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F$5$/*$#&/,/%60$0

&F$O(+'$2$,*0

๏ <*'+,9$,*&/))('/)6&'$O(+'$2$,*

๏ U/,*&*"&2+,+2+;$&*3$&"1$'/%%&)"25(*/*+",/%&)"0*&"4&/,/%60$0

D",%+,$/'&/,/%60+0 G$0+9,&"5*+2+;/*+",
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F$/%-*+2$&/,/%60+0 F$5$/*$#&/,/%60$0

๏ I/0*-*(',/'"(,#&#$0+9,

๏ PV,-R$%#Q&/,/%60+0

๏ !"#$%&5'$#+)*+1$&)",*'"%

๏ !"#$%#&'()'#'$*+%+)

๏ ,&+%-#)"./%0%1'/%"#

๏ 2'('0&/&()+.'3&)+'0.$%#-

!(%*+5%$&".W$)*+1$0X&$''"'&/,#&)"0*
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๏ PV,-R$%#Q&/,/%60+0
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๏ !"#$%#&'()'#'$*+%+)

๏ ,&+%-#)"./%0%1'/%"#

๏ 2'('0&/&()+.'3&)+'0.$%#-

!(%*+5%$&".W$)*+1$0X&$''"'&/,#&)"0*
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xn+1 = Axn + Bun

yn = Cxn + Dun

๏ M%#&'()7*#'0%3'$)+*+/&0+J)@0'/5(&A)

4>,?B'+&7

๏ 6'$'#3&7)/(5#3'/%"#

๏ 8'#;&$)#"(0)'..("E%0'/%"#

๏ 6'$'#3&7)2N,

O(*$"F?B'+&7

๏ 2'(/%'$)(&'$%1'/%"#

๏ 2'7P)'..("E%0'/%"#

๏ I'/%"#'$)%#/&(."$'/%"#

๏ !"#$%#&'()+*+/&0+J)0'Q"().("B$&0+)(&0'%#

RS <335('3*
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F$#()$#-"'#$'&2"#$%+,9

D
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Ld(u; t) = 0

R(y) = 0

R : RN → RN

๏)!"#$%#&'()2,Z

๏)4&0%?7%+3(&/%1&7)2,Z)%#)+.'3&)`N,Zb

๏)_5$$*?7%+3(&/%1&7)2,Z)=%/9)%0.$%3%/)/%0&)%#/&-('/%"#

!/*3$2/*+)/%&4'/2$H"']

๏)_NaJ)+&G5&#3&)"D)#"#$%#&'()+*+/&0+)"D)&G5'/%"#+)"D)-&#&('$)D"(0

๏ 7%0&#+%"#)!)@$'(-&A

L(u; x , t) = 0

R(yn+1; yn, ... , y0; tn) = 0

(w) �→ R(w)๏ ))))))))))))))))))))))))))))H
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CS)_5$$?"(7&()0"7&$

CCS)I&753&7?"(7&()0"7&$

CCCS)I&753&7?"(7&()0"7&$)f)+*+/&0)'..("E%0'/%"#

7'/')3"$$&3/%"# 3"0.(&++%"#

7'/')3"$$&3/%"# 3"0.(&++%"#

.("Q&3/%"#)`7%0&#+%"#)(&753/%"#b

+*+/&0)'..("E%0'/%"#)`3"0.$&E%/*)(&753/%"#b

['"W$)*+",
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๏)g")7&3(&'+&)/9&)7%0&#+%"#H)+&'(39)D"()')+"$5/%"#)%#)/9&)'h#&)

+5B+.'3&J)!"#$f('#-&`i6b)"D)7%0&#+%"#

ΨTR(y (0) + Φyyr ) = 0

ΨT J(k)Φyp
(k) = −ΨTR(k)

y (k+1)
r = y (k)

r + α(k)p(k)

