elemente;,i =1,..., H, we assume that there
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exist certain points x; lying inside the element e;, such that all connections of
two of these points in adjacent elements are perpendicular to corresponding
edges. The cell’s edges are denoted by e;; with j € Nip(i) UNpeyu (i) UNgir(7).
Here, the index set Ny, (i) comprises cell indices of all elements adjacent to
ei and Npeu(i) and Nygir(i) are enumerations of edges on which a Neumann

respectively a Dirichlet condition is imposed. On each edge e;;, we denote
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Ficurge 3.1.1. Excerpt of a rectangular grid with notations
used in this paper.

the barycenter by x;; and the outer unit normal by n;;.

Definition 3.1.3 (Finite volume space). Given a numerical grid T like
in Definition on each grid cell e; € T, we define piecewise con-
stant indicator functions 1; 1= Xe,, spanning o discrete finite volume space
W), = span {@Z)Z}fil We denote the degrees of freedom of a finite volume
Junction up, € Wy, by up,; = 73 (up) := up(x;). For the time interval dis-
cretization, we choose the global time step size At small enough such that
a Courant—Friedrichs—Lewy (CFL) condition is fulfilled for all parameters
uneM.

The implicit and explicit space discretization operator need to model
the diffusive respectively the convective dynamics of the underlying partial

differential equations. Therefore we define

EI(H’) = « Ediff(u) + ﬂ Econv(“)7 (3'11)
Lp(p) =1 —a)Ldar(p)+ (1 = B) Leonv(k) (3.12)
with constants 0 < «, 8 < 1 and finite volume operators Lgig and Leony Spec-

ified below. A judicious choice for the constants is &« = 1 and 8 = 0, because

the greater stiffness of diffusion dynamics requires implicit discretizations,
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whereas for instationary problems, it is computationally more efficient to dis-
cretize convection terms explicitly. [30] Note that the operators are constant
in time, but the scheme applies to time—varying operators as well.

The main idea of the finite volume method is to compute cell-wise aver-
ages over the solutions and to substitute the occurring volume integrals con-
taining divergence terms into surface integrals with the Gauss—Ostrogradsky
theorem, such that e.g.

V-p=r / Y- n. (3.13)
’z‘ |€1| Oe;

For the diffusion operator, a finite difference approximation of the normal
derivative gives us the Dof-wise definition

— Up,
(Ediff(ﬂ) [uh Z d ’U,h, lll i ’ |z‘ ’Lj‘
JEN;u (0) T
Udir(Tig; H) — Uh,i
Z d(udir xl_]v“) ) lré|;] —).’L" : |eij|7
]ENdlr ) K !

(3.14)
where |e;| is the volume of the grid cell e; and d(up; p);; computes a suitable
mean on the edge e;;. In our experiments, we will mainly use the harmonic

mean
harm  2d(uy; p)d(ug; p)

d(ugs p) + d(ug )
In order to resolve the nonlinearity of the diffusion in a numerical scheme

d(up; p)i (3.15)

with the Newton—-Raphson method, we also need the operator’s directional

derivative at a point uy € Wy,

DLl [0 =~ 7 3 (Dl o] 12 e

el s enama l2j =i

Vpj —
+ d(“h; N)zyh’ 2]|>
j T Ty

1 —Uhi
Tl Z d(“dir(xiﬁll')?ll')m‘eij"
" jENGi () " ‘
(3.16)
Likewise, we define the finite volume operator for the convection term by
1
(ﬁconv(/*l’) [uh])z = ’6‘ Z Gij (uh,ia Uh,j3 H‘)
1 GENI ()
1
+ ‘?| z i (Un,i tdir (T45); 1) (3.17)
(2

JENGir (1)

o 2 et

j eMleu ( )
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with Engquist-Osher flux functions g;; leading to low numerical viscosity in
this scheme. The flux functions can be expressed by setting c;;(u; p) =
n;;v(u; p)u for all edges, defining

u
el s= iy (05p0)+ [ maae(cy (s ). 0)s, (3.18)
u
cij(usp) == /0 min(c;(s; p), 0)ds (3.19)
and choosing the flux as g;;(u,v; p) = |esj {c;;(u;u) + ¢;;(v; u)}, cf. [30,
48]. The corresponding directional derivative w.r.t. vy, of the Engquist-Osher
flux operator is given by

(D Leons (1)) [0n]); =

el Z (D13 (wn.is unj; )R
(A

FENi ()
+ Dogij(Un,i, Un,j; 1) Vh,;) (3.20)

1

el

+ Z 0195 (un,i, udic (Tij5 1) )Vni-
JENair (1)

In order to complete the scheme, we can project the initial data onto
the discrete function space via a cell averaging operator P, : W — Wy,
Dof-wise defined by (P, [vp]); = ﬁ fei vy, and obtain a specification of the

generalized numerical scheme from Definition

Remark 3.1.4 (Restriction to interpolation DOFs). From the Dof-wise def-
initions of the operators (3.1.13) and (3.1.16)), it follows that a constant

number of flops dependent on the mazximum number of cell neighbors suffices

to numerically compute a single degree of freedom from the operator evalua-
tion result. Therefore, the finite volume operators fulfill the H-independent
Dof dependence condition and are suitable for empirical interpolation with
the constant C bounded by one plus the mazimum number of edges of an

element.

A crucial property of finite volume operators is their local conservation
property assuring that everything flowing out of a cell flows into a neigh-
boring one. For an arbitrary finite volume (update) operator in the flux
formulation

(Lnlun)); = Y gij(un). (3.21)
FEN(9)
the local conservation property holds, iff

9ij(un) = —gji(un). (3.22)
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In Lemma[2.4.2] it was already shown, that this property is inherited by the
empirical interpolant of the operator.
As a corollary or from Remark [2.4.3] it also follows that global conser-

vation, i.e.

/ Eh[vh] =0 for all vy, € Wy, (323)
Q

is preserved under empirical interpolation. In case of trivial boundary con-

ditions, the operators (3.1.13) and (3.1.16)) are conservative in this sense for
all pe M.
For non—trivial boundary conditions, however, the operators can be split

into a sum of operators acting on different domains. If, e.g. one of these
addends computes the fluxes over inner edges only, it preserves the global
conservation property under empirical interpolation. (c.f. Remark .
Note, that the interpolation procedure and the reduced scheme are iden-
tically applicable to other evolution problems, discrete function spaces and
discretization operators, e.g. finite element or discontinuous Galerkin meth-
ods. Hence, for the following development of the reduced basis method, we

will express the numerical scheme in terms of the more general notions from

Definition B.1.1]

3.2. Reduced simulation scheme

In this section, we introduce a reduced basis scheme for the evolution
problem from Definition and compare the computational complexity of
both schemes. In order to formulate the reduced scheme, the existence of
reduced bases for spaces for a Galerkin projection of the detailed data and
empirical interpolation of the non—linear operators is assumed throughout

the rest of this chapter. In detail, we define

e reduced basis functions {cpn}nN:l C W, spanning a reduced basis

space Wieq C Wy, and

e cmpirical interpolation data suitable for both operators, i.e. col-
lateral reduced basis functions {fm}i\le C W), and corresponding
interpolation DOFs Xj,.

The question how to retrieve the above functions and interpolation DOFs
algorithmically, is postponed to the next Chapter

The reduced basis scheme introduced here is based on a similar formula-
tion for explicit discretizations of evolution problems in [39] B7]. We extend
these schemes by allowing non-linear or non—separable implicit operator con-
tributions. The basic idea for the reduced basis scheme is twofold: First, the
discrete evolution operators Lg and £ from Definition are substituted
by their empirical interpolants Zys [Lg| and Zys [£1]. Second, an orthogonal
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projection of the numerical scheme onto the reduced basis space Wieq with
respect to the scalar product of W, is applied.

For this purpose, we introduce the corresponding projection operator
Pred : W — Wieq satisfying

<Pred [U} ’(’D>Wh = <u> §0>Wh V(,D € Wred
and define reduced variants of the discrete operators
Lred,E = Prea oIy o L and  Lrea,r := Preda © Iar o L. (3.24)

For all p € M, trajectories {ufed(,u)}iio with snapshots uffed(u,) €
Wred can be obtained for k = 0, ..., K analogously to the evolution scheme
described in Definition [3.1.1] The reduced initial data is given by projection
of the initial data

Ued 7= Upeq (1) = Pred [0 (1)) - (3.25)
Then, for each £k = 0,..., K — 1 Newton step solutions are computed
by minimizing the defects 671" 1= 65517 () for v = 0,..., 1k (p) which

solve
(Id + AtDEred,]‘ukJrl,V) |:5fe<£17y+1i|
red

k+1,v k+1,v
= _ure_'(_jly -+ UfedAt {Ered,l [ure—SL } + ﬁred,E {U,I;ed}} R (326)

. k+10 . k k+1v+1 | k+1lv k+1,v+1 o k
with u, g7 = Uiegq, Upeq = Uyt 0y forv=1,...,v5.—1,
and finally assigning the reduced solution for the next time step by
k+1 . k+F1uk,
Ureq = Upeq e (327)

Here, the final Newton iteration index /¥ is the smallest integer such that
the norm of the residual defined as

Rfed,New =l — g + At (ﬁred,l [uf;f} + Lred,E [ufedD (3.28)

drops below a given tolerance eN¢V.

Remark 3.2.1. If the implicit operator Lg is linear, a single Newton-step
1s sufficient. If L1 is zero, no Newton step at all is necessary and the nu-
merical scheme degenerates to the purely explicit one, already discussed in
[39]. Non-linear parabolic problems with finite element discretizations are
also considered in [33, [8] and [32]. Similar to the empirical operator inter-
polation based approach presented in this work, those reduced basis methods
make use of an empirical interpolation applied to specific data functions. In

this case, the interpolation Dofs {TEI M

i tm—1 olso define point evaluations at
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“magic points” for which the “H-independent Dof dependence” is trivially ful-
filled with C' = 1. Another approach to deal with non-linearities of low—degree
polynomial form is described in [73, 70, [8] . Therefor, it can also be a good
idea for some problems to approrimate the non—linearities by polynomials as

proposed in [32)].

For easier analysis of the computational complexity during offline and
online phase, we translate the above sketched reduced scheme into a vector-
valued formulation based on the few degrees of freedom of the reduced solu-

tion.

Definition 3.2.2 (Reduced basis scheme with empirical operator interpola-
tion). We assume a numerical scheme from Deﬁm'tion with operators
Lg and Lg fulfilling an H-independent Dof dependence. Hence, we can as-
sume that an appropriate empirical interpolation operator Iys is defined by
means of a nodal empirical interpolation basis €, and an enumerated sub-
set of degrees of freedom Xp; = {Tﬂ}fl}gzl C Xp. The collateral reduced
basis space shall be the same for both the operators Ly and Ly (c.f. Remark
. Furthermore, there must be a reduced basis Py := {gon}fj:l avail-
able that spans the reduced basis space Wyeq C Wh. We define the following

scheme for sequentially expressing

. N
o the reduced solution uf j(p) :=>",_; ak(pn)pn,
e intermediate Newton step solutions ufed(u) = neq an’ (p)en and

e Newton step defects 6red( )= 227:1 dﬁ’”(u)gpn

by computing the coefficient vectors

a! Zak(u)z( ). ,aN<u>)T,
a0 = 2 () = (o (). a () and
db = d" ( ( ), d;c\}u(u)>T

fork=0,....,K andv=0,...,vF, (n):
The initeal solution vector is simply obtained by projection onto the re-
duced basis space. So, e.g. for an orthonormal basis ®x the following com-

putation applies:

20 i= ((uo(i). 1), - (wo(). ox)o, ) (3.20)
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Then, for each time index k = 0,..., K — 1, we compute Newton iter-
ations by finding defects d*t1¥ 1 and residuals r*t1v 1 solving for v =

0,...,vF. (1) —1 the equations

7 ¥ max

<Id—|— AtCl}(tk,u) [aHLVD |:dk:+l7u+1}

— _aktly | qk+10

_ ALIC (11(#:7”) [akJrl,u} i lE(tk,u) [akﬂ,oD :

(3.30)
pPHLHL () o @R+l gkt
(3.31)
+ AtC (l[(tk,u) [akJrl,qul] + lE(tkalJ’) [ak+1,0]>
with updates
akJrl,O — ak’ ak+1,z/+1 — akJrl,u + dk:+1,1/+1’
(3.32)

Akl . gh Lk

The number of Newton steps v¥ (@) at each time step is chosen as the small-
est integer v such that the residual norm drops below the specified tolerance

for the Newton scheme, i.e. for which

T 2
<<rk+1,u+1(u)) Mrk—&—l,u—f—l(u)) < ENew

holds.
Here, the utilized vectors and matrices are defined as
(M)nn’ = <()0na @n’)wh = 5nn’> (333)
(C)nm = (&m, Qpn>wh ) (3.34)
L)
v k+1,v
(4 (#0) [2]),,, = 2o (20 20 a0) [ o,
i=1 '

(3.35)
(11 (tk, u) [akﬂ’”Dm = 21 (ﬁj(tk, ) [uf;il’”]) , (3.36)

<1E <tk, ,,L) [akDm = 7Bl (LE(tk, 1) [u’:edD (3.37)
forn,n'=1,...,Nand m=1,..., M.

Remark 3.2.3 (Empirical interpolation of multiple operators). In the re-
duced basis scheme, we only use one collateral reduced basis space and one
set of interpolation DOFs for both the operators Lg and L1. This is a feasi-
ble choice, whenever the operators implement similar “dynamics”. Separate

reduced basis spaces would include large redundancies in such scenarios.
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Remark 3.2.4 (Rigorousness). If rigorousness is important to the reduced
basis application, i.e. if the error bound must not underestimate the “true”
error, but the M+ M'—ezactness assumption cannot be satisfied, we could also
use the rigorous bound from , In this case, the constant C'Wha}‘mM/
needs to be added as an error contribution in each time step. This approch

has been applied in [8].

Remark 3.2.5 (Output functionals). After computing reduced basis vector
{ak(u)}fzo, the reduced solutions can be reconstructed by a linear combina-
tion of the reduced basis vectors as u® ;(p) = Zivzl alon. The computation
of the latter, however, is inefficient as it dependents on the high—dimensional
function space Wh,.

If possible, it is preferable to initially define for every w € M linear
output functionals (@) : Wy for the reduced basis application, such that

sh(w) = () |uk ()| (3.38)

defines a low dimensional “output of interest”. In this case, if the output
functional is linear and separable in the parameter, its space dependent parts

can be reduced during the offline phase.

3.2.1. Complexity analysis. We now show that the reduced scheme
from Definition allows a full offline/online decomposition by summariz-
ing the computed data fields and their theoretical complexity and size. The
ability to pre-compute high—dimensional data in a single offline phase, is the
key for efficient and fast online simulations.

For the initial data projection, we assume a separable form for the ana-

lytical initial data function
uo(p) =Y o (mw)uf (3.39)

with parameter dependent coefficient functions of : M — R and parameter
independent functions ug € Wy, for ¢ = 1,...,Q. In this case the parame-
ter independent projections Preq [u¢] can be pre-computed during the offline
phase, and the actual parameter dependent projection is efficiently com-
putable as

Prea ()] = > 08() Prea 1] (3.40)
g=1
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with the already known reduced basis functions. It is noteworthy, that for
non-separable initial data, which cannot be written like in (3.2.16), a classi-
cal empirical interpolation can be performed, resulting in an interpolant

Mo
Tagy [uo ()] = ) wo(g')ap' (3.41)

m=1
with “magic points” zj* € 2 and collateral reduced basis functions ¢* € W),
for m = 1,..., Mpy. In this case, during the offline phase the projections
Pred [¢0"] need to be pre-computed, such that the projection is computable

efficiently as
My

Prea [UO(”’)} ~ Z UO(xBn)Pred [qgl] (342)

m=1
with complexity O(M). Note, that the latter introduces an empirical inter-
polation error to which the approximation theory from Chapter [2] applies.
In the rest of this thesis, including the numerical experiments, a separability
of the initial data like in is assumed.

For clarity of exposition, we further assume, that only one common set
of collateral reduced basis functions and interpolation points for both em-
pirically interpolated operators exists. This is certainly correct for schemes
with purely implicit (L, = L) or purely explicit operator (£, = Lg) con-
tributions. However, a single set of interpolation data can also be a suitable
choice if the manifolds of operator evaluations do not differ very much. On
the other hand, the reduced basis scheme is trivially extensible to a method
with two different empirical operator interpolations. In Chapter [5]both cases
are tested.

Efficient evaluations of the operator during the online phase, depend on

e restrictions of the reduced basis functions to {Rs [¢n]}Y_, with a

restriction operator

H
Ryt i Wh =W, un =7 (un) i > Y 7i(up) i, (3.43)
=1 i€l
with a global index set Zj; := U;ex,,Z-. For example, for finite

volume operators, this local index sets Z, includes all indices of
Dofs corresponding to neighboring cells of the cell the Dof 7 € ¥,
is associated to. (c.f. Figure

e the Gramian matrix C from (3.2.11]), whose coefficient entries (C),m,
(€m» n)yy, depend on the nodal collateral reduced basis functions
{gm}j‘j:l that need to be generated from the functions {qm}%z1 in
a further pre-processing step. Note that this “basis transformation”
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is very efficient because of the special form of the collateral reduced

basis (c.f. Remark [2.1.2)).

Remark 3.2.6. In practice, discretization operators, like finite volume or
finite element discretization operators are usually grid-based and the degrees
of freedom correspond to distinctive points on the grid cells or its interfaces.
In such case, a subgrid Sy, C T, C  as illustrated in Figure might be
necessary in order to compute the local operator evaluations and the restric-
tion operator efficiently without an otherwise needed full grid traversal. In

Section [7.6] the implementation of such a grid is discussed.

Restrict uy, to subgrid Evaluate 757 (L5, () [un))

A
-

Ficure 3.2.1. Illustration of finite volume operator evalua-
tion on a local subgrid

local subgrid

Due to the H-independent Dof dependence the local operator evaluations

of the restricted basis functions
( o Lyt ,u) Zanwn] = ( Lo Lt 7u> ZanRM son]
(3.44)

have a complexity of O(N|Iy|) = O(NM) for all m = 1,..., M. This re-
sult can be applied to equations — and we observe, that each
of them lies in the complexity class O(NM?). The generation of the Jaco-
bian from equation depends on O(N2M?) flops. This outreaches
all other computations for the assembling of reduced matrices and vectors

including matrix-matrix-multiplication of the reduced Jacobian with C con-
suming O(N2M) flops. Therefore, one Newton step of the reduced
scheme has complexity O(N?M? 4+ N3) including the costs for the linear
equation solver. The computation of the Newton residual costs O(NM?).
Unlike in the detailed simulation steps, the left hand side matrix in the lin-
ear equation system is not sparse. Because N is very small compared to
the dimension of the detailed numerical scheme, we still expect the solution

of the equation system to be much faster. We summarize that the reduced
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‘ detailed simulation reduced simulation
Initial data projection | Eqn. (3.1.1): O(H) Eqgn. (3.2.6): O(QN)
Assembling of opera- | Eqn. (3.1.3): O(H) Eqn. (3.2.7): O(N?M?)

tors and their deriva-

tives in Newton step

Solving Newton step | Eqn. (3.1.3): Complexity | Equ. (3.2.7): O(N?)

depending on linear solver,

approximately O(H?)

