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TECHNICAL ISSUES

Two main problems arise in nonlinear model reduction:

. Accuracy/Stability

2. Computational complexity
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DES turbulence model
146,517 nodes
837,894 tetrahedra

400 dofs (0.046% size of FOM)
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METHODOLOGY

approximations 2 properties

projection (dimension reduction)

offline

system approximation (complexity reduction)

Consistency

Optimality




MATHEMATICAL FRAMEWORK

(Nonlinear) partial differential equation

Semi-discretized partial differential equation (ODE)

Fully-discretized PDE with implicit time integration



PROJECTION

Projection leads to "Model II"

1 projection (dimension reduction)



PETROV-GALERKIN PROJECTION

To decrease the dimensionality, search for a solution in the

. ) . .
affine subspace: y'”'+range(® ) of dimension n <<N

O O
y y

Enforce residual orthogonal to n -dimensional subspace range(')

Y

Solve via Newton's method for k=1,... K (until converged)



COMPRESSION VIA POD

Proper orthogonal decomposition (POD) method

Properties

Consistency issue:



PROJECTION CONSISTENCY

Proposition

It @ is a POD basis computed with snapshots (y-y©@) collected

during the evaluation of Model |, and y is sufficiently close to y!©,

then the projection approximation is consistent



PROJECTION OPTIMALITY

Optimality

only if J® SPD

it J& nonsingular

Least-squares Petrov-Galerkin projection

globally convergent

accuracy, stability
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SYSTEM APPROXIMATION

System approximation leads to "Model III"

1 system approximation (complexity reduction)




SYSTEM APPROXIMATION

Tensor approximations:

I Invariant I
iteration-dependent




SYSTEM APPROXIMATION

Tensor approximations:

I Invariant
iteration-dependent
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SYSTEM APPROXIMATION

Tensor approximations

O, R * @, J W
Optimality

> R K& JK
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Consistency

> D, O



GAPPY DATA RECONSTRUCTION

Goal

Given

Define restriction

Example H




GAPPY DATA RECONSTRUCTION




% SYSTEM APPROXIMATION CONSISTENCY

Proposition

f ®, and @, are POD bases computed with snapshots satisfying

the following conditions:

1. R®&from the Model Il simulation is a snhapshot used for @y

2. J(k)CI)yp(k) from the Model Il simulation is a snapshot used for D,

3. Each column of J(k)CI)y from the Model Il simulation is a

snapshot used for @,

then the system approximation is consistent







Procedure O

Procedure 3
v" Procedure 2



PROCEDURE

The approximated Newton iterations are

Offline Online (each Newton step)



initial displacement
Full-order model: 12,000 degrees of freedom (1000 bays)

Output of interest: downward velocity at tip

Truncation of POD bases

>

>



COMPARISON WITH TRUNCATION

Model ll: Good accuracy, but insufficient speed-up
Model ll.O: inaccurate, perhaps because not consistent

Models lII.1, lll.2: accurate, promising speed-ups
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LEAST SQUARES V. INTERPOLATION

ny=26, ng=n,=28

interpolation o8

least 4D
squares

56

Increasing | | improves accuracy, even stabilizing IIl.O
>



CONCLUSIONS

Approximations are consecutively introduced and satisfy

consistency and optimality conditions:

Numerical experiments indicate

>
>



QUESTIONS?

For more detalls, see forthcoming paper:

K. Carlberg, C. Bou-Mosleh, and C. Farhat, "Efficient Nonlinear
Model Reduction via a Least-Squares Petrov-Galerkin
Projection and Compressive Tensor Approximations”,

International Journal of Numerical Methods in Engineering,
submitted.