R(k) ≡ R(y (0) + Φyy
(k)
r ), J(k) ≡ dR

dw

�
y (0) + Φyy

(k)
r

�

๏)Z#D"(3&)(&+%75'$)"(/9"-"#'$)/")%!?7%0&#+%"#'$)+5B+.'3&)('#-&`jb

๏)4"$F&)(&753&7)+*+/&0)B*)!&=/"#k+)0&/9"7)D"()&URHlH')`3"#F&(-&7b

[$*'"1-\/%$']+,&['"W$)*+",

ny � N

‣))))

y ≈ y (0) + Φyyr
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()*+*,-.-*%

g9&).("Q&3/%"#)'..("E%0'/%"#)%+)3"#+%+/&#/)%DJ

RSi!)%+)')2N,)B'+%+)3"0.5/&7)=%/9)+#'.+9"/+)`!?!CAEb)3"$$&3/&7)

75(%#-)/9&)&F'$5'/%"#)"D)a"7&$)C

TS)!)%+)+5h3%&#/$*)3$"+&)/")!CAE

^S)g9&)(&753&7)m'3"B%'#)))))))))))))))))))))))))))))))))))))))))))))))))))))))))))%+)M%.+39%/1)

3"#/%#5"5+H)=%/9))))))))))))))))))))'#)".&#)+&/)3"#/'%#%#-

XSg9&)(&753&7)m'3"B%'#)'/)/9&)+"$5/%"#))))))))))))))))))))))))))))))%+)

#"#+%#-5$'()

RJ),&e#&+)7'/')'#7).("3&75(&)D"()3"0.5/%#-)i!

TnXJ)!&=/"#k+)0&/9"7)3"#F&(-&#3&)3"#7%/%"#+

['"W$)*+",&)",0+0*$,)6

ΨT dR

dw
(·)Φy : Ω→ Rny×ny

Ω ⊂ RN y − y (0)

ΨT dR

dw
(y)Φy
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๏))))))))J)"(/9"-"#'$).("Q&3/%"#)"#/"

๏)))))))))))))))))J)+&/)"D)%?7%0&#+%"#'$)+5B+.'3&+)"D

๏)))))))))))))))))))))))))))))))))))J)2N,)B'+%+)%#)0'/(%E)D"(0

span{φi}k
i=1 = arg min

S∈G(k,N)

nx�

j=1

� (I − ΠS) xj�2

๏)c%F&#)%/)@+#'.+9"/+A)/-H)/9&)e(+/);)2N,)F&3/"(+)+'/%+D*J)

๏)2(".&(/%&+

๏)@!")3"0.(&++%"#AJ)&010%/)'#7)('#-&`ib)U)('#-&)`o/203330/%/pb

๏)Zh3%&#/)3"0.5/'/%"#)B*)+%#-5$'()F'$5&)7&3"0."+%/%"#)`4>,b

['"5$'&"'*3"9",/%&#$)"25"0+*+",

ΠS S

G(k, N) RN

Φ =
�
φ1 · · · φk

�
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๏)M&'+/?+G5'(&+)2&/("F?c'$&(;%#).("Q&3/%"#

๏)ZG5%F'$&#/)/")-$"B'$$*)3"#F&(-&#/)c'5++?!&=/"#)0&/9"7)D"(

๏)j)%+)+/'/&?7&.&#7&#/H)39'#-&+)&'39)!&=/"#)%/&('/%"#

๏)K'#)"#$*)B&)%#/("753&7)"#)D5$$*)7%+3(&/&)+*+/&0

๏)q'#/)+"$5/%"#)+C&E)/")+'/%+D*)D"()+"0&)#"(0)r

)

๏)c'$&(;%#J)jU)i!&+'/%+e&+)`Rb)=%/9)rU)4C&E)"#$*)%D)4C&E)42,

๏)2&/("F?c'$&(;%#J)jU)mC]Ei6)+'/%+e&+)`Rb)=%/9)rU)mC]E^mC]E&

))))%D)mC]E)#"#+%#-5$'(

`Rb

['"W$)*+",&"5*+2/%+*6

p(k) = arg min
p∈Rny

�Φyp −
�
J(k)

�−1
R(k)�Θ

min �R(y + Φyyr )�2

16!"#$%&'$#()*+",-./0$#&0"%1$'0 JK&>/'%.$'9&L&>K&I/'3/* MN?