Computing residual Eqn. (3.1.5): O(H) Eqn. (3:2.8): O(NM?)
TABLE 3.2.1. Comparison of theoretical run—time complexi-
ties between detailed and reduced simulations.

scheme is independent of the high dimensional data size H for each parame-
ter after the offline-phase. A detailed comparison between costs for detailed
and reduced simulations is given in Table [3.2.1

3.3. A posteriori error estimator

In order to efficiently find a reduced basis space W,q that approximates
all the requested parametric solutions with a given accuracy, efficient a pos-
teriori bounds for the error between a reduced and a detailed simulation
are necessary. Therefor, these are a crucial ingredient for the reduced basis
method. For linear problems or polynomially non—linear problems, in which
all data can be separated in space and parameter, there exist a variety of
residual based and rigorous error bounds, e.g. [33] [73 66, 58| 62]. There
are also results for schemes which use empirical interpolation in order to
generate a separation of parameter dependent functions, e.g. [311 8] 39].

In this section, we propose a new error estimate for the reduced basis
scheme given in Definition which is based on the residual and takes
into account the error contribution of the empirical operator interpolation.
A simple estimator for purely explicit discretization with empirical operator
interpolants has been originally introduced in [39]. Here, like in Definition
[2.3.4] we assume that a higher order empirical operator interpolation of the
used operators is exact. Note, that this assumption is always fulfilled for
M + M’ = H but for efficiency reasons in practice a much smaller value for
M’ is used. In our numerical experiments, we observed that already a small
number of additional collateral reduced basis functions is sufficient to obtain
feasible a posteriori error results. In [3I], who suggested this error bound,

even M’ =1 is chosen for their numerical experiments.

Theorem 3.3.1. Let {uﬁ(u)}i{zo and {ufed(u)}fzo be solution trajectories

obtained via the evolution schemes from Definitions [3.1.1 and [3.2.2 where

the initial projection onto the reduced basis space is exact, i.e. u%(u) € Wred

for all p € M. Further, we make two assumptions on the discretization
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operators Id + AtLr(p) and Id — AtLg(p). Firstly, the operators need to
fulfill a lower respectively an upper Lipschitz continuity condition such that
there ezist constants Cr ar(p), Ce.at(p) > 0, and for all u,v € Wy, and all
n € M the inequalities

o= 0 AL (40) o] = ML) ey, > s = vl (345

)

=0 — AtLp () [u] + ALE() Pl < Cranlas) u—vlly,  (3.46)

hold. Secondly, we assume the exactness of the empirical interpolation of the
operators for a certain number of collateral reduced basis functions, i.e. there

exists a positive integer M’ > 0, such that

Torenr [L1()] [ubia(w)] = £1() [wha)] and  (3.47)

Torar (L6 [uha()] = Lo(r) [uba(a)] (3.48)

forallk=0,...,K and p € M.

Then, the norm of the error ef(p) == uf(p) — u () can be bounded
fork=0,..., K by n§7M7N[,(u) which is an efficiently computable function
defined by

Hek(ﬂ)H < W?V,M,MI(N) =

k—1
(Cradm) ™ (Cpadp)™™

1=0

{

with a residual for the error due to the projection on the reduced basis space

M+M’

S Al (e

m=M+1

(3.49)

+ 8New + HALLRH-I(“)H>

AR () = (Id + AtZa [£1]) [uf;;(p)}

(3.50)
— (14 = ATy [Lg]) [uba(w)|
. . . . k k M+M'
and empirical interpolation coefficients () 1= {Gm(u)}mzl defined by
0k, (1) 1= 2T (£ [whoa ()] + £ [l (w)]) (3.51)

PROOF. For clarity of the exposition, we will discard all parameters u
in this proof. First, we check that the residual norm HAtRkHWh can be
computed efficiently, because with Definitions (3.3.6), (3.2.10))-(3.3.12) and
the empirical interpolation gram matrix X € RM*M defined by

(X) i = (& &mr) (3.52)
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it follows that

2
A2 HRHIHW _ <AtRk+17AtRk+1>
h
T

_ (ak+1 _ ak) M (ak+1 _ ak>T

T
+ 2At (11 [akﬂ} +1g [akD C (a’“rl — ak)
T
+ AP (11 {a’”l} +lg [akD X <1I [a’f“] +1p [a’fD .
So, the complexity of the residual computations summed over all time steps
k=1,...,K is O(KN?) + O(KMN) + O(KM?) and thus independent of

H. Also the empirical operator interpolation residuals which is in (3.3.5]
given by HZMJFM/ At@}#l(u)meW , can be computed efficiently as
h

m=M+1
T

(1 [a*] + 15 [a] ) x* (1f [a"] + 1 |a)) (3.53)
with matrices X+ € RM™*M" and vectors 1] [a**1], 15 [a*] € RM" defined by
(X+)mm’ = <£ma§m/> (354)
(1 []) = (o [54]), @59
(15 [2"]) =i (£m(t* ) [tha]) (3.56)
for m,m’ = 1,...,M’. So, the computational complexity summed over all

time step instances adds up to O(K M"?).
Let us now derive the error bound. After each Newton iteration in the

detailed numerical scheme, we obtain the equation

(Id + AtL;) [uZJrl] — (Id — AtLp) [uﬂ + Y xew (3.57)

with Newton residual HRQ New
The same can be obtained with (3.3.6]) for solutions of the reduced nu-

merical scheme

‘ < ENBW.
W

(Id + AtTyy [£1]) [uf;;} = (Id — AtZy [L5]) [ufed} +AtRML(3.58)

Subtracting (3.3.13) from (3.3.14)) leads to
(1d+ Atey) |up ™| = (d+ ATy [£7]) [uff]

(1)
= (1d — AtLp) [uf| - (1d = ATy [£5) |ufg (3.59)

=:(II)

+ RiTL — AtRMTL
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After adding zeros to each of (I) and (II), these can be decomposed into
terms that can (Ia), (I1a) be estimated with the Lipschitz conditions and are
(Ib), (11b) efficiently computable terms, only depending on low dimensional
data

(1) = (1d+ AtLy) [uf ™| = (1d + AtLy) [l

=:(1a)
(1 ALLy) [l ] - (1 + ATy [20]) [l o0
(1)
(I1) = (1d = AtLp) [uf| - (1d = AtLp) [uf]
=t (3.61)

+(Id - AtLp) [uffed} —(I1d — AtZar [L5)]) [ufed} .

::?f]b)

Thereby, we have split the error propagation caused by the projection on
the reduced basis space (Ia), (I1a) from the error contribution through the
empirical interpolation of the explicit and implicit discretization operators
(Ib), (I1b). Substituting the previous equations into bringing (1)
on the right hand side and applying the Lipschitz condltlon on it, we
obtain a bound for the error HekHHWh v

o, <Cro sz 7] - s v i),

= Crat|| (Id + AtZys [L1]) [“f;cril} (Id + AtLy) [ f;&l}

+(1d—AtcE)[ } (Id — AtLp) [u ed}
4 (Id - AtcE)[ red] (Id — AtZys [cE])[ red]

Rk+1 _ AtRk+1

h,New
Wh,
M+M'
< Cra ( S Ak,
m=M-+1 Wh,

+CE,AtHe’“H 4 eNew HAtRk“H ,
Wh Wh

(3.62)
where the last inequality uses the Lipschitz continuity (3.3.2) of Lg, the

exactness assumptions (3.3.3) and (3.3.4) on (Ib) respectively (I1b), the
boundedness of the Newton residuals and the definition of the empirical
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interpolation coefficients. Resolving the recursion in (3.3.18]) with initial

error He = 0 results in the proposed error bound. O

“lw,

Remark 3.3.2. The contribution of the Newton iteration error bound eVe¥

adds up with the number of time instances. This is not a problem as the
bound can be chosen arbitrarily small. However, especially for problems with
exponential error growth in time (Crat(p) > 1 for all ), it is reasonable to

weigh the bound with the time steps size At.

Remark 3.3.3. If an output functional exists for the reduced basis method as
proposed in Remark [3.2.5, we are only interested in the error for the output

of interest

& (1) = [sh (1) — shea(r)

: (3.63)

where the reduced output s¥ ,(u) is given by

k() = (1) |wheq (1) (3.64)

The error estimate can be simply adapted to this case by

T%CV,M,M’(“) = HZ(N)HWL 77§€V,]V[,M’(N) > ék(ﬂ)- (3.65)

In several examples, e.g. in [33, 18], it has been demonstrated that estimators
for output functionals can even be further improved by solving a second linear

problem in each time step.

It is obvious, that the error estimator respects an offline/online decom-
position. A preliminary for the separation is the construction of a bigger
collateral reduced basis &, 5/, but in the experimental section in Chapter
[l we observe that only few extra basis functions are needed for reasonable
results. The evaluation of the estimator only includes low—dimensional terms
or evaluations of the empirically interpolated operators. For a detailed dis-
cussion on the efficient evaluation of these quantities, we refer to Section
2.2

The efficiency of the a posteriori error bound depends on a tight
selection of the Lipschitz constants Cg a¢(p) and Cr a¢(pe). A tight bound,
especially for the implicit constant Cr a¢(pt) is of great importance, because
the estimator grows exponentially, if the implicit lower Lipschitz constant is
greater than one. Otherwise, it ceases over time, when individual snapshots
can approximate the detailed simulation better because of the increasing
smoothness of the solutions over time caused by diffusion. In our experiments
in Chapter |5, we derived very rough constant Cra; and Cg a¢, such that

Crat < Crai(p) and (3.66)
Ceat > Cpac(p) (3.67)



3.3. A POSTERIORI ERROR ESTIMATOR 37

for all p € M. The computations for these constants for the non—linear
finite volume operators from Section can be found in Appendix [A]

3.3.1. Computation of Lipschitz constants. Now, we want to dis-
cuss the computation of operator constants, as they are needed by the a
posteriori error bound given in . First, we show how to deal with lin-
ear problems, and how in our non-linear case, they can be derived from the
operator’s derivative. We conclude in Section with a discussion on
the efficient computation of these constants for all parameters in the online
phase of the reduced basis method.

3.3.1.1. Linear operators. The computation of the Lipschitz constants
is straightforward for linear operators. If we assume the operators Lr(p)
and Lg(p) to be linear, and the function space to be a Hilbert space with
a scalar product (-,-)yy, , the Lipschitz constants Cya(p) and Cpat(p)
are given by the spectra of the operators. (e.g. [63]) With abbreviations
Lrai(p) == 1d + AtLr(p) and Lgai(p) := Id — AtLg(p), these operator
spectra are given by

e Vo- (61 a0 Lrsi) o (G adm)Lrsem) | and
) (3.68)
o (60) = |\fo- (CoaLoadm). o (Epalwisim)]|.
) (3.69)

where o4 (L), o_(L) denotes the largest respectively the smallest eigenvalue
of a linear operator £ and £* its adjoint w.r.t. to the scalarproduct (-, -),y, .

Then, the Lipschitz constants are given by

. R —1/2
Crarw) = o- (i admw)Lra(m)) " and (3.70)

. R 1/2
Crarli) =04 (L) Loaim)) . (3.71)

Therefor, the constant Cr a¢(pt) is positive if the implicit operator EALAt(u)
is regular. Furthermore, we observe for symmetric and positive definite op-
erators Lr(p) and Lg(p), i.e. if the spectra of both operators are strictly
positive, that the corresponding Lipschitz constants are less than 1. In this
case, the residuals and empirical interpolation errors at earlier time steps
do not influence the error estimator from equation as much as later
ones, such that a tight error bound even for discretizations over large time
intervals can be computed. For example, for a linear diffusion operator, the
pd-ness of the implicit operator L£;(p) is given.
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3.3.1.2. Non-linear operators. In the non-linear case, a feasible way to
estimate lower respectively upper bounds for the Lipschitz constant for dif-
ferentiable operators Ly, is via Taylor expansion, as there exist a 6 € [0, 1]
such that

~

L(p) [un] — L(1) [vh] = DL guy+ 10y, [th — V1] (3.72)

if the operator is locally differentiable in a region comprising up and wvp.
Therefor,

-1
Crai(p) = S H <D£z,m(u)\u§ (u)) W and (3.73)
C = DL 3.74
B.at(p) k:o?.l.l.gel H Bt ()]t () Hwh (3.74)

can be a good approximation of the required constants. Note, that we cannot
expect that these constants fulfill the conditions and , as the
inequality is only true for the specific arguments {uﬁ(u)}szo instead of any
up € Wh. These, however, are exactly the arguments, for which the Lipschitz
inequalities are needed in our proof for . So, the error bound is still
correct, and we can even expect to enhance the efficiency of the bound by
this restriction.

3.3.1.3. Efficient computation of Lipschitz constants. As the computa-
tion of operator spectra is high—dimensional, it should be conducted in the
offline phase only.

For parameter dependent operators which can be written in a form

Q
La(p) =) o)L} (3.75)

q=1
the successive constraint (SCM) method, as proposed e.g. in [42] [66], 17, 50
can be applied to efficiently adapt operators constants. Here, during the
offline phase for a selection of adaptively chosen parameters, the Lipschitz
constant are computed exactly. During the online simulation, the constants
for other parameters can be efficiently derived as a linear combination of the
pre—computed ones by solving a linear problem. Unfortunately, the empirical
operator interpolants cannot be written in a separate form as in , such
that the method cannot be applied. However, in [71], where the SCM is used
in order to efficiently provide coercivity constants for operators whose sep-
arable form is determined by an “multi-component empirical interpolation”,
it is stated, that the SCM may provide infeasible (in this case negative) coer-
civity constants. Therefor, sparse grid interpolation between pre-computed

operator constants is proposed as an alternative. This concept could, of
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course, be transferred to the Lipschitz constants of our a posteriori error

estimator.






CHAPTER 4

Basis generation

In this chapter, we introduce two different methods in order to construct
a low—dimensional linear subspace W of a compact manifold S C W), of

discrete functions. In detail, we are interested in the special manifold
S=8M):= {u;j(u)yueM,k:o,...,K}cwh, (4.1)

where uf(p) € W), represent solutions from the general parametrized evo-
lution scheme in Definition for parameters p € M C RP from a finite
dimensional set of parameter vectors.

A subspace ought to minimize the angle between itself and the manifold
S defined by

A(S, W) := sup inf |lu—dfy, (4.2)
u€eS ueW

for any linear subspace W C Wh,.

The optimal choice for a linear N-dimensional subspace of S(M), the
so—called reduced basis space denoted by W,eq C Wy in the following, has
an angle equal to the Kolmogorov N-width of S(M) defined by

dn (S, W) := ngv A(S,W). (4.3)

dim(W)=N
In order to computationally generate the reduced linear subspace, we need
to “discretize” the manifold S by a finite subset. In the special case of
parametrized solutions yielding S(M), this finite subset can be identified
with a finite set of training parameters Main C M defining training snap-
shots
Shrain 1= S(Mtrain)~ (4.4)
Here, we introduce the two most popular methods to find a reduced basis
space Wieq of dimension N < H which approximates the set Sirain: proper
orthogonal decomposition (POD) and greedy algorithms. Both methods can
produce reduced basis spaces in a way such that its angle to the training man-
ifold A(Strain, Wred) is close to the Kolmogorov N-width dn(Strain, Weed)-
For a discussion of other methods for the computational generation of re-

duced basis spaces we refer to [55].

41
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In Section the POD method is shortly summarized, and important
results on convergence and optimality of the results are cited from the lit-
erature. Our focus, however, lies on the greedy approach, as this is compu-
tationally less expensive. This is true, especially for big training parameter
sets Mrain Which are needed for our framework. In section the general
idea of the greedy algorithm is described with an overview of the most im-
portant general results on this topic. As an example, we revise Algorithm
from chapter [2] and extend it in a way such that it fits in the general
framework for time-dependent solution snapshots.

In Section f.2.2] we discuss the POD—GREEDY algorithm, initially pro-
posed in [38] for the generation of a reduced basis space and empirical inter-
polation of an evolution problem from Definition [3.1.1] As for the reduced
basis scheme proposed in the previous chapter, both a reduced basis space
and empirical interpolation data have to be generated, we discuss in Section
the combined generation of these data sequentially and in a synchronized
way, respectively.

The selection of the training set Mi.n can have a large impact on the
computational costs and the accuracy of the outcome of the greedy algo-
rithm. Therefor, in our experiments, we use an improvement of the greedy
algorithm introduced in [36, B5], which adaptively improves the selection
of training parameters. Furthermore, it is difficult to predict both the di-
mension and the accuracy of the generated output. As this influences the
computational gain during the online phase, we conclude the chapter with a
discussion on different methods to control the basis space dimensions. Here,
we focus on methods, which compute several reduced bases specialized for
sub—domains of the parameter space [29] B5] or the time domain [24, 2T].

4.1. Proper orthogonal decomposition

The proper orthogonal decomposition (POD) method, also known as
Karhunen—Loéve expansion or principal component analysis in the litera-
ture, is a means to find an optimal approximation space for a set of data
functions. The method has been successfully applied on parametrized prob-
lems, e.g. [45] and non—parametric problems, e.g. [16} 12, 49], where the last
three publications used empirical interpolation in order to deal with non—
linearities.

Given a Hilbert space W}y, a set of functions S := {uk}le C Wy,
N < dim(span S) basis functions {¢;}~, C W), can be obtained, that solve
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Algorithm 4.1.1 POD basis generation for N POD modes.

K
PODy(S := {u*},_))
— Compute a Gramian matriz G € REXK of the data functions:
(G)ij = (ui,uz) x
— Apply an SVD or a similar algorithm to compute a decreasing sequence
of eigenvalues A1 > ... > Ay and corresponding eigenvectors vt, ... vV,

w.r.t. the Euclidian scalar product (-, ).
~ Project the eigenvectors (z-scores) on the reduced basis:

1 &
b; + —Zv,’cuk
VA =

return reduced basis: {¢i},

the optimization problem

k
min E ,
N

{¢i}i=1 i=1 Wh
with <¢17¢]>Wh = 61‘]', for 1 S Z,] S N.

N 2

ey <Uka </5z'>X i

P (4.5)

In the following, the basis functions {d)i}fil are denoted as POD modes. If
constructed by Algorithm detailed below, the POD modes carry an
order of significance, as the first mode equals the direction of the greatest
variance of all the data functions from S. For further details on the method,
we refer to the monograph [43].

Algorithm defines the method PODy, that we use to compute
the N most significant POD modes of a given set of K data functions. If
applied to the data functions Sipaim with the Hilbert space X = W, we
retrieve a reduced basis space W;eq- This reduced basis space can be used in
reduced simulations as defined in Definition Its generation, however,
is very expensive, if the number of training parameters |M;pin| is large:
For every training parameter high dimensional solution snapshots need to
be computed, and the construction of a large Gramian matrix G and the
computation of this matrix’s eigenvalues, can get very inefficient as well.
Therefor, we introduce the alternative method of “greedy” basis generation
dealing with these drawbacks.

4.2. Greedy algorithm

Greedy algorithms are a strategy to build a reduced basis space for the
manifold S(M) with higher computational efficiency in comparison to the
aforementioned POD method.
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Algorithm 4.2.1 Greedy basis generation

X-GREEDY (Mirain, T, €10l Tmax )
— Initialize reduced basis of size Yq:
Dy, < X-INITBASsIS()
T To
repeat
— Find parameter and time instance of worst approzimated snapshot:

(Kmaxs tmax) < argmax  X-ERRORESTIMATE(Dry, p, t)
(/L’t)EMtrainXT

— Eztend reduced basis by v new snapshots:
Dy iy + X-EXTENDBASIS(Dy, tax, tmax)

T+ T+wo
— Compute maximum error on training set:
€+ max X-ERRORESTIMATE (D, i, t)

(I‘l‘vt)E-/Vl‘mrain><TfI
until € < e or T > Thax

return reduced basis Dy and mazimum error &

The general idea is sketched in Algorithm [£.2.1] The set of reduced
basis functions Dy of size Y is iteratively enhanced by new basis functions
derived from the training manifold S(Myain). The selection of these new
basis functions is controlled by an error estimate which is minimized over a
finite set of parameters Mip.in C M and time instances T := {to, . ,tK}.
We will use this algorithm several times throughout this chapter by specifying
the methods

e X-INITBASIS(), initializing the reduced basis,

o X-ERRORESTIMATE(), estimating the error between high dimen-
sional and reduced snapshots and

o X-ExXTENDBASIS(), adding solution snapshot to the reduced basis
space. The number of added solution snapshots v can be greater
than 1.

The term reduced snapshots denotes either solution snapshots of a reduced
basis numerical scheme as in Definition or the projection of the high
dimensional snapshot on the reduced basis space. In many cases the exact
error between the high dimensional and its reduced snapshot is exactly com-
putable, but of course with a computational complexity on the dimension
H. As the error estimate has to be evaluated for all parameters from the
possibly extensive training set, it is therefore preferable to use efficiently
computable error estimates like the one proposed in Theorem which
can be decomposed in offline and online computations.

It is noteworthy that the greedy algorithm as defined in this chapter

differs from those published under the same notion whose objective is to
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approximate a single function by a linear combination of dictionary functions.
For the latter case a thorough theory for convergence and variation results
can be found for example in [68].

Recently, convergence results for Algorithm have been published in
[7] and [4]. These publications assume a simple specialization of Algorithm
4.2 7l that we want to refer to as BASIC-GREEDY which is detailed in the fol-
lowing Section [£.2.1] It iteratively generates a set of reduced basis functions
Oy = {npi}fil, and in [4] and it is proven that, for a considered polynomial
or exponential decrease of the Kolmogorov N-width dy(S(M)), the angles
A (S(M),span @) have the same rate of decay.

4.2.1. BASIC—greedy algorithm. The aforementioned abstract greedy
algorithm can be specified by Algorithm and the following methods:
First, an initial function is computed by the method BASIC-INITBASIS(),
computing the function

p1 1= argmax |[unly, (4.6)
up €8 (Mrain)
which minimizes the norm over all candidates from the training set. The
extension method BASIC—EXTENDBASIS({goi}f\;1 , i, tF) simply returns the
new basis function ¢n41 := u¥(p). For the error estimation the method
BASIC-ERRORESTIMATE({¢; }Y | , 1, t*) computes and returns an estimate
n* () ~ €*(p) similar to the exact error

(4.7)

i (p) = inf Huk(u) — v, ’Wh .

vy Espan {cpi}fvzl
This estimate must produce an optimal selection for the next basis function
wn+1 returned by the BASIC-EXTENDBASIS method in a way such that

inf ON+1 — V|| = v max " 7 4.8

v Espan {@i}ﬁv:l H - H (1,t*F) EMgrain X T ( ) ( )

for a weakness constant 0 < v < 1. This requirement (4.2.3) is fulfilled for

effective estimates 7% (), for which there exist bounds ¢, C with 0 < ¢ < C
such that

o (p) < (p) <CnM(p), k=0,....K,peM. (4.9)

Then, the weakness factor in (4.2.3) is given by v = &. Note, that for
¢ = C' =1 the estimate is equal to the exact error computation.

Theorem 4.2.1 (Convergence for exponential decay). Assuming the above
described BASIC—GREEDY algorithm with a weakness constant 0 < v < 1
and

le1llyy, <M (4.10)
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for some M > 0 and an exponential convergence of the Kolmogorov n-width

by an exponential rate at
dn(S(Mrain), Wi) < Me™*" (4.11)
forn >0 and some fized a,o > 0, then
A (S(Mrgin), span ®,,) < CMe—” (4.12)

for all n > 0, with B = 1, and for an arbitrary 0 < 6 < 1, given con-
stants ¢ := min{|log¥®|, (4¢) “a}, C = max{eCNg,q%}, q == [2(70)71]
and No := [(8¢)**1].

PRrROOF. See [4]. O

4.2.2. POD—greedy. The state-of-the-art ansatz for the generation of
reduced bases for evolution problems with greedy algorithms differs slightly
from the previously described BASIC-GREEDY: As the changes in solution
snapshots from one time step to the next are small in many applications,
the POD-GREEDY algorithm has been introduced in [38] which combines
the strengths of the POD and the greedy basis generation methods. Here, in
each extension step, a POD is performed on the residual between the entire
trajectory {uﬁ(umax)}f::o and its projection on the reduced basis space. The
extension method then returns the [ most significant modes, where [ can be
adapted in each extension, but in our experiments we only used the most
significant mode and fixed | = 1.

Like in the BASIC-GREEDY algorithm, we assume that the quality of
reduced simulation trajectories {ufed(u)}kK:O which are obtained by the re-
duced numerical scheme introduced in Definition [3.2.2] can be assessed by a
posteriori error bounds. These error estimates, denoted by nkM MM M —
R, bound the reduction error Hufed(u) — uﬁ(p)”wh for every k=0,..., K,
different dimensions N and M of the reduced basis respectively the collat-
eral reduced basis space, and an accuracy constant M’ > 1. Note, that the
proposed estimation method POD-ERRORESTIMATE returns a cumulative
error independent of the time step argument t*. because we are only inter-
ested in finding bad approximated trajectories. This fact is import for the
error analysis of the algorithm discussed below. An example of such an error
estimate is given in Theorem In our experiments, the error estimate
was known to grow monotonically with increasing time steps, which is why
in our implementations, we returned the error estimate for the last time
step t¥ only. Tt is important to note, that the reduced simulation and the
error estimate as a consequence of this, depend on the existence of empir-

ical interpolation data. The combined generation of reduced basis spaces
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Algorithm 4.2.2 Methods for the POD-GREEDY algorithm

POD-INITBASIS()
return initial reduced basis functions: {¢,}

No
n=1

POD-ERRORESTIMATE ({0}, tF)
return cumulative error estimate for a fivred M’ > 1:

K 9 K
TIN,M,M’(IL) = Z At (Wﬁﬂv,M,M/(”)) > Z Hufed(ﬂ) - UQ(H)H?/V;L
k=0 k=0

POD-EXTENDBASIS({¢n }2_ |, fhmas: )
— Compute trajectory
{1t () }

with scheme from Definition [3.2.3

— Compute new basis function with Galerkin projection Preq projecting
onto span {@, )0,

et 00 ({0~ P it

K

k=0

N+l

return extended reduced basis: {pn}, "]

and empirical interpolation data is discussed in section [£.3] Of course, it is
also possible to use the exact error directly. However, a direct evaluation of
the error depends on a large number of inefficient computations. Therefore,
more efficient a posteriori estimators allowing to deal with a large number
of training samples, are preferable.

Details on the POD—greedy algorithm are given in Algorithm[4.2.2] Note,
that it is not specified how the initial basis shall be composed. In order to
fulfill the requirements of Theorem the reduced basis given by the span
of the initial reduced basis functions ®y, = {gon}ﬁ]il should include projec-
tions of the initial values Pp, [ug(p)] for all p € M. If the initial condition
has a parametric separable form like in , the initial basis functions
should be selected as an orthonormalization of the projections {Py, [ug]}quol.

Otherwise, an empirical interpolation as in (3.2.18]) can be performed and
Mo

the optimal choice for the initial reduced basis is {q7'},,,2

;- Then, for rigor
in the error estimation a term (CI7AtCE7At)k+1 €% should be added, where ¢°
bounds the maximum interpolation error
M

uo(p) — D uo(zg)qg"
m=1

(4.13)

max
peM

Wh,
See section for a discussion on how to compute this bound.

4.2.2.1. Convergence analysis. Recently, in [34], the convergence results
for the BASIC-GREEDY algorithm have been extended to the POD-GREEDY
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algorithm as well. As in the case of evolution problems, the accuracy of
projections of entire trajectories needs to be optimized, a different measure
for the angle between the reduced basis space Wyeq := span @ C Wy, and
the manifold S(Myain) C Wh, of solution snapshots is defined by

APOD <S(Mtrain)7 Wred)

K
= sup S A b (1) — Prea [l (][> (@4.14)
{ufl(u)}f:OCS(Mtrain) k=0

Here, Preq : Wy — Wieq denotes the projection operator onto the reduced
basis space. Like for the greedy algorithm without POD compression, the
error estimate must comply with an accuracy constraint: The trajectory
{un(p*) 1, with parameter

pt = arg L RAX TN (») (4.15)
selected by the error estimate as the worst approximated one, may deviate
from the optimal choice only by a factor 0 < v < 1, such that

K
3 At [luf (1) = Prea [uf ()] | < 7 ATOP(S(Migain), Wrea)-  (4.16)
k=0

Then, it is shown, that the result from Theorem [£.2.1] can be extended to
the POD—GREEDY algorithm, by proving that exponential convergence of
the Kolmogorov n-width d,,(S(Mrain), Wh) is inherited by the new angle
APOD(S(Mirain), span @,).

Theorem 4.2.2 (Exponential convergence of POD-GREEDY). Assuming
the above described POD—CGREEDY algorithm with a weakness constant 0 <
v < 1 for the error estimate Ny p v and
do(S (Mipain), Wh) = max U <M 4.17
0( ( tmm) h) un €8 (Marain) ” hHWh = ( )
for some M > 0 and an exponential convergence of the Kolmogorov n-width

by an exponential rate at

dn(S(Mrain), Wy) < Me™ " (4.18)

for n >0 and some fized a,a > 0, then
APOD (S( M ypgin), span Dy, 4n) < CMe™" (4.19)
for all n. > 0, with 8 = £, and for an arbitrary 0 < 6 < 1, given

constants ¢ := min{|logb|, (4¢)"“a}, C' := max {eCN(?\/T,\/qT}, q =
[2(70)~1VK +1]2 and Ny := [(8¢)*T1].
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PROOF. See [34] with wy, := At for k = 0,..., K. As a further modifi-
cation to the original result, we ignored the first Ny basis functions in the
convergence, because these need to be selected before all requirements of the
error estimate from Theorem [3.3.7] are fulfilled. O

4.2.3. El-greedy. The X—GREEDY Algorithm can also be spe-
cialized for the generation of the empirical interpolation data, i.e. col-

lateral reduced basis functions Qnm = {Qm}le and interpolation Dofs
ENM
Y= {Tm }mzl.

Algorithm 4.2.3 Methods for collateral reduced basis generation EI-
GREEDY

EI-INITBASIS()

return empty initial basis: Dy < {}

EI-ERRORESTIMATE((Qar, Sas) , i, tF)
— Compute exact operator evaluation

vp = Lp(tF, p)[uf (p)]
— Compute interpolation coefficients

oM(vy) = (aj\/[(vh));.\il e RM (4.20)

— by solving the linear equation system
M
Z Ué\/[(vh)TiEI lg;] = 7E o), i=1,...,M (4.21)
j=1

return approzimation error: th — Z;‘il aé”(vh)quW
h

EI-EXTENDBASIS((Qar, Xar) , i, tF)
— Compute exact operator evaluation

o < Lp(t*, )y ()]

and interpolation coefficients o™ (vy,) as in (E.2.15) and (£.2.16).

— Compute the residual between vy, and its current interpolant.
M

M U — Eaj\/[(vh)qj
j=1

— Find interpolation Dof mazimizing the residual.

Thfpl ¢ arg Sup IT(rn)|
T h

— Normalize to obtain a new collateral reduced basis function.

Qv (Tafa(ra)) ™

M+1 ¢ EI M+1>

return extended basis data: Dpyr4q1 ({qm me1 2 T Fmel

The pertinent methods are given in Algorithm and the resulting
Greedy algorithm, denoted by EI-GREEDY in the following is almost equiva-
lent to Algorithm from chapter 2] The only difference to the algorithm
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defined earlier is the use of the time parameter, as now evaluations of time
dependent operators on solution snapshots derived from an evolution ?7

scheme are considered.

4.3. Combined basis generation

As mentioned in the previous section, the error estimate of the POD—
GREEDY algorithm depends on empirical interpolation data. Naturally, one
would therefor first execute Algorithms[£.2.1+2.1.1]for all discrete operators
in the scheme. Afterwards, the required collateral reduced basis and em-
pirical interpolation Dofs can be used to build a reduced basis space with
the POD—-GREEDY algorithm. This approach of subsequently executing two

greedy algorithms, however, has some drawbacks:

(i) There is no efficiently computable error estimate for the empiri-
cal operator interpolation, i.e. the error estimation method EI-
ERRORESTIMATE() depends on high dimensional computations for
each parameter and time step tested. This can be very inefficient
for large parameter sets Mipain, and eats up the computational gain
by the efficient error estimate in the POD-GREEDY, later.

(ii) The empirical interpolation bases are generated such that an arti-
ficial interpolation error is reduced for which it is not clear, how
it relates to the error estimates 17]]‘{,7M used in the POD—-GREEDY
algorithm. Therefore, it is impossible to determine a priori the op-
timal correlation between the reduced basis space and the collateral
reduced basis space.

(iii) In our experiments, the reduced basis generation can be improved
if the training parameter set Mipin is adapted during the basis
generation. This allows to begin with a small parameter set and to
reduce the computation time for the basis generation. The POD-
GREEDY algorithm finds a good training parameters set, but this
set is unknown at the stage when the collateral reduced basis is

generated. Details on this adaptive parameter sampling are given
in Section 4.4.1]

4.3.1. PODEI-greedy basis generation. In this section we will in-
troduce another greedy algorithm for a synchronized execution of POD
greedy and empirical interpolation basis generation (PODEI). This algo-
rithm is again based on Algorithm [£.2.1 but generates the reduced basis and
the collateral reduced basis spaces in parallel and overcomes the drawbacks of
the subsequent execution of the algorithms EI-GREEDY and POD—-GREEDY.
The methods for the PODEI-GREEDY algorithm are sketched in Algorithm
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Algorithm 4.3.1 Methods for the PODEI-GREEDY algorithm

PODEI-INITBASIS()
— Generate small empirical interpolation basis with My > M':

(Q]Wsmall7 EMsmall) — EI—GREEDY(M%I?;;SG, 07 Msmall)
— Compute initial reduced basis:

{@n}D0, < POD-TNITBASIS()

return initial bases data: D1 < {©n}™° U (Qateuns Ddlmay)

PODEI-ERRORESTIMATE(Dr, , t*)
return reduced basis error estimate: 1%, v (K)

PODEI-EXTENDBASIS(Dy, tyax, tF)
Reduced data Dy comprises Dﬁ,B = {son}ﬁf:l and D}\’j/[] = (Qua, Xnm)
— Eztend EI basis:
DY | « EI-EXTENDBASIS(DY], tnas, tF)
— Extend RB basis:
DRB | < POD-EXTENDBASIS(DRE, th10, tF)

— Discard extended RB if error increases:
if n?V—l,M—l,M/(“max) < MAX(p 1) e Mrgin ”]IiIJLLM/ (p) then
return eztended basis data: Dyiy < (DRP, D, ;)
else
return estended basis data: Dyiq < (DB, DY)
end if

M3 A similar approach of a synchronized generation of reduced basis
spaces has recently been published in [71].

Our proposed algorithm uses the error estimates 77?\7, M1 for a greedy
search in the parameter samples Myain C M and attempts to extend both
reduced spaces in each step. Unlike in the POD-ErrorEstimate method, the
time step maximizing the error estimate is of interest here, as we want to add
only this single snapshot to the collateral reduced basis space. In previous
applications of the empirical operator interpolation to non-linear discrete
operators in reduced basis schemes [39] 23], it was observed that numerical
schemes become unstable if the accuracy of the empirical interpolation is
too bad with respect to the accuracy of the reduced basis space. Figure
depicts an exemplary illustration of this effect. The error ny 00 of
the reduced simulation is plotted with varying dimensions of reduced basis
and empirical interpolation data dimension N and M. We observe that
for growing reduced basis size, the error estimate “explodes” at some point,
where the empirical interpolation is to inaccurate. In order to prevent this
behavior during the basis generation, in each extension of the PODEI-

GREEDY algorithm, it is checked whether the estimated error increased w.r.t
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NN, M,1

N M

Ficurkg 4.3.1. Tlustration of reduced basis error convergence
with varying dimensionalities N and M.

the last extension step and discard newly computed reduced basis functions
in this case. This leads to an automatic control of the M—N correlation
between the dimensions of the two basis spaces.

A similar approach for this automatic control of the two basis sizes is
presented in [71]. This approach is based on the same idea, but identifies
so—called EIM plateaus on which the model reduction error is dominated
by the projection error made by the projection on the reduced basis space.
On these EIM plateaus, a further extension of empirical interpolation basis
functions is useless, which is also observable in Figure {.3.1]

It is noteworthy, that the initial collateral basis is generated by a full EI-
GREEDY algorithm generating a small initial basis on a coarser parameter

coarse

trai¢. This is necessary, because the error estimate depends

sampling set M
on a larger set of interpolation Dofs and collateral reduced basis functions.
Therefor, the initial collateral reduced basis must be of dimension M’ at

least.

4.4. Control of error and efficiency

Greedy algorithm are an efficient means to find good approximation
spaces for a finite set of functions. In our setting of parametrized evolution
equations, we have to deal with continuous parameter spaces, and there-
for, with an infinite amount of functions that have to be approximated by
surrogates from a linear function space. In order to apply any of the afore-
mentioned approaches for basis generation, the parameter space needs to be
discretized by a finite set of parameters Miain C M. This need of parame-
ter space discretization and the requirement of efficiency arouses two crucial

problems of the greedy basis generation:
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i) If the set of training parameters Miqin comprises too few param-
g
eters, the greedy algorithm might “overfit” the generated basis on
the training sample, such that

M (') > LSRN, MM (1) (4.22)

for some p* € M\ Mirain.

(ii) Usually, it is thus unknown, how fast the greedy algorithms con-
verge, and such there is not method to predict the needed dimen-
sions of reduced basis spaces in order to get approximations with
the desired error tolerance €. Many applications, however, have
constraints on both the error tolerance and the performance of the
simulation implied by the reduced basis dimensions.

In this chapter, we discuss solutions for the above two problems. In order to
deal with (i), [36l [35] propose to adaptively refine the set of training param-
eters, if an overfit is detected on the basis of a set of validation parameters.
As this extension of the greedy algorithm is applied on all our numerical
experiments in Chapter [p] we detail it in the following Section {.4.1]

The control of the reduced simulations efficiency can be assured by the
generation of specialized approximation spaces for sub—domains of the pa-
rameter space [29] 27 B5] or sub—intervals of the time domain [21] 24]. As
this thesis deals with time dependent evolution problems, we want to focus
on adaptive methods to partition the time domain. Especially for convec-
tion dominant problems, this approach can lead to good results, since a lot
of empirical interpolation Dofs or reduced basis functions are necessary to
capture convective flows. Exemplarily, in Section the time—adaptive
generation of empirical operator interpolation data from [24] is presented as
an extension to existing publications in this field. This method has been
applied for a simple Buckley—Leverett problem in Section [5.3] where we also
discuss on its practicability. If control of the reduced simulations efficiency
is important in applications, however, combinations of time and parameter
space partitions might be necessary. The most extensive publication on the
generation of specialized basis space for certain parameter space partitions
s [29]. The authors propose a hierarchical reduced basis method, called hp
certified reduced basis method for affinely parameter dependent problems.
It is combined with a method to adaptively increases the number of training
parameters in order to prevent overfitting, such that the maximum approxi-
mation error of solutions which are not in the set of training parameters can

be bounded as well.
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4.4.1. Parameter space adaptation. In this section, we want to re-
vise the method proposed in [36, B5] which adaptively refines the set of
training parameters. For this, we have to change the abstract greedy algo-
rithm defined in Algorithm by adding a set of validation parameters,
and another termination condition, triggering when the “overfit” equation
is fulfilled for some p* € Moya. Here, My C M is further (fi-
nite) set of randomly selected parameter vectors. If the greedy algorithm
stops early because of a detected “overfit”, the training set of parameters
Mirain must be refined. After the refinement, the greedy algorithm can be
restarted. Of course, it is possible to reuse the previously generated reduced
basis as a starting point for the new greedy algorithm execution. Algo-
rithms sketch the above idea in pseudo-code. This extension is
applicable to all of the previously defined greedy algorithms, leading to new
versions POD—ADAPTIVEGREEDY, EI-ADAPTIVEGREEDY and PODEI-
ADAPTIVEGREEDY.