0.25

0.26

0.27

0.28

0.29

0.3

0.31

0.32

0.33

0.34

0.35

0 0.05 0.1 0.15 0.2 0.25

Time (s)

CD

FOM (879,102 dofs)

ROM: Galerkin (400 dofs)

ROM: Petrov-Galerkin (400 dofs)
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")_NaS)YHTYT)+)

")INaJ)c'$&(;%#S)TXHY\^)+

")INaJ)2&/("F?c'$&(;%#S)TXHY]X)+

✓)'335('/&L+/'B$&s)
)))`(&$'/%F&)Ia4)&(("()U)RS^Rtb

832$#&."#6X&F:!&'$0(%*0

! (&0'%#+)&E.&#+%F&
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CS)_5$$?"(7&()0"7&$

CCS)I&753&7?"(7&()0"7&$

CCCS)I&753&7?"(7&()0"7&$)f)+*+/&0)'..("E%0'/%"#

7'/')3"$$&3/%"# 3"0.(&++%"#

7'/')3"$$&3/%"# 3"0.(&++%"#

.("Q&3/%"#)`7%0&#+%"#)(&753/%"#b

+*+/&0)'..("E%0'/%"#)`3"0.$&E%/*)(&753/%"#b

<60*$2&/55'"S+2/*+",
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๏)I&753&7?"(7&()!&=/"#)%/&('/%"#+)'(&

U

>"25(*/*+",/%&."**%$,$)]

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)
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๏)I&753&7?"(7&()!&=/"#)%/&('/%"#+)'(&

U

>"25(*/*+",/%&."**%$,$)]

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)
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๏)I&753&7?"(7&()!&=/"#)%/&('/%"#+)'(&

U

>"25(*/*+",/%&."**%$,$)]

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)
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๏)I&753&7?"(7&()!&=/"#)%/&('/%"#+)'(&

U

>"25(*/*+",/%&."**%$,$)]

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)
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๏)I&753&7?"(7&()!&=/"#)%/&('/%"#+)'(&

U

๏)N.&('/%"#)3"5#/)'/)&'39)%/&('/%"#)+3'$&+)=%/9)$'(-&)7%0&#+%"#)!

>"25(*/*+",/%&."**%$,$)]

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)

! ZE.&#+%F&)&F&#)/9"5-9)(&753&7)&G5'/%"#+)'(&)"D)+0'$$)7%0&#+%"#
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๏)g&#+"()'..("E%0'/%"#+J)5C&E&∈)('#-&`i5bH)4C&E&i!
0∈)('#-&`i4b

๏)!&=/"#)%/&('/%"#+)B&3"0&

4C]E&i!&u)i404)C&E

u

5C&E&u)i5)5)
C&E

u
%#F'(%'#/

%/&('/%"#?7&.&#7&#/

<60*$2&/55'"S+2/*+",

20!"#$%&'$#()*+",-./0$#&0"%1$'0 JK&>/'%.$'9&L&>K&I/'3/* MN?

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)
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๏)g&#+"()'..("E%0'/%"#+J)5C&E&∈)('#-&`i5bH)4C&E&i!
0∈)('#-&`i4b
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u
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%#F'(%'#/

%/&('/%"#?7&.&#7&#/

`4)C&Eb6)i4
6i44)C&E&+C&E&U)?`4)C&Eb6i4

6i55)
C&E

U

<60*$2&/55'"S+2/*+",

20!"#$%&'$#()*+",-./0$#&0"%1$'0 JK&>/'%.$'9&L&>K&I/'3/* MN?