Algorithm 4.4.1 Adaptive parameter sampling algorithm

X-ADAPTIVEGREEDY( My, T, €401, Ptol; Ymax )
— Initialize reduced basis of size Yg:
Dy, < X-INITBASIS()
— Inttialize extension step index
s+ 0
repeat
— Compute greedy algorithm for current training set Algorithm [4.4.

(DT5+1 ) 5) — X'ESGREEDYCDTS , Msa T, Mvah €tol, Ptol, Tmax)

if € > €, then
- Refine training set
M 41 < REFINESAMPLING (Mg, Dy, €)
s s+1
end if
until € < g9 or T5 > Tinax
return Final reduced basis: Dr,

The only remaining unknown in the new algorithms is the definition of
the refinement algorithm REFINESAMPLING. We present to possible choices
in the following:

4.4.1.1. Mesh refinement. In our implementation, we used the approach
proposed in [36], where for all adaptation steps s, the parameter set My C M
is given by the vertices Mg = V(Gs) of a Cartesian mesh G in the parameter
space. Each element e € G, of this mesh can then be associated with an error
function

nie) := max X-ErrorEstimate(Dy,, i), 4.23
i) = max (Dr..1) (4.23)
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Algorithm 4.4.2 FEarly-Stopping greedy basis generation

X‘ESGREEDY(DT7 Mtraina Ta Mvala €tols Ptols Tmax )
repeat
— Find parameter and time instance of worst approzimated snapshot:

(Kmaxs tmax) < argmax  X-ERRORESTIMATE(Dr, u, t)
(“7t)€MtrainXT

— Extend reduced basis by v new snapshots:
Dy iy — X-EXTENDBASIS(Dy, tax, tmax)
T+ T+vwo

— Compute maximum error on training set:

€ max X-ERRORESTIMATE(Dy, s, t)
(N’vt)EMtrain xT

- Compute mazimum validation ratio:

— max X-ERRORESTIMATE(Dy, u,t)/c
p (H>t)€MvaIXT ( ! IJI )/

until € < &1 or p > pro or T > Thax
return reduced basis Dy and error ¢

where V(e) and c(e) denote the mesh vertices adjacent to the element e
respectively its barycenter. This gives an orientation of where the training
set is too coarse, i.e. where new elements need to be added to the mesh. So
in each adaptation step, a fraction 6 € (0,1] of the mesh elements is chosen
for refinement, by selecting the ones with the highest error function n(e). In
Cartesian meshes as used in our experiments the refinement of an element
in a p dimensional mesh leads to 2P congruent child elements.

Since we would like to begin with a very coarse mesh, a variation of the
above element-wise error function is used in our algorithms, given by

n(e) := le|s(e) + n(;), (4.24)
where ¢ is the maximum error estimate over all vertices of the current mesh,
le| denotes the size of a mesh element e and s(e) counts the number of re-
finement steps in which the element e was not refined. This penalty enforces
the refinement of very coarse cells in order to detect all local maxima of the
error.

This refinement method is used in all our experiments in Section | For
each numerical example, we comment on the number of refinement step and
discuss the automatic selection of parameter samples which are identified to
be very important for the reduced basis approximation.

4.4.1.2. Random refinement. The construction of a Cartesian mesh for
the parameter space can be infeasible for high dimensional parameter spaces
M (dimension higher than 4 or 5). In those cases, one usually prefers to

select the training parameters randomly in the parameter space. In [29], in



56 4. BASIS GENERATION

each refinement step the number of training parameters is doubled by adding
the same number of new random points. A more directed approach would
be to again take the position of the worst approximated errors in account,
and then use random number generators that generate a fixed number of
new training parameters which have high probability to be in the vicinity of
previously overfitted parameters. For example, random number generators
could generate numbers with Gaussian distribution centered at the parame-
ters with highest error estimates by methods as described in [69].

Algorithm 4.4.3 Time adaptive EI-GREEDY algorithm

EI-TIMEADAPTIVE(T, 401, Mmax )
— Initialize empirical interpolation data:

T Shi€) ¢ BT GREEDY (Migain, T €101, Minax)
if card(T) < 2c¢pin then
— basis space cannot be split, so extend it with My.x = 00
( Mo S e) < EI-GREEDY (Mgain, T, €501, 00)
end if
if ¢ < g4 then

return empirical interpolation data: {( %T, Eg{ﬁ)}

else /] if: M > Mmax
— Split time interval T

Ty, Ty < SPLITTIMEINTERVAL(T, Q}{ﬁr, E}TWT)
- Compute time interval specific interpolation data
Dy < EI-TIMEADAPTIVE(T1, £t01, Mmax)

Dy <+ EI-TIMEADAPTIVE(Tg, £01, Mmax)

return Final empirical interpolation data: D1 U Do
end if

4.4.2. Time-adaptive empirical operator interpolation. If the re-
duced simulations need to fulfill some requirements w.r.t. speed and/or
memory of the conducted computations or the generated solution data, it
is important to control the maximum size of the reduced basis space and
the empirical interpolation data. As most applications also have require-
ments on the accuracy of the simulations, the aforementioned algorithms can
be infeasible, if either the dimension of the generated reduced basis spaces
Wred, Wi and the empirical interpolation Dofs s is too high for efficient
reduced simulations, or the maximum certified reduction error is above the
error tolerance .

The dimensions of the reduced basis spaces and the empirical interpola-
tion Dofs can be reduced by splitting the parameter space or the time inter-

vals for which the reduced spaces are generated into smaller sub-domains.
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However, it is very difficult or even impossible to predict the required ba-
sis size a priori. Therefore, the correct splitting needs to be carried out
adaptively during the basis generation algorithms.

Exemplarily, we describe a method published in [24] for a time adaptive
generation of empirical interpolation data. The general idea of the so—called
EI-TIMEADAPTIVE algorithm is sketched in Algorithm [£.4.3] It produces a
splitting of the original discretized time domain T := {tk}f::() into L non—
overlapping sub-domains 7y, ..., 7, C T such that UlelTl =Tand N7 =0
for all 1 < k,l < L. Each of these sub-domains 7; is connected with a tuple

(Q T Mﬁ) (4.25)

of empirical interpolation basis functions and interpolation points. First, the
algorithm executes one of the above defined algorithms EI-GREEDY or EI-
ADAPTIVEGREEDY in order to generate a tuple on the entire time domain. If
the error tolerance ey, cannot be reached for the requested basis size M ax,
the time domain is split into two sub—domains, and on each of them, the
time adaptive empirical interpolation greedy algorithm recursively computes
a new splitting. The recursion ends, if either both constraints on the reduced
basis size and the error tolerance are met, or no splitting is possible anymore.
The latter condition is true, if a splitting of some time domain 7 would yield
two sub—domains with less than ¢y, > 1 time steps. So, the constant cpi,
controls the minimum dimension of the reduced basis spaces. In Section
.3} the algorithm is tested for a simple discretization of a Buckley—Leverett
equation. It is shown, that — at the cost of a more expensive offline-phase
— the reduced simulation time can be effectively reduced in this example.
However, we do not have a guarantee to fulfill both the accuracy and the
online time constraints, as the latter is bounded by a partitioning with time
domains consisting of one time index only.

4.4.2.1. Splitting of the time interval. The natural choice for the method
call to SPLITTIMEINTERVAL(T, Q MT,E}TWT) divides the given time domain
T = {tl}!l at its center ¢(T) := [|T|/2] into two equally sized intervals
Ty = {t:}i0) and Ty = {t:}11 1.

4.4.2.2. Reduced simulations. Of course, the reduced basis scheme from
Definition needs a revision if multiple basis spaces are existent. Con-
cerning the time adaptive generation of empirical interpolation data, the
changes are very straight-forward: The EI-TIMEADAPTIVE algorithm, yields
the sub—domains K := {Tl}le and for each 7 € K, a set of empirical basis
functions Qj, with empirical interpolation Dofs X7, . As explained in Re-
mark , a set of nodal base functions =}, : {fm} , can be generated
out of the set of collateral reduced basis functions as well. During the offline
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phase, we then need to compute further Gramian matrices C™ € RV*M with
components
(C)nm = (&ms Pn) (4.26)
Then, the empirical operator interpolations given by CI(t*, u) in equa-
tions and need to be substituted by the specialized variants
CT(tk)l(tk7 ), where 7(¢*) maps to the unique time domain 7 € K comprising
the time index t*.

4.4.2.3. Differences to other adaptive basis gemeration algorithms. As
mentioned in the introduction of this section, the approach to generate mul-
tiple specialized reduced basis spaces has also been applied to reduced basis
spaces specialized for sub—domains of the time interval [2I] and of the pa-
rameter space [29], 27, 35]. The general idea of these algorithms is the same,
as for the aforementioned EI-TIMEADAPTIVE algorithm, but there are some
differences: In the time adaptive case [21], (i) the splitting heuristic balances
the error contribution over time instead of simply splitting each domain in
the middle, and (ii) the reduced simulation needs to be extended by projec-
tions of solution snapshots between the different reduced basis spaces on the
boundary of the time intervals.

For parameter space adaptation of parameter spaces with more than
one dimension, the partitioning of the parameter space M C RP is more
complex. In [35], the partitioning is represented by a Cartesian mesh, with
cells that can be refined into 2P congruent sub—cells, whereas [29, 27] choose
a hierarchical tesselation where on each level of the hierarchy, two tesselation
cells exists, comprising all parameters which are nearest neighbor of either
of two corresponding reference parameters.

Furthermore, [35, 27] introduce a two—step approach in which they fore-
cast the right partition after computing one with less accuracy eio1,1 > €gol-
This increases the offline time, as less reduced basis spaces must be discarded.



CHAPTER 5

Numerical experiments

In this chapter, we demonstrate experiments for the presented reduced
basis scheme. We numerically prove the applicability of the reduced basis
scheme from Definition compare the basis generation algorithms from
Chapter 4] and analyze the efficiency of the a posteriori error estimate .

Three main problems are considered that all fit into the setting of exam-
ple —. The first one is a Burgers problem with a purely implicit
discretization and smooth solution snapshots. Preliminary results on this
example without the new a posteriori error estimator and with explicit dis-
cretization have been presented in [37]. The second problem is based on a
nonlinear non—stationary diffusion equation also with a purely implicit dis-
cretization. As initial data function we chose a discontinuous one and, by
the choice of non-linearity, this discontinuity should be preserved over time
for certain parameters. This problem setting was chosen in order to vali-
date, how well the reduced basis method can deal with discontinuities. Such
problems are popular applications for finite volume methods and considered
to be a difficult case for Galerkin projection methods like the reduced basis
method.

The third problem can be understood as an intermediate step to the two
phase flow problem discussed in the next chapter. It also models the flow of
two phases in a porous medium, but with a fixed velocity field, neglecting
the effects aroused by capillary pressure. In one dimension, this problem is
known as the Buckley—Leverett equation in literature [6]. The results of this
problem were first published in [24] in order to validate the time adaptive
empirical interpolation generation described in Section 4.4.2]

All three problems are of non—linear type, but degenerate into linear ones
for specific parameter configurations.

All implementation are based on our MATLAB software package RB-
matlab [75] 22], which is further detailed in Chapter [7]

5.1. Burgers equation

In a first example, we demonstrate the applicability to a nonlinear con-
vection problem
Ou—V - f(u;p) =0 (5.1)

59
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t=0.0

Figure 5.1.1. Illustration of transport for smooth data.
Snapshots at different time instants for (a) u1 = 1 and (b)
p1 = 1.5 and (c) p1 = 2.

with smooth initial data and a single parameter.
We choose 2 = [0,2] x [0, 1] with purely cyclical boundary conditions
and fix the end time T = 0.3. We prescribe the nonlinear flux function

F (s ) 1= v (5.2)
with exponent pq and space— and time-constant velocity field
v=(1,1)7, (5.3)
the initial data is a smooth function
up(x) = %(1 + sin(27zq ) sin(27xg)) (5.4)

for x = (21, 22)7 € Q.

Overall, we consider the single parameter u = (u;) € M := [1,2] for
the exponent in the flux of the evolution equation. We choose a 120 x 60
rectangular grid for decomposing €2 and K = 100 time—steps which satisfies
the CFL-condition.

Figure[p.I.T]illustrates the time evolution of the solutions for different pa-
rameters, in particular the initial data which is independent of the parameter
w1 and the final state for p1 = 1 respectively p; = 2. The transition between
linear convection (u; = 1) and the nonlinear non—viscous Burgers equation
(11 = 2) can nicely be observed. In the latter case shock discontinuities

emerge over time.

Offline phase. For this model setting, the reduced spaces and the em-

pirical interpolation Dofs are generated by
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(A) subsequent execution of the EI- and the POD-ADAPTIVEGREEDY
algorithms and

(B) the PODEI-ADAPTIVEGREEDY algorithm which combines the gen-
eration of the reduced basis space and the empirical interpolation
data.

All algorithms are defined in Chapter 4l In the first case (A), the collateral
reduced basis space is extended to its maximum size, i.e. until the reduction
of the interpolation error stagnates due to machine precision and numerical
constraints.

All computations are carried out on the PALMA cluster of the University
of Miinster using 24 cores each running at 2.67 GHz. The implementation
of the algorithms makes use of the simple parallelization technique men-
tioned in Remark 2.1.3] For the POD-ADAPTIVEGREEDY and the PODEI-
ADAPTIVEGREEDY algorithms, we also apply the adaptation technique de-
scribed in Section [4.4.1] i.e. we begin with an initial uniform parameter set
/\/l?rain C M and refine this set, when indicated by a bad ratio between the
maximum errors over the training parameters and another set of validation
parameters. This algorithm is discussed in Section [d.4.1] In the experiments,
we aim to assure a ratio of pio) := 1.1. The initial parameter sampling set
MQ_. for all three greedy algorithms consists of 26 uniformly distributed
parameters in the parameter space interval [1,2].

In case (A) the generation of the collateral reduced basis with the EI-
ADAPTIVEGREEDY algorithm takes 36 minutes and terminates with M =
499 basis functions after the tolerance of 1071 for the interpolation error has
been reached. The computation of the detailed simulations for all parameters
takes only 100 seconds because of parallelization of these computations. The
POD-ADAPTIVEGREEDY algorithm terminates after a bit less than 3 hours
and produces a reduced basis space of dimension Ny .x = 249. Note, that
the main part of the offline run—time costs, namely the search for new basis
functions, depends linearly on the number of available cores and therefor,
the offline time can be controlled by using more processors. It is noteworthy,
that the collateral reduced basis space is generated much faster than the
reduced basis space. This is firstly because of the expensive POD step that
needs to be computed in every POD-ADAPTIVEGREEDY extension step, and
secondly, because the empirical interpolation errors are computed very fast
after all necessary operator evaluations of detailed simulations have been
cached.

In case (B) the initial collateral reduced basis is generated based on the

coarse

coarse training sample Mo

= {1, 2} including only the external points of
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the parameter domain, and stops after three minutes with Mg, = 20 gen-
erated basis functions. As the PODEI-ADAPTIVEGREEDY algorithm starts
with a very small initial collateral reduced basis, the total offline time is
smaller than in case (A) — especially for small reduced basis space dimen-

sions. (c.f. Table[5.1.1)) The algorithm stops after 3.27 hours. In both cases,

0

train are not refined.

the initial training sets M

Next, we analyze the quality of the model order reduction induced by
the reduced basis spaces. Figure (a) shows the growth of the Lebesgue
constant defined in with respect to the increasing collateral reduced
basis size M. It can be clearly seen, that the increase is linear with a max-
imum Lebesgue value of 182. Figure [5.1.2b)+(c) help to understand how
the empirical interpolation algorithm works. It illustrates the cell midpoints
corresponding to the selected interpolation DOFs X, and visualizes the
selection order of the empirical interpolation algorithm by plotting points
selected earlier in darker shades. It is visually comprehensible from the il-
lustration that the algorithm realizes an obvious space compression, because
it recognizes the space symmetry of the solution, such that the selected cell
midpoints are all located in the lower left quarter of the domain. This is
because the EI-EXTENDBASIS method selects the Dof with the lowest index

in case of several equal maxima.

Online phase. In order to get a notion of the reduced simulations ac-
curacy, in Figure we illustrate the error convergence for the resulting
reduced simulation scheme. We select a set Miest C M of 100 random values
for p not used during basis generation and determine the maximum error

nax |[tred (1) — wn ()| Loo (0, 17,00) (5.5)
between the reduced and the detailed simulations for different dimension-
alities N and M. The resulting maximum error is plotted in logarithmic
scale. Figure [5.1.3|b) nicely shows, how a simultaneous increase of N and
M reveals almost exponential convergence along a selected diagonal of the
plot. This simultaneous increase is important: If M is fixed at a low value,
increase of IV over a certain limit can give an error increase induced by in-
correctly approximated operator evaluations. If N is fixed, raising M gives
no error improvement at some point.

The main goal of RB-methods is an accurate approximation under largely
reduced simulation time. To assess these computation times, we determine
the detailed and reduced simulation times over a sample of 100 random
parameters and report the average run-times. These efficiency results are
summarized in Tables p.1.1{A)+(B) for different reduced basis sizes and
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(a) Lebesgue constant
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(b) PODEI-ADAPTIVEGREEDY
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FIGURE 5.1.2. Tllustration of (a) growth of Lebesgue con-
stant and (b)-+(c) the order of interpolation Dof selection for
the Burgers problem. DOFs corresponding to darker points
are selected first.

for (A) a subsequent generation of reduced basis and collateral reduced ba-
sis space and (B) the synchronized generation of both using the PODEI-
ADAPTIVEGREEDY algorithm. In the first case the ratio between the di-
mensions for the empirical interpolation and the reduced basis are deter-
mined from the maximum basis sizes 499/249 ~ 2 at which the algorithms
stopped. Note, that this ratio cannot be assumed to be a good choice for
smaller basis dimensions. In contrast, the M—N correlations in the second
table are taken as inferred from the PODEI-ADAPTIVEGREEDY algorithm
which sequentially expands both reduced basis spaces. It can be nicely ob-
served, that this approach leads to better ratios, i.e. reaches smaller maxi-
mum errors with smaller basis spaces and therefore faster reduced simulation
times. An exception is the second row of the tables with small dimensions

(N, M) = (42,72). For reduced simulations with small reduced basis spaces,
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(a) Error landscape

N, M, M’
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Fiaure 5.1.3. (a) Illustration of reduced basis error con-
vergence with varying dimensionalities N and M. (b) Error
plot for simultaneously increased bases sizes N and M for the
“optimal” ratio visually derived from the landscape (a) and
the error curve derived from the PODEI-ADAPTIVEGREEDY
algorithm (dashed line).

the PODEI-ADAPTIVEGREEDY suffers from the bad initial collateral re-
duced basis which needs a few extension steps to stabilize.