๏)_"(0)i4
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๏)4%0%$'(J)6'(('5$/)&/)'$SH)TVVXv)c(&.$)&/)'$SH)TVV\v)!-5*&#)w)2&('%(&H)

TVV]v)K9'/'('#/'B5/)w)4"(&#+&#H)TVVYv)c'$B'$$*)&/)'$SH)TVRV

๏)g&#+"()'..("E%0'/%"#+J)5C&E&∈)('#-&`i5bH)4C&E&i!
0∈)('#-&`i4b
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u
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6i55)
C&E

U

<60*$2&/55'"S+2/*+",
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๏)g&#+"()'..("E%0'/%"#+

4C&E&i!&u)i404)C&E)

u

5C&E&u)i505)
C&E

u

๏)2(".&(/*)TJ)K"#+%+/&#3*)

")i5H)i4)3"0.5/&7)":%#&)B*)2N,)=%/9)+.&3%e3)+#'.+9"/+

๏)2(".&(/*)RJ)N./%0'$%/*)

")5)
C&EH)4)C&E)3"0.5/&7)"#$%#&)B*)-'..*)7'/')(&3"#+/(53/%"#

<60*$2&/55'"S+2/*+",
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F ≡ [F ]i , i ∈ I

Z ≡ [z1 · · · zp]

๏)c"'$J)'335('/&$*)(&3"#+/(53/)F&3/"(

๏)c%F&#J)Rb)')B'+%+)

)))))))))))))))))Tb)+"0&)+'0.$&7)&#/(%&+)"D)/9&)F&3/"(

0

๏),&e#&)(&+/(%3/%"#J)

ZE'0.$&

8)U 90U7U\
.U^

:UX
;UxRHXH[H\y

oZF&(+"#)w)

4%("F%39H)RYY[p

8)U 9)U

\/556&#/*/&'$)",0*'()*+",

F ∈ RN

Z = [z1 · · · zp]

Fi , i ∈ I with |I | = q ≥ p and q � N
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Fr = arg min
x∈Rp

�Zx − F�2

๏ M&'+/)+G5'(&+)0%#%0%1'/%"#)"#)+'0.$&7)&#/(%&+

๏ N./%0'$%/*

‣ &(("()zz98))?8zz?)0"#"/"#%3'$$*)7&3(&'+&+)'+).)%#3(&'+&+

๏ I&3"#+/(53/)'$$)&#/(%&+)"D)/9&)F&3/"(

๏ <..$*)'/)&'39)!&=/"#)%/&('/%"#)/")(&3"#+/(53/

RS)5C&EH)=%/9)8)&U5)
C&E)'#7){)U)i5

TS)4C&E)i!H)=%/9)_'&Um'
C&E)'#7){)U)i4

\/556&#/*/&'$)",0*'()*+",

F ≈ ZFr

23!"#$%&'$#()*+",-./0$#&0"%1$'0 JK&>/'%.$'9&L&>K&I/'3/* MN?



F$#()$#&2$03X&>IG=&?,#&"'#$'&_(S

๏ 5C&E)'#7)4C&E&i!)3"0.5/&7)'/)+'0.$&)#"7&+

๏ g")7")/9%+H)05+/)3"0.5/&)/9&)+/'/&)'/J

RS 4'0.$&)#"7&+

TS !&%-9B"(+)"D)+'0.$&)#"7&+

^S !&%-9B"(+)"D)#&%-9B"(+)"D)+'0.$&)#"7&+

๏ C#)-&#&('$H)/9%+)7&.&#7+)"#)/9&)m'3"B%'#k+)+.'(+%/*).'//&(#
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F$#()$#&2$03X&>IG

๏ N#$*)3"0.5/&)/9&).9*+%3+)%#)%+"$'/&7)0&+9)3$5+/&(+

๏ c'..*)2N,)@e$$+)%#A)/9&)(&+/)"D)/9&)0&+9
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()*+*,-.-*%

g9&)+*+/&0)'..("E%0'/%"#)%+)3"#+%+/&#/)%D)i5)'#7)i4)'(&)2N,)

B'+&+)3"0.5/&7)=%/9)+#'.+9"/+)/9'/)+'/%+D*J

RS5C&E)D("0)/9&)a"7&$)CC)+%05$'/%"#)%+)')+#'.+9"/)D"()i5

TS4C&E&i!0.
C]E)D("0)/9&)a"7&$)CC)+%05$'/%"#)%+)')+#'.+9"/)D"()i4

^SZ'39)3"$50#)"D)4C&E&i!)D("0)/9&)a"7&$)CC)+%05$'/%"#)%+)')

+#'.+9"/)D"()i4

‣ M&'7+)/")9%&('(39*)"D)+#'.+9"/)3"$$&3/%"#).("3&75(&+)
39'('3/&(%1&7)B*)/('7&"|+)B&/=&&#)3"#+%+/&#3*)'#7)":%#&)

3"+/L+/"('-&

<60*$2&/55'"S+2/*+",&)",0+0*$,)6
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๏)`bV&H`bVV&J)+#'.+9"/)+'F&7)75(%#-)a"7&$)CH)CC

๏)`bC]EJ)+#'.+9"/)+'F&7)'/)&'39)!&=/"#)%/&('/%"#

C, V R T ^

4#'.+9"/+)D"()* *V?*V
CAE *V?*V

CAE *V?*V
CAE *V?*V

CAE

4#'.+9"/+)D"()IC]E IV
C]E IVV

C]E IVV
C]E IVV

C]E

4#'.+9"/+)D"()mC]Ei6 IV
C]E IVV

C]E omC]Ei6.
C]EpVV omC]Ei6pVV

})+%05$'/%"#+ R T T T

})+#'.+9"/+).&()

!&=/"#)%/&('/%"#
R R T Rf)#6

3"#+%+/&#3*)

3"#7%/%"#+)+'/%+e&7
#"#& R RH)T RH)TH)^

<,/503"*&)"%%$)*+",&3+$'/')36
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C, V R T ^

4#'.+9"/+)D"()* *V?*V
CAE *V?*V

CAE *V?*V
CAE *V?*V

CAE

4#'.+9"/+)D"()IC]E IV
C]E IVV

C]E IVV
C]E IVV

C]E

4#'.+9"/+)D"()mC]Ei6 IV
C]E IVV

C]E omC]Ei6.
C]EpVV omC]Ei6pVV

})+%05$'/%"#+ R T T T

})+#'.+9"/+).&()

!&=/"#)%/&('/%"#
R R T Rf)#6

3"#+%+/&#3*)

3"#7%/%"#+)+'/%+e&7
#"#& R RH)T RH)TH)^

x)2("3&75(&)VJ)+'/%+e&+)#")3"#+%+/&#3*)3"#7%/%"#+
x)2("3&75(&)^J)3"#+%+/&#/H)B5/).("9%B%/%F&)3"+/
#)2("3&75(&)TJ)+%0%$'()3"+/)'+)RH)0"(&)3"#+%+/&#3*)3"#7%/%"#+

<,/503"*&)"%%$)*+",&3+$'/')36
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)RW)#"#$%#&'()^,)B'(+

.&()B'*

๏))c&"0&/(%3'$$*)#"#$%#&'()+/(53/5('$)7*#'0%3+)))

๏)_5$$?"(7&()0"7&$J)RTHVVV)7&-(&&+)"D)D(&&7"0)`RVVV)B'*+b

๏)N5/.5/)"D)%#/&(&+/J)7"=#='(7)F&$"3%/*)'/)/%.

๏)g(5#3'/%"#)"D)2N,)B'+&+

")i6J)#6UTW)`YYt)"D)*V?*V
CAE)+#'.+9"/)&#&(-*b)

")iFH)i6J)#FU#`UT])`YYt)"D)IV
C]E)+#'.+9"/)&#&(-*b

%#%/%'$)7%+.$'3&0&#/

[$'4"'2/,)$&/00$002$,*
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๏ z&;&zUT])`%#/&(."$'/%"#b

๏ CCCSVH)=9%39)+'/%+e&+)#")3"#+%+/&#3*)3"#7%/%"#+H)%+)5#+/'B$&

>",0+0*$,)6&+25"'*/,)$
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a"7&$ &V&`tb
g"/'$)

!&=/"#)%/

4.&&7?5.)

"F&()C

CC ^SXX WVR RSV^

CCCSV 5#+/'B$& n n

CCCSR WS^R WV^ R[]

CCCST WSVR ]YR RTT

๏ a"7&$)CCJ)c""7)'335('3*H)B5/)%#+5h3%&#/)+.&&7?5.