In general, however, the PODEI-ADAPTIVEGREEDY algorithm finds a
very good choice for the M—N correlation. This observations is empha-
sized by the Figure b) comparing the maximum error decrease of the
PODEI-ADAPTIVEGREEDY with an “optimal” error decrease curve manu-

ally derived from the neighboring error landscape plot.
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N M  g-run-time[s] max. error offline time[h]
A é H=17200 — 90.01 0.00 0
oz 42 83  4.42 1.15-107° 0.96
o 83 166 6.23 6.03-107° 1.34
tE 125 250 8.9 7.43-107° 1.74
5 E 166 333 11.6 8.33-1077 2.23
~ 3 208 416 15.64 2.47-1077 2.78
— < 249 499 19.56 2.38-1077 3.4
N M  g-run-time[s] max. error offline time[h]
é H=7200 — 90.01 0.00 0
, 2 42 72 444 1.73-107° 0.54
=9 83 144 6.04 5.74-107° 1.09
a > 125 216  8.37 7.30-107° 1.55
Q& 167 288 11.92 7.63-107" 2.08
= 3 208 360 15.08 2.31-1077 2.69
=< 233 402 16.48 1.55-1077 3.27

TABLE 5.1.1. Run—time comparison for detailed simulation
with reduced simulations of varying reduced dimensionali-
ties. The average run-times and maximum errors are ob-
tained over a test sample Myost C M of size 100. The max-
imum error ||uf(p) — ufed(u)HWh is obtained over all tuples

(e, k) € Myegt X [0, ..., K] involving high dimensional error
computations.

It can be seen nicely, that we obtain acceleration factors of 4.7 — 20 de-
pending on the dimensionalities of the reduced simulation. The acceleration
factors obtained by the two different basis generation methods hardly differ.

5.2. Porous Medium Equation

In this section, we consider the porous medium equation given by the

nonlinear diffusion problem

Oru — mAut"t =0 in Q x [0, Thax), (5.6)
U= co+ up on 0 x [0, Tnax], (5.7)
u(+,0) = co + ug on Q x {0}, (5.8)

on a rectangular domain = [0,1]2. The end time is fixed at Tiax = 1.0.
The initial data function ug is a field of symmetrically arranged bar shaped
concentrations illustrated in Figure [5.2.1fa). This gives us a non-smooth
initial concentration depending on the initial parameter co.

The parameter vector is chosen as

p = (1, m, c) € M :=[1,5] x [0,0.01] x [0,0.2] (5.9)



66 5. NUMERICAL EXPERIMENTS

co+0.5
co+0.4
co+0.3
cp+0.2

co+0.1

co

0.7n 059
. 0.4
U lJ..‘)I I
c) t=0.1 t=10— o3} |f) 10.

0.2'
H 0.0 0.0
t=0.1 t=1.0 g)H H+0-H 41

FIGURE 5.2.1. Plot (a) depicts a color shading of the ini-
tial data. Below, isolines of reduced solutions are given at
time instances ¢t = 0.1 and ¢ = 1.0 for different parame-
ter vectors: (b) p = (1,0.01,0.2), (¢) p = (2,0.01,0.2), (d)

= (4,0.01,0.2), (e) p = (1,0.01,0.0) , (f) p = (2,0.01,0.0)
and (g) p=1(4,0.01,0.0).

such that for u; = 2 we get the isothermal porous medium equation and
for p1 > 2 a porous medium equation with adiabatic flow. For p; = 1 it
degenerates into the linear heat equation. Note also, that for ¢ close to zero,
diffusion outside the bars is turned off in the non-linear case (1 > 1).
This effect can be observed in Figure [5.2.1(f)+(g) showing large diffu-
sion effects inside the bars with high concentration after short time periods
already, but almost none outside. Furthermore, Figure clearly illus-
trates the nonlinear effects, as the diffusion is larger (more contour lines) in
the bars with high initial concentration. An exception, of course, are the
reduced solutions in the upper row, modeling linear diffusion where the dif-
fusivity stays the same globally. For the discretization, we chose again the
finite volume scheme from Section [3.1.1Jon a 100 x 100 grid for decomposing
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2 and K = 80 time steps for the discretization of the time interval [0, 1].
The diffusivity is discretized implicitly, such that its non-linearities are to
be resolved with the Newton—Raphson method. If we make the reasonable
assumption that the domain of the operator £7(p) as defined in Section
stays in the range [0, 1], the operator fulfills the Lipschitz condition (3.3.1))
for all p € M with Cr a; = 1. For details on this, we refer to Appendix ?7.

5.2.1. Offline phase. Like in the previous example, we compute the

reduced basis spaces on the PALMA cluster using 24 cores for

(A) subsequent execution of EI- and POD-ADAPTIVEGREEDY algo-
rithms,

(B) the PODEI-ADAPTIVEGREEDY algorithm, and

(C) This time a third run with a variation of (A), but where the “true”

error indicator

K K
77(“’) = Huh (“) - ured(p’)Hwh
instead of the error estimator n& ,, ,, (1) is executed.

With the latter, we want to assess the suitability of the error estimator for
the basis generation. This question is discussed in Section below.

Again, we apply the adaptation technique described in Section on
the parameter space. The parameter sampling set for the EI-ADAPTIVEGREEDY
algorithm consists of 120 parameter vectors in order to get a good opera-
tor interpolation needed for reduced basis generation later. The distribu-
tion of training parameters is illustrated in Figure [5.2.2(b). The vertices
of the drawn grid match with the training parameters. For the POD-
ADAPTIVEGREEDY algorithm the same initial parameter set MY . is cho-
sen, whereas the PODEI-ADAPTIVEGREEDY algorithm starts with 30 train-
ing parameters. The result of the adaptive refinement procedures is illus-
trated in Figures[5.2.2|a)+(c). The training set in case (A) has been refined
once with a final number of 209 parameter vectors, and in case (B) where
we started with a coarser grid, has been refined three times resulting in a
set of size 305. Furthermore, Figure shows that parameters which are
often selected for basis extension correlate with the refined parts of the grids.
Here, we nicely observe two facts: First, solutions that show a complex evo-
lution over time, are selected more frequently until they are approximated
well enough, and second for parameters with solutions evolving more lin-
ear in time, few or even zero snapshots are sufficient, because these can be
approximated by linear combinations of other basis functions.

In case (A) the empirical interpolation algorithm takes 38.5 minutes until

it reaches the final number of 425 basis functions and the computation of
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(a) Parameter selection PODEI-ADAPTIVEGREEDY
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Ficure 5.2.2. Tllustration of the final training parameter

sets M

refinement steps.

10~*

because after 99 basis extensions no snapshots can be found which reduce

the training sets and the overlaying bubble plots illustrates

how frequently a parameter is picked for basis extension.
reduced basis space generation terminates after 2.1 hours and 99 generated

the detailed simulations for all training set parameters takes 4 minutes. The

reduced basis functions. It does not reach the targeted error of e
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the maximum error estimate over the training parameter set. Figure[5.2.3|(b)
illustrating the decrease of the error estimates during the basis extension
suggest that the reason for the stagnation comes from a bad estimation of the
empirical operator interpolation: The stagnation begins after the refinement
step which is indicated by the strong peak in the error curve, i.e. when the
current training set differs from the one used for the EI-ADAPTIVEGREEDY
algorithm.

In case (B) the synchronized generation of basis functions takes about 4
hours, but reaches the a priori given error tolerance ey, = 10~%. The initial
collateral reduced basis is generated in about two minutes with a coarse

coarse
train

training set M containing only the extremal points of the parameter
space and after Mg = 20 basis functions have been generated.

The Lebesgue constant Aj; of the collateral reduced basis space (c.f.
(2.3.6) grows in both cases linearly with a maximum of 153 in case (A) and
203 in case (B).

For details on the offline computation times, we refer to Table[5.2.1] The
table nicely shows that for case (B) very reasonable M—N correlations are
inferred from the synchronized basis extension and even a basis of better
quality is produced: Comparing lines with similar maximum errors over the
validation set of 100 parameters, the reduced basis from (B) needs less basis
vectors which have been generated in a shorter offline phase. For example,
the maximum error of 3.54-107° is reached with basis dimensions (N, M) =
(93,358) which can be generated in 2.72 hours, whereas Table[5.2.1(A) shows
that the worse error of 4.06 - 10~° needs basis size (N, M) = (99,425) and a
basis generation time of 3.3 hours.

Figure a) illustrates how often and how frequently basis functions
are discarded during the execution of the PODEI-ADAPTIVEGREEDY al-
gorithm. [5.2.3(b) compares the error estimation decrease during POD-
ADAPTIVEGREEDY and the PODEI-ADAPTIVEGREEDY extension. The
latter needs more extension steps in order to reach a certain basis space
dimension, because some basis functions are discarded as indicated by the
crossed marks. Note also that both error curves have intermediate peaks
because of the adaptation of the parameter training set. As the maximum
error is computed over the current training parameter set, it grows after such

a refinement step, when more parameters are added.

5.2.2. Online phase. Figure shows cross-section plots of detailed
and reduced simulation snapshots of the two worst solutions from a set of
100 randomly chosen solution trajectories. Visually, there are no differences

between the dashed curve of the detailed and the solid curve of the reduced
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(a) PODEI-ADAPTIVEGREEDY basis discards
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FIGURE 5.2.3. Illustration of (a) the extension steps dur-
ing PODEI-ADAPTIVEGREEDY at which reduced basis func-
tions were discarded (marked with a cross) and (b) the error
decrease during basis extension with growing reduced basis
size.

solution snapshots. This indicates that dispersion effects arising from the
additional approximation are negligible for this example.

To quantify the reduced simulations quality, we proceed exactly as we
did in the previous section for the Burgers problem. We again pick a test
sample Myest C M of 100 randomly chosen values from the parameter space,
measure the error ||up(p) — ured(u)HL°°([O,TmaX];Wh) for all p € Myt and
compare the computation times of detailed and reduced simulations. Results
for different magnitudes of the reduced bases dimensions M and N are shown
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F1GURE 5.2.4. Comparison of cross—section plots at o = 0.6
between detailed and reduced simulation snapshots for dif-
ferent time instances and parameters with worst and sec-
onds worst error from a random test set of 100 parame-
ters: o1 = (1.349,7.293 - 1075,0.013) and Hyorst2 =
(1.737,5.758 - 107°,0.021).

in Table Note, that the run—times are averaged over the test parameter
set, and actually show a high deviation from this mean by factors up to 10,
because the number of Newton steps that are needed to proceed between
time—steps varies noticeably. For linear problems one Newton step is enough,
whereas up to a maximum of 30 Newton steps for stronger non-linearities,
i.e. po > 1 are necessary. Consequently, the acceleration factors for reduced

simulations with maximum reduced basis dimensions also differ notably.

5.2.3. A posteriori error estimator. The a posteriori error estimator
(3-3.5) has two main purposes: It should first give a tight and rigorous
bound on the real error made through the model order reduction, and second

improve the run—time of basis generation algorithms by providing an efficient
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A N M  g-run-time[s] max. error offline time[h]
A é H =10000 — 55.38 0.00 0
O a 17 71 157 3.56- 1073 1.35
- 0 33 142 1.95 8.33-107* 1.67
TE 50 213 2.51 2.08- 10" 2.07
ALz 66 283 3.19 5.88-107° 2.43
25‘ = 83 354 4.07 5.55-107° 2.88
Tz 99 425 5.3 4.06-107° 3.3
. N M  g-run-time[s] max. error offline time[h]
é H =10000 — 55.38 0.00 0
, 2 19 72 161 3.01-107° 0.16
5O 37 143 2.07 7.90-107* 0.45
Q> 56 215 2.67 1.66-107* 1.01
8 £ ; 74 286 3.6 6.36- 1075 1.69
aé = 93 358  4.83 3.54-107° 2.72
B 111 429  6.55 1.96-107° 4.02
R N M  g-run-time[s] max. error offline time[h]
>
A8 H =10000 — 55.38 0.00 0
o4 17 71 1.46 2.97-1073 1.26
A 2 33 142 1.83 5.87 1074 1.91
+, Z 50 213 2.31 1.24-107% 2.64
= Ei 67 283  3.32 6.30-107° 3.49
el 83 354 4.06 3.19-107° 4.31
=< = 100 425 5.99 1.34-107° 5.64

TABLE 5.2.1. Run-time comparison for detailed simulation
with reduced simulations of varying reduced dimensionali-
ties. The average run-times and maximum errors are ob-
tained over a test sample Myesy C M of size 100. The
maximum error ||uf(p) —ufed(u)HWh is obtained over all
tuples (p, k) € Miest x [0,...,K]. Subtable (C) is based
on a reduced basis generated with a “true” error indicator

n(p) = [Juf (1) — “gd(N)HWh'

and trust—worthy error indicator. In this section, we evaluate how well both
these tasks are resolved.
In a first test, we check the efficiency of the error estimator

UJIV(JW,M/ (1)

= HuhK(M) - ufgd(“)HWh (510)

Alp)

for a random sample of 100 parameters and different values for the extra
collateral basis functions M’ used to estimate the interpolation error. We
expect A\(p) to be greater than one, meaning the estimator is rigorous, i.e.
does not underestimate the real error. On the other hand, it is desirable that

the efficiency is very close to one.
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FI1GURE 5.2.5. Error bar plot showing mean and standard
deviation of error estimator efficiency over a sample of 100
random parameters for different values of M’. The dots indi-
cate the minimum and maximum efficiency.

Recall our assumption, that a large enough collateral reduced basis allows
interpolated operator evaluations to be almost exact. This gives rise to
assess the empirical operator interpolation error with basis dimension M
by comparing it to the finer interpolation with basis dimension M + M’.
One question that needs to be answered empirically here, is whether this
assumption is valid and if yes, how big M’ needs to be chosen. The results
of our experiments are illustrated in Figure[5.2.5t The plot shows statistical
data of the measured effectivities for different error estimators, i.e. different
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FiGurE 5.2.6. Comparison of estimated error decrease dur-
ing basis generation with (a) POD-ADAPTIVEGREEDY and
(b) PODEI-ADAPTIVEGREEDY algorithm. Different error
indicators are used in order to select the worst approximated
trajectories (c.f. Algorithm . The error indicators vary
in the number of collateral reduced basis functions M’ used
in order to approximate the empirical interpolation error.
The lower indicator curves depict the error decrease dur-
ing a POD-ADAPTIVEGREEDY with “true” error indicator

n(p) = [[ufa(r) = uff ()], -
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values for M’. We observe that the mean effectivity is slightly above 10 for
M’ =1 and stabilizes at about 12 for small M’ already. The latter gives rise
to our assumption that the empirical interpolation error is well approximated
by a small set of extra basis functions.

As the standard deviation of the error estimator’s efficiency is still in a
reasonable range for the sample parameters in this test, we can expect the
estimator to have a good qualification as an error indicator for the POD-
ADAPTIVEGREEDY and the PODEI-ADAPTIVEGREEDY algorithms. This
is confirmed in further test runs where both algorithms are run several times
with different choices of M’ in the error indicator for the greedy search. The
result are shown in Figure[5.2.6

The plots show the maximum error estimates for all parameters from the
training set at each reduced basis extension step during the greedy search
algorithm. Here, the lower black line corresponds to the error curve of the
reference run (C) where the greedy extension algorithm is used with the
“true” error ||uk () —uff(u)HWh as an indicator. We observe, that, in
general, all plots show an error decrease at a rate similar to the reference
plot. Only the POD-ADAPTIVEGREEDY algorithm makes an exception —
after the last adaptation of the training parameter set at about N = 60.
The reason for this behavior can be the non—adaptive training parameter
set used for the collateral reduced basis space. No matter what value has
been chosen for M’, the runs show no qualitative deviation. Table
shows that the error reduction obtained with reduced basis spaces generated
with greedy search algorithms based on the error estimator is of comparable
quality to the “optimal” values of Table [5.2.1(C), while the offline time is
reduced significantly. The effect is especially salient for small basis spaces
generated with the PODEI-ADAPTIVEGREEDY algorithm. All this confirms
our assumption that the estimator is a valid error indicator for the greedy
search — already with a small number of extra collateral basis functions.

5.3. Example: Buckley—Leverett equation

As a third example, we consider a highly non-linear convection—diffusion
problem, that we use primarily in order to validate the newly proposed time
adaptive empirical interpolation algorithm described in Section [.4.2]

Again, we want to solve for solutions u = u(x,t; p) satisfying the equa-
tions —. Here, we consider a specialization, which can be seen
as a preliminary step to the two phase flow problem in the next chapter. We
choose a Buckley-Leverett type problem in two space dimensions modeling
two—phase flow, where the velocity field is prescribed. The unknown can be
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interpreted as the concentration of a single fluid, e.g. water. For more details
on two phase flow models, we refer to the next Chapter [6]

We choose a rectangular domain € := [0, 1] and Tjax := 1. The initial
data function is given by fixed rectangular concentration function, depending
on one parameter cioy > 0 given by

uo(p) = clow + (1 — Clow)X[o.2,0.6]x[0.25,0.75]~ (5.11)

Furthermore, we define the velocity vector

v(u; ) = (0,1)" f(u; ) (5.12)

and the diffusion coeflicient

d(u; ) = KD(s; ). (5.13)
Here .
ud [u? (1—u)™
m) = —- | — —_— 5.14
s =5 - (%) + 45 (5.14)
denotes the fractional flow rate, and
1—u)?
D(u; p) = (?))f(um)p’c(um) (5.15)
is the capillary diffusion for a capillary pressure
pe(u; p) = u™. (5.16)

The variable parameters are chosen as g := (K, cjow, A) and the parameter
space is given by

M :=11,2] x [0,0.1] x [0.1,0.4]. (5.17)
At the boundary of the domain a Dirichlet condition applies with up;,, () =
Clow-

Like all our numerical examples, the problem is discretized with a stan-
dard finite volume scheme comprising an explicitly computed Engquist—
Osher flux for the convective terms and an implicit discretization of the
diffusive terms. The underlying grid is very coarse and has a dimension
of H = 25 x 25 grid cells. The time interval [0, Tax] is discretized by 60
uniformly distributed time steps.

Figure illustrates solution snapshots for two different parameters
with different diffusion levels K = 0 respectively K = 2. The cross-section
plots in the last column show the expected behavior of combinations of rar-
efaction waves and smoothed shocks.

5.3.1. Offline phase. In order to assess the effects of the adaptation
algorithms, the reduced basis algorithms are run three times. We always use

the typical subsequent combination of empirical interpolation reduced basis
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u(w,t;p)

u(z,t;p)

LA

0
0 0.20.40.60.8 1

FiGUurRE 5.3.1. Detailed simulation solution snapshots at
time instants ¢ = 0.0 (first column), ¢ = 0.1 (second col-
umn), ¢ = 0.3 (third column) and for different parameters
p=(0,0.1,0.4) (first row) and p = (2,0.1,0.4) (second row).
The last column shows the reduced solution on cross-sections
at y = 0.5 for the time instants ¢ = 0 (solid line), ¢ = 0.1
(dotted line), ¢t = 0.3 (dashed line).

adaptation  no. of bases ¢-dim(CRB) offline time[h] @-runtime[s] max. error

no 1 350 1.47 6.79 5.88-1074
YeS, Cmin = 5 11 223.09 2.08 4.06 5.80-107*
€S, Cmin = 1 26 198.42 8.40 3.38 5.75 - 1074

TABLE 5.3.1. Comparison of the number of bases, the re-
duced basis sizes averaged over sub-intervals, offline time, av-
eraged online reduced simulation times and maximum errors
for non-adaptive and adaptive runs with threshold ¢y = 5,
and cpin, = 1. The average online run-times and maximum er-
rors are obtained from 20 simulations with randomly selected
parameters p.

generation. Once we used the EI-GREEDY + POD-ADAPTIVEGREEDY com-
bination and the other two times the EI-TIMEADAPTIVE algorithm for the
generation of the collateral reduced basis, followed by a POD-ADAPTIVEGREEDY
algorithm for the efficient search for reduced basis functions. Here, we used
two different thresholds cpi, = 1,5, which bound the minimal time inter-

val size from below. The results concerning reduced basis sizes, offline and
reduced simulation time, are summarized in Table [5.3.1]

In order to assure that the generated reduced basis leads to equally small
reduction errors for all parameters of the parameter space, the parameter
training set is being adapted with a validation set of randomly chosen pa-
rameters as described in Sectiond.4.1] In the test runs, after three refinement
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steps the training parameter set comprises 255 elements, and the chosen vali-
dation ratio of 1.4 is assured after the maximum error for the training param-
eters has fallen below the targeted level of 5-107%. The target interpolation
error for the empirical interpolation was set to 1075 in all runs. This error
is reached with an average number of 198 respectively 223 basis functions
in the adaptive cases, and 350 basis functions without adaptation. In the
adaptive runs, the time interval has been decomposed into 11 respectively 26
sub-intervals (c.f. Figure p.3.2[a)+(b)). Figure[5.3.2fc) illustrates the error
decrease during the generation of the reduced spaces for selected time inter-
vals (dashed lines) for the run with emin = 1. Tt can be observed that the
slopes for the error graphs are much steeper than in the non-adaptive case
illustrated with a dashed line. Because of the larger variation of the solu-
tions for larger time steps, however, the basis on the last interval [0.29, 0.30]
still shows the slowest error decrease. Figure [5.3.2fa+b) show that for both
adaptive runs the bases dimensions for all intervals stay significantly below
the non-adaptive basis size of 350.

Thus, we observed that the adaptive search in the time domain can lead
to faster reduced simulations. However, the costs of 26 generated basis spaces
for an average dimension reduction by a factor of approximately 0.56 turned
out to be very expensive. So, the general applicability of the algorithm is
proven, but we suggest to combine the time domain search with a parameter
domain search or a further time domain split in the reduced basis space as
in [21] to obtain a further improvement of the method.
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CHAPTER 6

Immiscible two phase flow in porous media

The reduced basis method has been applied to different problem classes
like stationary, linear problems with affine dependence on the parameter
on the one end (e.g. [61, 36]) and lately also to non-linear, non—stationary
systems of partial differential equations on the other end (c.f. [10], [I5]).
In this chapter, we want to deal with the latter problem class. We apply
the empirical operator interpolation and the reduced basis framework as
developed in the previous chapter to a system of two non-linear coupled
partial differential equations, handling the model reduction of the function
spaces for all physical unknowns separately. The equations considered model
the flow of two immiscible, incompressible fluids in a porous medium. For
example, this can be used in reservoir simulation, in order to simulate the
production of oil in a well.

In section we introduce the general model for immiscible, incom-
pressible two phase flow in porous media and derive the global pressure
formulation from this.

The analysis and modeling of the high—dimensional numerical scheme
is mainly taken from [57]. We used the proposed finite volume scheme in
order to discretize the two phase flow equation, as described in Section [6.2]
The scheme comprises two non-linear operators and we show in Section
how they can be empirically interpolated. The reduced basis space
is simply obtained by a proper orthogonal decomposition, because we pass
on a parametrization of the problem in our experiments. In Section
the reduced scheme derived by a Galerkin projection onto the reduced basis
space and the offline/online decomposition of this scheme is described. We
conclude this chapter with experiments for the reduced basis generation and

compare the run—times of high—dimensional and reduced simulations.

6.1. Global pressure formulation

In this section, we introduce the general idea on how to model two phase
flow in porous media with a system of equations for conservation of mass and
the Darcy flow of the two phases. Furthermore, we shortly derive the equiv-

alent so—called global pressure formulation which is preferred in numerical

81
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simulations, as the number of unknowns and equations in this formulation
is minimized.

The problem is situated on a bounded spatial domain Q C R? modeling
a porous medium and the time interval [0, T}hax]. The saturation of the two
fluid are denoted by s, s, and measure the ratio by which the two phases
fill the void space of the porous medium in a point z € €.

Thus, they should add up to one

Sw+ S0 = 1, (6.1)

Therefor, it suffices to consider the saturation of the wetting phase s := s,
only. The flow can be described by a combination of the mass conservation
law and Darcy flow

M(Zbg?(ga) =V- (paua) + qao in Q x [Oa Tmax] (6.2)
Uy = _/]jak (Vpa - pagvz) in 2 x [Oﬂ TmaX] (6'3)

for a = w, 0. Here the variables ¢, p., Uq, K, ko, fha, o and p, denote the
porosity, the fluid density, Darcy’s velocity, the absolute permeability, the
relative permeability, viscosity, sources and pressure for each phase. The
constant g models gravitational effects. Intrinsically the physics for both
phases are coupled by the capillary pressure which can be expressed as the
pressure difference
De = Po — Pw- (6.4)

One can empirically determine functions for p. with respect to the saturation
s. These curves can be modeled for example by the Brooks-Corey [5] or the
van Genuchten-Mualem model [72].

The number of equations in — can be reduced by adding the
two equations in for o = o, w resulting in 0% (¢ (So + sw)) = 0 (¢ - 1).
On the right hand side, because of , one obtains

90 | quw | 4o
Viu=s——+—+ — 6.5
ot ow o (6.5)
for a global velocity u := uy, + u,. It is noteworthy, that the “true” velocity

fields u,, and u, can be reconstructed from the global velocity, e.g.
ko
Uy = fls)u+kmf(s) (V(pels) + (pw = po) 8V2), (6.6)

with fractional flow rates f = fu, := (M) Ykw, fo = (Mpo,) "'k, and the
total mobility M = pytky + p, k.. Corresponding to this global velocity
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field, a global pressure is defined by

()
¥ = po+ / " ot ) de, (6.7)

such that a Darcy flow relation between the two unknowns can be obtained
by

u=—KkA (VY = (puf + pofo) 8V2) . (6.8)
For the derivation of the equations s = p, ! (po — pw) and have

been used.

Usually one can assume that the porosity of the medium does not change
over time, such that d;¢ = 0. If we further neglect the gravity (g = 0), we
end up with the following system of equations for the unknowns (s, u, )

Qf)% + V- (f(s)u —K(s)Vs) = qi, in  x [0,7], (6.9)
V-u=q + q, in Qx[0,7], (6.10)
u=—-kM(s)V, in Qx[0,7], (6.11)

where the diffusion coefficient is given by
K:[0,1] = R, s k(s)ky(s)f(s)pL(s), (6.12)

and the source terms q; := % and ¢9 := Z—Z, respectively.

In order to close the system ((6.1.956.1.11)), we introduce Neumann bound-
ary conditions Vs-n =0 and Vi -n = 0 on 092 x [0, T], prescribe an initial
saturation

s(+,0) = so in Q (6.13)

and define the global pressure to have zero mean

/ Y(x,-)de =0 in Q x [0,T], (6.14)
Q

as it is defined up to a constant only, otherwise. For the first test of a
reduced scheme presented in this work, we refrain from a parametrization of
the problem.

In order to fulfill the prerequisites of the two—phase problem as it is

stated in [57] , the source terms must be of the form

q(s)=cg—sq and  qa(s)=(1—-c)g—(1—-s)g (6.15)

modeling injection or production wells, where ¢ € [0,1] is an injection con-
stant.
For details on the derivation of the global pressure formulation of two—

phase flow problems, we refer to [1§].
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6.2. Finite volume discretization

In this section, we summarize the fully implicit finite volume scheme
from [57] reformulated in a notation suitable for the model reduction in the
following sections. First, we need to introduce a new admissible mesh on
Q, on which we can store vector field information, and two finite volume

function spaces defined on the grid, respectively its associated skeleton.

Definition 6.2.1 (Numerical grid). Let T := {e;}/., denote a numerical
grid consisting of H disjoint and convex control volumes, a family of faces
F with o C Q for all 0 € F and a family of control volume centers {xz}fil
with x; € e; forv=1,..., H. Further properties of the mesh are:

(1) U£1€7 =Q,

(2) For any face o € F, we denote by z, its barycenter, and by m(o)
its one dimensional Housdorff measure.

(3) For any e, f € T with e # f, either the face measure m(eN f) =0
orénNf =& for aoc € F. The set of neighboring control volumes
is denoted by N'(e) := {f € T|m(en f) #0}.

(4) For any cell e € T its boundary is given by a set of faces F(e) C F,
1.e. Oe = UseF(e)0 -

(5) The connection of two points x;,x; is orthogonal to the face o4 :=
e;Ne; and its length is denoted by d;j = |z; —xj|. The length of the
connection from x; up to the intersection with the face is denoted

by di,a-

Furthermore, we define the mesh skeleton by

& = Upera. (6.16)

Definition 6.2.2 (Function spaces). Given an admissible mesh on Q, we
define the two discrete Hilbert spaces WhT and W,f These spaces are spanned
by basis functions {Xi}fil and {Xo},ce which are each constant and equal
to one on one grid control volume and face of the mesh, respectively. The
discrete functions in the finite volume function spaces are then piecewise
constant, and functions f7 € W;Lr, fé e W}f can be identified by their degrees
of freedom

=7l () = fl (x:) and (6.17)
fr o =TE(f5) = ff (20), (6.18)
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with the Dof functionals ¥] := {r}2 and ¥f = {Tf}aeg. The spaces are
equipped with scalar products

(uh,vh>th = / upvy,  and (6.19)
Q
<uh,vh>W5 = /Suh’l}h. (6.20)
Furthermore, we define the projection operator PZ— (L2(Q) — W,Z' by
1
with m(e;) being the measure of a control volume e; fori=1,... H.

Now, in order to discretize equations (6.1.9)-(6.1.11)), we define two non—

linear finite volume operators

L5 W x W8 s Wl (6.22)

LWl xwl - wt (6.23)
and one linear operator

£ W W (6.24)

discretizing the equations (6.1.9)-(6.1.11]).

The saturation operator is given Dof-wise by

(L5, [snoun)); = D golun, sp)

o€e€(e;)
mio;q
- Y )y " ) 629)
e; €N (e;) *
where p
fh,i + fh,j

is the harmonic mean on the edge o0;; and g, : W}f X W,T — R is an upwind
finite volume flux given as

Uy o, f(sni) ifupe, >0
J J

9o, (Up, sp) = (6.27)

304 s 3045 —
Upo f(Shy) if wpe,; <0.

The velocity operator is defined by

~—

m(oi;j

(L [sn, ¥n))y; = &M (sn)},,, (g — tn) (6.28)
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and the pressure operator by

(ﬁ" w, ) 3w (6.29)

ce&(e;)

Definition 6.2.3 (Finite volume scheme for two phase flow). Given a dis-
cretization of the time interval [0,T] by a sequence of K+1 strictly increasing
time instances t* := kAt, k=0,--- , K with a global time step size At > 0,

we are searching for discrete solutions
uf = (s uf k) e Wy, =W x Wi x W (6.30)
These are computed by an nitial projection
(s%,ug,wg) = (P}T[so},0,0) (6.31)
and subsequently solving the equation
L [ k+1 ul}cb+1’ £+1} —0 (6.32)

with the Newton—Raphson method. In each Newton step, we solve for the
defect oFTLv+1 ip

DLy| irs [5“1’”“} — L [ k1, ”} , (6.33)
h
where
quH’O =uf  and (6.34)
u;fl+1,V+l = uz+1,l/ + 6k+1,v+1 (635)

define the updates in each Newton step, and the solution at each time instance

tk is given by uk+1 = ui“’”’““‘(k). The last Newton step index vE . equals
the smallest integer v satisfying
Hﬁh [u’;“’”“} H <l (6.36)
Wi XWEXW, xR
Here, Ly[s), Rl k:+1’1/}k+1] evaluates to
1
(shtt =sh) = i [sh o ub ] =Pl la
At
k+1  k+1 k+1
L [3h+ Uy } — "
, (6.37)

Ly [ kﬂ} — P/ g1 + q2]

k
/ ph-i-l
Q

with the row entries corresponding to the discretizations of equations —
(6.1.11) and (0.1.14]) with operators defined in (6.2.10)), (6.2.13) and ,
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and the norm ”'ngxw;;xw,’fo given by

s, 11 = lsnllygy + Nl + Nl +lel (6.38)

6.3. Reduced basis scheme

In this section, we want to show how to reduce the Newton scheme
defined in Definition This reduced basis scheme is decomposable into
an offline phase with computations depending on the high dimension of the
original function space W) and into an online phase with memory efficient
and fast reduced simulations. In order to make this decomposition clear,
we first define the necessary reduced basis spaces and empirical operator
interpolants. Afterwards, we define the reduced basis scheme and analyze

its computational complexity.

6.3.1. Basis generation. In the following, we assume the existence
of three reduced basis spaces, one for saturation Wi, C WZ—, one for the

pressure Wﬁid C W}T and one for the velocity Wit C W}f . These shall be
spanned by reduced bases ®* := {5} with * = {s,u, ¢}.

Furthermore, the two non-linear operators need to be substituted by
empirical interpolants. Therefor, we assume the existence of two empirical
interpolations Zj, and Zy; for the empirical operator interpolation of the
non-linear operators £} and L}. The pressure operator £} does not need to
be interpolated, as it is linear in .

As we forgo parametrization in this problem, the reduced basis spaces
shall be obtained by a POD of the “snapshots” sﬁ’”,uz’y and w],i”’ for all

(k,v) € T, where
T:={(k,v) €0,...,K x Ny | ¥ < tnax} . (6.39)

Hence, the entire trajectory of solution snapshots and the intermediate so-
lutions generated by the Newton method are taken into account for basis
generation. With the PODy algorithm defined in Algorithm the re-

duced bases are given by
&% = PODy, ({*’;Lv” | (k,v) € T}) (6.40)

for x = s,u,1. Here the bases sizes Ny, Ny and Ny, are selected, such that
the smallest eigenvalue Ay, selected in the POD algorithm, is the only one
below a given tolerance 5%1)]3

The empirical interpolation data for the two operators is obtained by the
EI-GREEDY algorithm as described in Algorithm Note, however, that
the operators in our case are not parametrized, such that as for the greedy

algorithms, only the time steps and intermediate Newton steps are used for
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training of the empirical interpolation. For example, for the operator £} (u),

the training is done with operator evaluations

{ES [Sh ’uiy]}(k,u)eT' (6.41)

The resulting collateral reduced bases and empirical interpolation Dofs shall
be denoted by

£M = {‘Sm}m 1> £Mu - {gm}m 1>
Y - . (6.42)
S, o= {0 sl Sy, =l L C %

6.3.2. Reduced scheme. The derivation of the reduced basis scheme
is now straight—forward. With the help of reduced basis spaces defined above,
we can generate the reduced operator

Lred : Winq X Witg X Wed — Wig X Wieq X Wed x R. (6.43)

The numerical scheme in Definition can then be reduced by searching
for reduced solutions

Ured ‘= <S]r€ed7 u’;edv wfed) € Wred X Wrtvls-d X W;id (644)

for which in each time instance the residual of the reduced operator evalua-
tion

Lrealshhl ubtl gkl (6.45)
gets minimized. This operator is defined similar to its high—dimensional
counterpart in by

1
k+1 k s k+1 k+1
E (Sred - Sred>  Fred |:Sred 7ured ] 7DI‘ed.[ ]

u [kl gktl] _ gkt
red |Sred » Pred Upeq

k41 ’
Eid |:ure—|<—i :| Pred [Q1 + q2]

k+1
/ Pred
Q

where the operators £7, L} and .C are replaced by reduced surrogates de-

(6.46)

fined as
fed = ,Pfsed © IM.s [E?L] ) (647)
wd = Prq o, [L£h] and (6.48)
LY =Pl oLy (6.49)

P ed * Ww - Wred

with orthogonal projection operators P  : Wy — W2, P,

and Prly : Wit — Wi,
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For easier analysis of the computational costs during offline and online—
phase, we want to formulate the above sketched scheme in a vector—valued
form based on the few degrees of freedom of the reduced solutions.

Definition 6.3.1 (Reduced two—phase flow scheme). We assume a numeri-
cal scheme as defined in Deﬁm’tion with operators Lj and L} fulfilling
an H—independent Dof dependence and two empirical interpolation operators
I3y, and Iy with associated collateral reduced bases &}, 5‘]\‘/[“ and empirical
interpolation Dofs X3, and XY, . Furthermore, there are three orthonormal
reduced bases @ with x = s,u,v.

Then, we define the following numerical scheme, for sequentially express-

ng
o the reduced solutions

N, Ny
k k k k
Sred = Z an@fm ured Z bn(pnv wred = Z CnQD:gL)? (650)
n=1 n=1

e the intermediate Newton step solutions

Nu
k k k k,
red o Z nVQOfL, Upeq = Z bn VQO;LI’ red - Z V@n? (651)
n=1

e and the Newton step defects

Nu Ny
Zafi”sofm D bhren, Y arey (6.52)
n=1 n=1
by computing the coefficient vectors
N Ny N,
ak = (aﬁ) , b* = (bl;;) , ck = (cf’;) v , (6.53)
n=1 n=1 n=1
N Ny
ah = (agf,v) . bk .= (b’;}”) . (cggw) Y (6.54)
n=1 n=1 n=1
Ns . ~ Ny N,
g — (a,’f;”) R N (b’;;’”) R (5’:;”) Y (6.55)
n=1 n=1 n=1
for (k,v) € T.

The initial vector is simply obtained by projection onto the reduced basis

spaces. As all bases are orthonormal, the following applies:

¢
al = ((50,4,0‘;)),\,2 7""<807908N5>Wi) (6.56)
b’:=0 c’:=o0. (6.57)
Then, for each time index k =0,..., K — 1, we compute Newton iterations

by finding the defects (%" bk &P and solving for v =0, ..., Umax(k) — 1
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the equation
aFtLvtl | A¢g (ak+1’”,bk+1’”,ck+1’”) |:E~lk+1,u+17Bk-ﬁ-l,u—&-l’ék—&-l,u—‘rl]
— _RFK (ak-l-l?z/’ bk-i—l,z/’ Ck+1,u> (6.58)

and computing the residual

REHLL . RE (ak+1’” BE+1 Ck+1w) (6.59)

with updates
N R gkl bl ktLy | ghtlutl (6.60)
fhtl kL vnax (k) (6.61)

for x = a,b,c. The number of Newton steps vmax(k) in each time step is
chosen as the smallest integer v., such that the residual norm drops below

the specified tolerance for the Newton scheme, i.e.
HRK‘+1,I/+1H < €New' (662)

Here, the right hand side vector Rk(a,b, c) € RN N := N, + N, + Ny,
is defined by
a—a* + C%1° (a,b) — z°

C"1" (a,c) — b
6.63
LYb —z¥ ( )
(i¥)'e

and the Jacobian J(a,b,c) € RNTN s defined by

C15% (a,b) C*1°" (a, b) 0

Ccuws —Id cuuwy
(a7 C) (a’ C) (664)

0 LY 0

0 0 (i)

The matrices and vectors in the above equations can be splits into offline and
online components. During the offline phase, the matrices C° € RNs*Ms
Cu ¢ RNuxMu 1,9 ¢ RNuxNu gnd the vectors z° € RNs, z¥ ¢ RV i¥ € RNv

need to be computed, each component—wise defined by

(C)nym = (Eoms Erd s » (6.65)
(CY) o = m >W“ : (6.66)
(L“’ L <<p [ ]> , (6.67)

(2°),, = (a1, en)ys - (6.68)

L I
(#) = (a+amwt) (6.69)

h
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and

<i¢’>n = /ng;f;. (6.70)

n , the jump operator [] : W}T — W}f given by [uplo,; = Uni — unj
for all o35 € F is used. It measures the jump of a finite volume function over
the mesh faces.

During the online—phase, the Dof-wise operator evaluations 1* € RM= for
x = s,u, I9* € RMsXNs for « = s u and 1%* € RMoXNs for « = s, 4), need to

be computed. They are Dof-wise defined by

-
0 (o)), i 7 (zz Zazs@,,zbm ) 6.71)
- _

55 ZCLZQDZ,ZCZ'QD?) )a (672)

(I"(a,c)),, = Bl

s,m

H

(I*%(a,b)),,, := Z s (Ls ZachZ,Zblgol ]) (6.73)
j=1

(0 (a,b)),,,, = ai w2 (ﬁs Zal%,zb@%]) (o), (674
oce€
<)

(1"% (a, C))mn = Z EI% Tf,{n Ly Zaz(pwzcz@z ) (), (6.75)
j=1 A
H 9 N,

(luﬂ/’ (a,c)) :ZZ—wTEIm Ly Zaznpl,ZcZgol 75 (p?). (6.76)

me i ox; i=1 i=1

We refer to Chapter[q for a discussion on why all these coefficients can be

computed efficiently at constant cost O(1).

(]6.3.27[) (]6.3.28[) (]6.3.29[) (]6.3.30[) (]6.3.31[),(]6.3.32[)
O(N;MH)|O(MuNuH) |O(NuNyH) |O(NH) O(NyH)
TABLE 6.3.1. Costs of offline matrix computations

The costs for pre—computing the offline matrices f are
summarized in Table [£.3.1]

The assembling of the residual has complexity O(Ng Mg+ Ny My+
NyNy) which is assumed to be significantly more efficient than the detailed
operator evaluation of complexity O(H). The assembling of the
Jacobian ) has complex1ty O(Ns(Ng 4+ Nu)Mg + Nu(Ng + Ny) My +
NyNy). In thls respect, the reduced scheme might struggle to compete with
its detailed counterpart, where the Jacobian assembly still takes O(H), but
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(a) Permeabilities
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FIGURE 6.4.1. Plots of chosen data functions: (a) kuw(s), ko(s),
(b) f(s), M(s), (¢) pe(s) and (d) K(s).

with a larger constant factor. However, the most costly computations in the
detailed scheme is the solution of the linear equation system, which adds up
to O(N?3) for the reduced scheme and in the detailed scheme O(H?) in case
of Gaussian elimination or O(H Niter) for an iterative solver with a maximum

number of iterations Nijter.

6.4. Numerical experiments

In our experiments with the reduced basis method for the two—phase flow

problem (§6.1.9)-(6.1.11)), we use similar data functions like in [57]:

k=1,
M(s) = ku(s) + knw(s), f(s) = ’Egz; ind (6.77)
pe(s) = —0.5 L ; i

Some of the above data functions are depicted in Figure [6.4.1] Here, es-
pecially the diffusivity, the fractional flow and the mobility functions are

interesting in order to understand the non-linear behavior of the equation.
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0.4

FiGURE 6.4.2. Illustration of saturation concentration, and
contour plot of pressure field with velocity flux at time in-
stances (a) t = 0.25 and (b) ¢ = 0.5. The snapshots are
reconstructed from a reduced simulation.

The source and sink terms (6.1.15)) are given as characteristic functions
on circles B(z,r) := {x € R?| ||z — 2| < 7’} by

q =10 1B((0.5,0.8),0.01) T 20 1B((0.2,0.2),0.01)
q =30 15((0.8,0.5),0.01)

and the injection constant ¢ = 0.8. The initial saturation is set to 0.5 on the
entire domain Q := [0, 1]%. The final time T is set to 0.5.

6.4.1. Discretization. For the finite volume discretization a rectangu-
lar mesh with 400 control volumes and a time step length of At = 0.01
is used. Solution snapshots reconstructed from reduced simulations of the
three unknowns at ¢ = 0.25 and ¢t = 0.5 are depicted in Figure [6.4.2] We
observe non—linear flow from the two sources at the top and the lower left of

the domain to the sink on the right.

6.4.2. Reduced basis method. After computing the trajectory of so-
lution snapshots with the scheme described in Definition a POD is
applied to compute the three reduced bases ®°, ®“ and ®¥. Discarding all
POD modes with eigenvectors less than EFO?D := 1075, the resulting basis
sizes are Ng = 28, Ny = 72 and Ny = 34.

The empirical interpolation basis and interpolation points for the non—
linear operators £; and L} are derived with the EI-GREEDY algorithm for
Etol = 1078 resulting in basis sizes My = 387 and M, = 386. The error

convergence and the selected interpolation points are illustrated in Figures
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(NSaNuan) (Ms, My) |[sh — Sred|l |¥n — Yreall  time

(28,72,34)  (387,386) 6.2-107° 4.11-10~* 30.15
(28,72,34) (75,75)  1.03-107* 2.11-107% 21.56
(28,72,34)  (75,125) 7.59-107° 8.69-10~* 20.61
(28,72,34)  (125,125) 8.31-107° 8.26-10~* 21.37
(23,58,28)  (75,125) 2.47-107* 2.55.1073 18.24

TABLE 6.4.1. Error and timings of reduced simulations with
different basis sizes.

[6.4.3] We observe that the EI-GREEDY chooses the interpolation Dofs at dif-
ferent grid cells for the two operators resulting in two substantially different
sub—grids. Both empirical interpolation algorithm show an exponential con-
vergence. Table illustrates the reduced simulation computation time
and the L?(Q) error between high dimensional and reduced discrete solutions
for saturation and pressure. As the computation time of a high dimensional
simulation is about 52 seconds, the computational gain is about 2.5. We
observe that the empirical interpolation basis is oversized, as a reduced sim-
ulation with basis sizes (M, My) = (75, 125) achieves similarly good results
as with all basis vectors. So, a combined generation of basis space as pro-
posed in Algorithm for scalar equations, is desirable in the future.

(a) EI Error decrease (b) EI Dof selection
0
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S, Rt - -8 - '
_ | \‘ N | - _‘ _’a:‘\ 1 L
| 10 b L T e
5 \ -: + - - o * ' t
h \uw‘“ 1 || i i f
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| | |
0 100 200 300

Basis size: M

FIGURE 6.4.3. (a) Hlustration of error convergence of EI-
GREEDY algorithm for operators £; and L}'. (b) Illustration
of selected interpolation DOFs for operators L7 (control vol-
umes) and L}' (fluxes over faces). Darker shades of marked
control volumes and longer arrows represent earlier selected

DOFs.



CHAPTER 7

Abstract software framework

In this chapter, we derive and define an abstract software concept, which
can be used to efficiently implement a reduced basis scheme based on exist-
ing software code for numerical solvers of high—fidelity problems. It includes
the entire execution cycle of the reduced basis method, including basis gen-
eration, offline-/ online decomposition and rapid reduced simulations with
efficient error estimates.

The key properties of the software concept shall be the following:

(1) hardly intrusive extension: It shall be possible to rapidly extend
a programmer’s favorite code of a solver for parametrized partial
differential equations, such that it can be used as a reduced basis
scheme.

(2) software decomposition: High—dimensional computations and low—
dimensional computations can be separated from each other, such
that they can be executed on different computer architectures.

(3) reduced basis library: The entire reduced basis machinery as de-

scribed in the previous chapters shall be integrated.

The first property is the most important one: The necessary changes to
an existing numerical solver code should be hardly intrusive. It is notewor-
thy, that during the offline phase at least access to the system matrices is
necessary. Therefor, a non—intrusive black—box approach, where the code of
the underlying high—dimensional scheme does not need to be changed, is in
most cases impossible to realize. Especially commercial software packages
often regard matrices and data functions to be private and do not allow to
hand it over to the user. In open source software solutions, however, exist-
ing implementations can be adapted. Reduced basis methods for the open
source software LIBMESH, e.g., have already been implemented in [47].

The second point deals with the fact, that the hardware and development
requirements for high—dimensional and low—dimensional computations differ
significantly. On the one hand, high—dimensional numerical solvers often de-
mand high performance, parallel hardware architectures, and therefor often
have a code base developed in C++ and Fortran. On the other hand, the re-
duced computations can be implemented on less demanding hardware devices

95
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which provide higher mobility and less development effort. For example, in
[41] a reduced basis application running on smartphones is introduced.

The outline of this chapter is as follows: We first want to analyze the
general demands of a reduced basis software. For this, we first introduce
a simple example for a general stationary partial differential equation in
Section [7.1] This serves as a useful base for the identification and exemplifi-
cation of the core reduced basis method components, because it is liberated
from most technical peculiarities. Afterwards, we describe the functional-
ity of the software package RBMATLAB which was originally developed by
Bernard Haasdonk. All numerical examples in this thesis are developed with
this Matlab based software, and such, we want to use it as a basis for our
general software concept introduced in Section We want to exemplify
this concept by the means of another C++ based software package, called
DUNE-RB. In Section the functionality of DUNE-RB is described and we
discuss which parts of our software concept it implements. We conclude with
a proof of concept by running the entire reduced basis method execution cycle
on a simple Poisson problem in Section and by a discussion on imple-

mentational extensions which are necessary for the handling of non-linear

problems in Section

7.1. Stationary reduced basis scheme

Although the goal of this chapter is to describe an abstract framework
for all kind of reduced basis problems, on occasion, we want to refer to a
simple linear example. For a clearer exposition, we omit technical difficulties
like non-linear operators and time dependence. In this section, we define
a parametrized problem based on a stationary partial differential equation.
Implementation details for the handling of non—linear operators with empir-
ical operator interpolation are commented on in Section

In this section, we define the abstract high—dimension discretization
scheme, together with its corresponding reduced basis scheme and a pos-
teriori error estimate. Based on these definitions, a proof of concept for the
abstract framework is given in Section ?? for a finite volume discretization

of a parametrized elliptic partial differential equation.

Definition 7.1.1 (Analytical problem formulation). Given a Hilbert space
W, a parameter space M C RP of dimension p, for each parameter p € M,
we want to solve for solutions u(pu) € W, such that

L(p) [u(p)] = b(p), (7.1)

with a linear, reqular differentiable operator L(w) : W — W and a function
b(p) € W.
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In order to discretize the above problem, we restrict the Hilbert space
W to a discrete space Wy, C W of dimension H.

Definition 7.1.2 (Numerical scheme). Given a discrete Hilbert space Wi, :=
span {wi}fil C W spanned by basis functions v;,i = 1,..., H, and a pro-
jection operator Pp : W — Wh, for each parameter p € M, we want to solve
for discrete solutions up(p) € Wy, such that

Ly () [un(p)] = br(p), (7.2)

with a linear discrete operator Lp(p) : Wy, — Wy, approximating the analyt-
ical one Ly, = L|y, and projected functions by(p) := Pp o b(w).

We also define matriz representations Lp(p) € RE*H and by (p) € RY,
such that finding u,(p) € RE, with

Ln(p) [un(p)] = (k) (7.3)
is equivalent to via up(p) = K u i( )i Here uh( ) denotes the

i-th component of the Dof vector of up(w).

Now, if we substitute the discrete function space by a reduced one W,eq C

Wy, of dimension N < H, we can obtain the reduced scheme via

Definition 7.1.3 (Reduced basis scheme). We assume a reduced basis space
Wreq 1= span {Lpn} _1 C W, with an orthonormal basis ® := {cpn} _, w.r.t.
to the scalar product (-, >Wh, and a Galerkin projection Preq : Wi — Whed
satisfying

(Prealul, v)yy, = (u,v)yy,  for all v € Wheq (7.4)
for all w € Wy. Then, for each parameter p € M, we want to solve for
reduced solutions Uyeq(pt) € Wred, such that

Ered(ﬂ') [ured(ﬂ)] = bred(“) (75)

with projections Lieq(pr) := Pred © Ln(p) and breq := Preq © bp(p). The
corresponding matrices Loeq(p) € RN and bred (1) € RN can be computed

by
Lrea(p) = (La(n)®@) W and (7.6)

brea(ps) := (bn(p))' W, (7.7)
RHXN

with colummn matrices set to the Dofs
RHXH

with a reduced basis matriz ® €
of the reduced basis functions pn and a weighting matriz W € such
that

u'Wo = (u, V)yy, for allu,v € Wi (7.8)

Furthermore, an error estimate for the reduction error in the norm ||-},,,

can be easily obtained just like in [38].
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Lemma 7.1.4 (Error estimate). We want to bound the approzimation error
between solutions up(p) € Wy, of the scheme from Definition and re-
duced solutions ureq(pr) € Wred from Definition [7.1.3. If, for every p € M
there is a constant C(pn) > 0 with

Jentn ], <. (79)

the approzimation error can be bounded by

l[un(p) = urea () llyy, < n(p) := C(p) [R()|| (7.10)

with the residual

R(p) = Ln(p) [urea(14)] — bn. (7.11)

ProoFr. With e(p) := up(p) —ured (p) from the linearity of the operators
Ln(p), it follows that

Ln(p) le(w)] = Ln(p) [un(p)] — Ln(p) [trea(pr)]

= L) [un(p)] — bn(p) +R(p). (7.12)
=0

Thus, (7.1.9) leads to the proposition
(e, = |[(ate) ]|, 1Ry, < C) Ry, - (713)

0

In order to obtain an efficient offline-/online decomposition, we want to
assume that the operators L;(p) and the functions by () are separable in

the parameter, i.e. there exist decompositions

Qr

o) =Y on(w)Cl and (7.14)
q=1
Qb

br(p) = ob(p)b. (7.15)
q=1

with coefficient functions op,0p : M — R, linear operators E% W, —
Wh,q = 1,...,Qr and functions bz € Wy,qg =1,...,Qp. In this case the
required parameter dependent reduced matrices and vectors can be obtained
by a linear combination of parameter independent reduced matrices and
vectors. We want to summarize this offline-/online decomposition in the

following by the next definition and lemma.
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Definition 7.1.5 (Offline-Phase). During the offline phase for the scheme,

the following reduced matrices and vectors need to be computed:

Liea = (ﬁi@)tW@ forq=1,....Qr, (7.16)
blg = ()'We forqg=1,...,Q, (7.17)
KLY = (ﬁi@)twiﬁ{@ forq,d =1,...,Qr, (7.18)
mfgé = (ﬁqi)) Wb;{ forq=1,...,Qr,d =1,...,Qp and (7.19)

= (b)) W fora,d =1,...,Qs. (7.20)

The dimensions of all these matrices depend on the dimension of the reduced

basis space N.

Lemma 7.1.6 (Online-Phase). Given the matrices from Definition[7.1.5] the

parameter dependent reduced matrices and vectors can be efficiently computed
forallp e M as

red ZU% red’ (721)
red Z O—g red7 (722)
QL ) ,
Kiea(p) = Y of(m)o] ()KL, (7.23)
q,q'=1
QL @
Mred () = Z Z ol (p ?gg and (7.24)
g=1¢'=1
Qo , )
meea(p) == Y of(wof (m)ndl. (7.25)
¢,q'=1

The residual norm ||R(p)llyy, from Lemma is also efficiently com-
putable by

IR(w) I3y, =

(ured(“))t Kred (U)Ured(“) -2 (ured (.UJ))t Mred (N) + nred(u)- (7'26)

ProOOF. The efficient computability of ((7.1.21))-(7.1.25)) follows from the
fact that all matrices from Definition are low dimensional. Thus, also
equation (|7.1.26) is efficiently computable. Furthermore, it can be eagily
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seen, that
IR() 3y, = (R(m), R(1))yy,
= (Ln (1) [tred ()] = bn (), Lo (1) [trea ()] = On (1)),

= (ttrea (1)) Kred (12)tred (1) — 2 (trea (12)) miyed (12) + npea(pe).  (7.27)
O

7.2. Overview on RBMATLAB

The Matlab based software package RBMATLAB is a library of functions
useful for reduced basis method implementations. For rapid prototyping, it
comes with numerical schemes for several finite volume and finite element
discretizations of parametrized partial differential equations in one or two
dimensions based on rectangular or triangular grids. For all these schemes a
reduced counterpart exists, which can be used to efficiently compute solutions
on a reduced basis space. For the generation of the reduced basis spaces and
empirical interpolation data, all the algorithms described in Chapter {] are
implemented.

In this chapter, we do not want to delve into the details of the above
implementations, but analyze the main parts of the software and how these
interact with each other. From these observations, we will derive necessary
interfaces for other software packages in the next section.

First, we concentrate on the general course of action in RBMATLAB that
can be regarded as a user interface for both the offline phase of a reduced
basis method execution cycle and the efficient simulations during the online
phase. Figure illustrates the main methods in the order as they are
called and describes them shortly.

The first step is optional and can be used to construct parameter in-
dependent high—dimensional data structures which is important, if e.g. a
complex grid structure is needed for every detailed simulation. In this case,
it can pay off to externalize the initialization into a parameter independent
call. The method gen_detailed_data in step 3 handles the generation of re-
duced basis spaces and empirical interpolation data as described in Chapter
M In the function body, no high—dimensional computations shall be pro-
cessed. Instead all these computations shall be encapsulated in specialized
method calls, as sketched in Figure for the example of an abstract
greedy algorithm. The same holds true for the next step, in which low-
dimensional, but still parameter independent Gramian matrices and vectors
are assembled. The time and memory demanding assembling is delegated to
the method rb_operators. In Table possible calls of this method are
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model_data=gen_model_data(model)

Constructs parameter independent high dimensional data for simula-
tions, e.g. a mesh of the domain.

sim=detailed_simulation(model, model_data)

Computes parameter dependent high dimensional solutions wup, (@) as in

Definition [T.1.21

detailed_data=gen_detailed_data(model, model_data)

Generates reduced basis space for example by an algorithm from
Chapter @l For the example from Section we would use the
BASIC-GREEDY algorithm by calling high dimensional methods:

detailed_data=init_data_basis(model, detailed_data)

Initialize reduced basis space

detailed_data=rb_extension(detailed_data, u)

Extend reduced basis space by wup ().

and one that evaluates the error estimate n(p). (c.f. Algorithm [4.2.1))

reduced_data=gen_reduced_data(model, detailed_data)

Generates reduced vectors and matrices as in Definition using the
method
[Gramians] =rb_operators(model, detailed_data, op, 1)

C.f. Table [7.2.1] for details.

rb_sim=rb_simulation(model, reduced_data)

Computes a reduced solution Dofs u,eq(pt) and the a posteriori error
estimate 7(u), e.g. as in Definition and Lemma [7.1.4

sim=rb_reconstruction(model, detailed_data, rb_sim)

Computes a reduced solution uyeq(p).

p=plot_sim_data(model, detailed_data, sim)

Visualizes a vector given by sim, this can be obtained by a detailed sim-
ulaton uyeq () or as a reconstructed reduced simulation uyeq(p)-

FIGURE 7.2.1. Illustration of the course of action for reduced
basis methods in RBMATLAB. Method calls involving high—
dimensional computations are surrounded with gray shaded boxes.
The data structures model_data, sim_data and detailed_data
are high-dimensional and depending on O(H), reduced_ data,
Gramians and rb_sim are low-dimensional data structures de-
pending on O(N).
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computed low dimensional Dof vector.

illustrated for the general example from Section Finally, in step 5 the
reduced basis scheme and the error estimator can be efficiently computed.
Here, it is also possible to compute an output functional. If the user wants

to visualize the reduced simulation, it needs to be reconstructed from the

additional steps.

Thus, the visualization takes two

rb_operators(model, detailed_data, decomp_mode, opstring)

‘ decomp_mode

opstring
| L | 2
<®, B>_UW | (o'Wo) | {1}
Q
<LL[P], ®>_W {(ﬁi@)tWQ}q:l {07 (1) f:LI
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TABLE 7.2.1. Illustration for the computation of Gramian
matrices with the rb_operators method. The table shows
possible return values for various arguments decomp_mode
and opstring.

7.3. Software concept

Now, that we have understood the main functions in RBMATLAB and

got an overview on the methods involving high—dimensional computations,

we want to define an abstract concept based on the main software parts that

we can identify in any reduced basis application.

These parts are

e a detailed scheme, providing a solver for parametrized solutions, and
also visualization routines,

e basis space manipulation, i.e. the storage handling and the algorith-
mic extension of reduced basis spaces and empirical interpolation
data,

e a reduced matriz assembler, which efficiently computes reduced ma-
trices as illustrated in Table [7.2.1
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Ficure 7.3.1. Call graph for main software parts in RB-
MATLAB. The numbers refer to the steps in the course of

action in Figure

e a basis generation algorithm, like the greedy algorithms defined in
Chapter

e a reduced scheme conducting all reduced simulations, including the
computation of output functionals and error estimates, and

e the user interface as described in the previous section.

Figure illustrates the call graph between these software parts as it
can be observed in RBMATLAB. From these calls, we can derive the necessary
interfaces the software parts need to provide. The numbers next to the
arrows indicate the step numbers in the usual course of action as described
in the previous chapter and in Figure [7.2.1] The internal calls which are
not accessible through user interface are denoted with small letters. In the
following, we want to define these internal calls and and analyze them.

Call (a) depends on the selected basis generation algorithm. It is very dif-
ficult to generalize, because the requirements of basis generation algorithms
can differ significantly. For greedy algorithms based on the X-GREEDY from
Algorithm [.2.1] however, the basis space manipulaton part needs to provide
methods for the initialization of the reduced basis and for an incremental
extension.

The reduced matriz assembler needs via (b) access to all operators and
functions which are separable in the parameter and utilized by the detailed
scheme. So, it requires an interface for operators and functions which con-
trols access to their parameter independent components and defines a unique
identifier, such that the assembler can be used as in Table[7.2.1] On the other
hand, the matrix assembler needs access to the reduced basis functions via

(c), preferably returned as a matrix of column vectors.
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Ficure 7.3.2. Call graph for main software parts in our
abstract software concept. High—dimensional parts can be
strictly separated from the low—dimensional ones. The num-
bers refer to the steps in the course of action in Figure [7.2.1

As during basis generation the reduced basis spaces are enriched with so-
lution snapshots from the detailed scheme, the basis space manipulation part
needs to initiate such high—dimensional simulations. This call (d), however,
is equivalent to the user interface call (2.).

The figure also nicely depicts the strict separation between high—dimen-
sional and low—dimensional computations. As the goal is to strictly separate
these two, in order to make use of specialized hardware architectures and
software tools, we split the parts and such allow them to exist in two dif-
ferent programs with a client—server communication part in between. The
result is illustrated in Figure [7.3.2] All calls bridging the boundary between
the low- and the high—dimensional software parts, i.e. (2.,4.,6.,7.,a), need to
communicate their requests via a communication interface which forwards
the request to a server. Note, that only low—dimensional data is communi-
cated.

Additionally, we suggest to split the high—dimensional software into two
tiers in the face of rapid re—usability of existing detailed schemes. Tier Iis the
problem dependent part that needs to be adjusted for every discretization
by the implementation of interfaces for (2.,7.,b), whereas tier IT can be
considered as more robust and needs to be adjusted for new basis generation

algorithms only. Note, that the data containers utilized in the two tiers may
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differ significantly as well. Whereas tier I usually deals with linear algebra
on sparse matrices and vectors, tier II requires dense linear algebra routines
and containers.

In the next section, we focus on the software package DUNE-RB which
implements many methods in tier II, provides interfaces and example imple-
mentations for tier I and provides methods for TCP/IP communication with
RBmatlab. Thus, it brings the flexibility and power of Dune to the reduced
basis world.

7.4. High—dimensional computations with DUNE-RB

The C++ software Dune [3] 2] has been developed for rapid and efficient
implementation of numerical solvers for partial differential equations which
are based on grid—based methods. Many existing solver implementations can
be run efficiently on high performance hardware architectures. Due to its
interface based design, pursuing the goals of re—usability and exchangeability
of code parts, Dune is a perfect extension for our reduced basis framework.

Dune comes as a collection of smaller software units packaged as modules.
The most important modules include

e DUNE-GRID providing a common interface for structured and un-
structured, conforming and non—conforming, parallel grids, and im-
plementations of those,

e DUNE-ISTL for solvers of linear and non—linear equation system and
containers for efficient storage of sparse matrices and vectors,

e DUNE-LOCALFUNCTIONS provides a library of so—called local basis
functions which are defined on a generic reference domain only, and
from which global basis functions can be constructed in an abstract
and efficient way, and

e DUNE-COMMON comprising basic data functions, like dense matrices
and vectors, and auxiliary scripts that help to automatically resolve
dependencies between Dune modules.

Furthermore, there exist different modules with implementations of dis-
cretizations for partial differential equations which are based on the listed
core modules. Examples for this discretization modules are DUNE-FEM,
DUNE-PDELAB and DuMu*, which are based on the above core modules.

Our own Dune module DUNE-RB shall be build on top of such discretiza-
tion modules. In [26], we showed how a simple linear evolution problem im-
plemented in DUNE-FEM can be turned into a reduced basis aware scheme.
In this presentation, however, we will conclude with numerical experiments
for a simple elliptic problem based on a DUNE-PDELAB implementation. The
DUNE-PDELAB module suits our needs very well, as its implementations are
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operator based, and allow a simple substitution of linear solvers and matrix-
/vector containers. Especially, the last fact is of high interest for us, because
as discussed earlier, the requirements on a linear algebra library differ cru-
cially between the two high-dimensional software tiers I and II. Whereas
numerical schemes usually depend on sparse operators and linear algebra
algorithms, the assembling of the reduced matrices and vectors and the re-
duced basis generation require efficient dense matrices and routines for tasks
like eigenvalue computations or orthogonalization. One software library that
comes with efficient implementations for both tiers, is the linear algebra pack-
age EIGEN which is used in our numerical experiment.

7.4.1. Interfaces. In the following, we describe the most important
interface classes that ensure its implementations provide the necessary func-
tionality in order to make all the calls depicted in Figure

7.4.1.1. Interfaces in tier I. In tier I, we have two main interfaces: First,

the Detailed::Solver: :Connector: :Interface comprises methods

e solve() for calls (d) and (2.), computing a detailed simulation for
a specified parameter vector and returning the resultant Dof vector,

e visualize() for call (7.), writing a vtk file to the harddrive which
can be visualized by external programs then and

e getSystemMatrix() and getSystemVector() in order to return
problem dependent matrices and vectors that need to be reduced.
In the example from Section [7.1], the operators £, (p) and the func-
tions by, (p) are returned here.

If separable, the system matrices implement interface classes denoted by
LA::SeparableParametric::IMatrix and ::IVector. These classes have
methods

e component (), returning the g-th parameter independent compo-
nents of a separable decomposition, e.g. £,

e coefficients(), for the parameter dependent coefficient functions,

e.g. (J%)qQ:LI, and

e symbolicCoefficients(), returning strings that can be evaluated
in Matlab as function handles such that during a reduced simula-

tion, we can omit to communicate with the detailed scheme.

Furthermore, every separable matrix or vector needs to have a unique iden-
tifier string. The above interfaces standardize the call (b).
7.4.1.2. Interfaces in tier II. In tier II, we have two main classes: the
reduced basis space 0ffline::Space::RB and a tool to assemble reduced
matrices for linear evolution problems 0ffline: :Generator::LinStat.
The reduced basis space comes with a method
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e reconstruct (), which reconstructs a low dimensional Dof vector
in the original high dimensional space by a linear combination of
the basis functions. This is for call (6.).

e several methods in order to add, remove or return basis functions.
The latter is needed for call (a) and (¢). The other only for (a).
However, depending on the implementation of the basis generation
algorithm, it might be necessary to extend the implementation.

The other class derived from 0ffline: :Generator::Iterator provides
exactly the functionality as the RBMATLAB function rb_operators, and it
is needed for call (4.).

7.4.1.3. Communication interface. As the reduced basis method is split
into two independent units, data needs to be transferred between RBMATLAB
and DUNE-RB efficiently. For this, DUNE-RB comprises implementations of
serializeable data container interface MatlabComm::SerializedArray. Its
two implementations RBMatrix and MXMatrix both mimick the behavior

YY1

of the classical Matlab data containers “matrix”, “struct”, “cell array’

?

and
“string”. RBMatrix utilizes the STL data containers and Eigen matrices for
the underlying data storage, whereas the data in MXMatrix is stored in the
mxArray data structure provided by Matlab. As both implementations can
be serialized they can be interchanged via TCP/IP connections or over the
hard-drive.

We have two possibilities in order to connect the two software units
RBMATLAB and DUNE-RB:

(1) Either we compile the program based on DUNE-RB as a mex-library,
which allows it to be called directly from the Matlab prompt, or

(2) we compile it as a server waiting for TCP /IP communication from
the RBMATLAB side.

In both cases, calls bridging the barrier between both units are initiated from
RBMATLAB by a method call of the form

[retl,ret2]=mexclient(’operation’,argl,arg2)

where operation is the name of an interface function, e.g. rb_operators.
The arguments and return values are wrapped as std: :vector<MXMatrix *>
objects by the mex library. For the client—server case, these arguments are
then serialized as std: :vector<RBMatrix *> objects on the server side. For
this reason, the server does not depend on the Matlab mex library. This
is also why we prefer the second alternative, because the compilation of a
complex C+-+ program as a mex library can be very difficult as certain
constraints on the compiler versions and options apply.
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The main classes for the communication between the two software units
are either MatlabComm: : Server: :MexLibrary for compiling a program as a
mex library or MatlabComm: : Server: : Sockets for compilation as a TCP /TP
server. Both of these classes are singletons which must be bound to a so—
called server facade. A server facade object is always derived from the inter-
face class MatlabComm: :Facade: :Base and has an entry point

void mexFunction(std::vector<RBMatrix*> largs,
std: :vector<RBMatrix*> rargs);

from which methods defined by the operation string, stored in rargs[0]
can be called. Thus, the server facade can be seen as a second user interface,
as it gathers all the methods a DUNE-RB program provides and makes the
high—dimensional software parts from Figure available to Matlab.

For example, for the general stationary problem defined in Section [7.1]
the following methods are defined in our facade MatlabComm: :Facade: :LinStat
implemented in DUNE-RB:

e gen_model_data,

e detailed_simulation,
e init_data_basis,

e rb_extension,

e rb_operators,

e rb_reconstruction and

e get_rb_size.

7.5. Example: Poisson problem

In this section, we provide a proof of concept for our abstract con-
cept described above by implementing a finite volume discretization of a
parametrized elliptic problem. Earlier, in [22], we used DUNE-RB with a
linear evolution problem based on the discretization module DUNE-FEM
[20].

Here, we want to solve a Poisson problem on a bounded domain € C
RY, d = 2,3, and find functions u € BV () N L>(Q) C L2(), such that the
partial differential equation

—kAu —mu =1 in Q (7.28)
u=0 on 0f) (7.29)
with zero Dirichlet boundary conditions and parameters k,m > 0 is fulfilled.

The parametrization of the problem is realized by parameter vectors p :=
(k,m) € M :=1,10] x [0,0.2].
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For discretization, a finite volume scheme as in Section is used,
based on a discrete function space W, spanned by H basis functions whose
support is bounded to elements of an underlying admissible grid 7 as given
in Definition [3.1.2] Then, we obtain a numerical scheme as in Definition
by specifying the separable discretization operator

Eh([,t) = kLqgig + mLiyg (7.30)

with the negative identity operator component Liq : Wy — Wy, up — —up,
and the Laplace operator component Lqig : Wy, — Wy, defined by

1 Up,. i — Uhsg
(Laist [un]); = — Z Shg — Bhii

] s 17—l

eij\, izl,...,H. (731)

The right hand side function is parameter independent and fixed to the
constant function
br(p) = 1. (7.32)
Figure depicts solution snapshots for various parameter configura-
tions. For m = 0, the solutions are scaled by the first parameter k, such
that a single reduced basis functions is enough to approximate these func-
tions. The parameter m increases the steepness of the solutions close to the
boundary of the domain. Due to the generality of the grid implementations
in Dune, the computations can be carried out in two and three dimensions.
As described in Section the reduced scheme from Definition
and the error estimate from Lemma [7.1.4] can be applied. For this reason,
we can create a reduced basis space Wieq C W), spanned by basis functions
{gon}nNzl with a greedy algorithm. In this case, we use the BASIC-GREEDY
algorithm as defined in Section [4.2.1]

7.5.1. Implementation. The numerical scheme including the discrete
operators are implemented based on the discretization module DUNE-PDELAB
which provides classes for the assembling of operators based on local operator
restrictions.

As described in Section for the extension of the scheme in DUNE-RB
only the tier I software parts are necessary. In our case, the numerical scheme
is wrapped by a class called Detailed: :Solver: :Connector: :PoissonCCFV
exporting the detailed simulation, the separable operators and the right hand
side function, and a method to write out a vtk [67] file for visualization of a
given solution function. The separable containers are represented by classes
SeparableLaplaceOperator and SeparableLaplaceResidual for the oper-
ator Lp(p) respectively the right hand side function by, (p).
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Smulation

AB2B.0608

Ficure 7.5.1. Solution snapshots for different parameter
vectors. First row: p = (1,0) and p = (1,0.1), Second
row: p = (10,0) and p = (10,0.1), Third row: 3D problem
p=(1,0) and p = (1,0.01)

7.5.2. Numerical results. In Figure we demonstrate the behav-
ior of the error estimator during the construction of the reduced basis via the
BASIC-GREEDY algorithm. The error bound in logarithmic scale is plotted
against the size of the reduced basis, varying from one to the maximum num-
ber of generated reduced basis function, which in this experiment is about
10. Note, that independent of the high dimensional problem size, we observe
the same rate of exponential error decay. So, the time gain factor induced by

the reduced basis method increases for higher dimensional problems. This
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FI1GURE 7.5.2. Maximum of error bound over a set of 200
randomly chosen training parameters in logarithmic scale for
different high dimensional problem sizes.

g-timels]

H N max. error | detailed reduced  reconstr. | offline-time]s]
4,096 8 8.81-107* 0.33 1.53-107%  0.092 4.32
16,384 9 892-107* 2.9 1.02-1075  0.259 27.82
65,536 10 5.75-1075 | 39.84 9.37-10~*  0.987 399.93

262,144 11 2.15-107% | 621.62 9.33-107*  5.679 | 6,793.21
32,768 9 3.61-107° | 13.75 8.32-107%*  1.025 113.85

TABLE 7.5.1. Average run—times

and maximum error esti-

mates for a set of 100 random test parameters. The last row
refers to a reduced simulation of a problem in three dimen-
sions.

fact is very noticeable in Table [7.9.1]in which average run-times and max-
imum error estimates over 100 test parameters are shown. The time gain
ratio between a detailed and a reduced simulation varies from 2.25 - 10° for
the smallest problem size to 6.65 - 10° for the largest problem size. We also
observe significant costs for the reconstruction of the reduced solutions in
the original discrete function space. Therefor, the use of output functionals
instead of reconstructed solutions, is highly recommended.

7.6. Outlook: subgrid extraction for empirical interpolation

So far, we have only shown how linear problems with operators and data
functions which are separable in the parameter can be integrated into our
software concept. For non-linear problems, however, this is not applicable,

as the empirical interpolation method needs to be implemented as well. For
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this, the reduced scheme needs to efficiently compute operator evaluations
at empirical interpolation Dofs. Thus, two implementations of the same
operator are needed.

In the setting of Figure where the detailed scheme is implemented
in RBMATLAB, no duplication of the operators is necessary, as the discrete
operators are grid based and the grid implementations in RBMATLAB enable
us to construct sub—grids which are efficient w.r.t. memory consumption and
access to geometric or topological information. If during the offline—phase
such a sub—grid is computed that holds all necessary information in order
to compute operator evaluations at the empirical interpolation Dofs, the
same operator implementation used in the detailed scheme can be re—used
in the reduced one. This approach is similar to the “sample mesh” method
introduced in [11].

The sub—grid extraction can be surely transferred to the setting in Fig-
ure with the further difficulty that the two variants of the grid and the
non-linear operators are located in two different software units, and possibly
implemented in different programming languages. In order to deal with this,
the tier II software layer should be extended by an RBmatlabGrid imple-
mentation, that can be initialized with Matlab data structures comprising
all geometry and topology information of a sub—grid. Then, the operators
in the detailed scheme software part can be compiled as a library method
based on an RBmatlabGrid instance and deployed for efficient usage in the

reduced scheme.



CHAPTER 8

Conclusion and outlook

In this thesis, we have developed a reduced basis method, that can be
applied to a broad class of parametrized evolution problems. This method in-
cludes an offline- /online decomposition, efficient a posteriori error estimates,
and quickly convergent basis generation algorithm.

We do not need to make assumptions on the non-linearity of the un-
derlying solver. The main ingredient which makes us achieve these goals,
is the empirical interpolation of operators, introduced in 2] We transferred
results on error analysis from the original empirical interpolation method for
functions [I] to our new setting, and extended it by discussions on the behav-
ior of empirical operator interpolants under differentiation and on invariant
operator properties in Section[2.4]

In order to efficiently generate reduced basis spaces and empirical in-
terpolants, a variant of the classical greedy algorithms was proposed that
automatically synchronizes the quality of both basis spaces. In numerical
experiments, we observed that it could reconstruct the optimal ratio be-
tween the two basis spaces, and observed a time gain in the offline phase at
small basis sizes.

Furthermore, in the field of basis generation algorithms, we demonstrated
extensions to the greedy algorithms, that adaptively generate multiple ba-
sis spaces or empirical operator interpolations based on a split in the time
domain.

In our numerical experiments, all the proposed algorithms and schemes
proved to be applicable to three different partial differential equations, and
showed a reduction in time of about one order of magnitude. The numerical
experiments were chosen in order to gain experience on our path to the
final goal, the simulation of immiscible two phase flow in a porous medium.
This helped to finally construct a reduced scheme for such system of partial
differential equations, whose simulation time could be reduced significantly
in Chapter [0]

The developed a posteriori error bound turned out to be a very good
choice in order to construct the reduced basis spaces by the developed greedy
algorithm, and already produced fairly good efficiency results although the
needed Lipschitz constants were not optimized as discussed in Chapter

113
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Finally, we analyzed our software packages used for numerical experi-
ments, in order to develop an abstract software concept, that allows rapid

prototyping of reduced basis methods for already available detailed schemes.

Perspectives

The work presented in this thesis, gives rise to some obvious extension
steps. The error bound efficiency should be improved by a more parameter
sensitive computation of the used Lipschitz constants. This might lead to
an improvement in the greedy generation of the reduced basis spaces, but at
least enhances necessary reliability statements about reduced solutions.

Furthermore, the entire framework developed for the scalar evolution
equations should be transferred to the two phase flow problem. Thus, in a
next step, a parametrization could be introduced, and the greedy algorithms
for the basis generation need to be adapted to the multi-variable case. This
will also depend on efficient a posteriori error estimates.

In order to enhance the possibility to construct reduced basis method
prototypes for existing Dune implementations, it is desirable to extend the
existing software package DUNE-RB by methods for efficient empirical oper-
ator interpolation on this side. A solution was already proposed in Section
[r.6l
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