๏ a"7&$)CCCSVJ)%#'335('/&H).&(9'.+)B&3'5+&)#"/)3"#+%+/&#/

๏ a"7&$+)CCCSRH)CCCSTJ)'335('/&H).("0%+%#-)+.&&7?5.+

! a&&/%#-)0"(&)3"#+%+/&#3*)3"#7%/%"#+)%0.("F&+)'335('3*L+/'B%$%/*

a
&)
",

0+
0*
$,

)6
&)
",

#+
*+"

,0
&

0/
*+0

R$
#

>",0+0*$,)6&+25"'*/,)$
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๏ Increasing | I | improves accuracy, even stabilizing III.0

! Least-squares reconstruction performs better than interpolation

| I |
Relative error eI (%) Speed-up over Model 

I

III.0 III.1 III.2 III.0 III.1 III.2

28 unstable 6.31 6.01 120 158 122

42 4.95 3.77 3.63 137 152 119

56 4.03 3.50 3.44 129 136 116

๏ ny=26, nR=nJ=28

interpolation

least 
squares

7$/0*-0O(/'$0&1K&+,*$'5"%/*+",
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๏ >",)%(0+",0

‣ >/'$4(%%6&.(+%#&/55'"S+2/*+",0&*"&.$&)",0+0*$,*&L&"5*+2/%

‣ 7$/0*-0O(/'$0&[$*'"1-\/%$']+,&%$#&*"&/))('/)6

‣ <60*$2&/55'"S+2/*+",&%$#&*"&%"H&)"25(*/*+",/%&)"25%$S+*6

๏ I(*('$&H"']

‣ >(''$,*%6&+25%$2$,*+,9&+,&8YF:-I&_"H&0"%1$'

<60*$2-/55'"S+2/*$#&\/(00-D$H*",
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F$5$/*$#&/,/%60$0

F$/%-*+2$&/,/%60+0 F$5$/*$#&/,/%60$0

๏ I/0*-*(',/'"(,#&#$0+9,

๏ PV,-R$%#Q&/,/%60+0

๏ !"#$%&5'$#+)*+1$&)",*'"%

๏ !"#$%#&'()'#'$*+%+)

๏ ,&+%-#)"./%0%1'/%"#

๏ 2'('0&/&()+.'3&)+'0.$%#-

!(%*+5%$&".W$)*+1$0X&$''"'&/,#&)"0*

F$/%-*+2$&/,/%60+0 F$5$/*$#&/,/%60$0

:,%+,$&)"0*&2"'$&+25"'*/,*X Y''"'&2"'$&+25"'*/,*X

2+,+2+;$
0(.W$)*&*"

$''"'
",%+,$&)"0* ≤ τ

2+,+2+;$
0(.W$)*&*"

*"*/%&)"0*
$''"' ≤ �
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:T+,$M",%+,$&0*'/*$96

F$/%-*+2$&/,/%60+0

?E&:,%+,$
๏ <#'$*+%+)=%/9)+5(("-'/&

BE&:T+,$
๏ 4'0.$&)%#.5/)+.'3&

๏ 65%$7)+5(("-'/&)0"7&$

✓)8%-9)":%#&)3"+/)

";'*

>&(*)$"=)"#$%#&)3"+/✓ )

D Input space

Full-order model evaluation

D

Online trajectory

Surrogate model 
evaluation

F$5$/*$#&/,/%60$0

~))a'*).(&3$57&)

/"/'$)3"+/)+'F%#-+

~))a'*)#"/)B&)

'335('/&)&#"5-9
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๏ &['")$#('$

!"&ZE&35/&)"#$*)(&G5%(&7)'#'$*+&+)`#")":%#&)+'0.$%#-b

#")65%$7)')2N,)B'+%+)"#?/9&?�*

$")d+&)/9&)2N,)B'+%+)=%/9%#)'#)%/&('/%F&)0&/9"7)/")'33&$&('/&)'#'$*+&+

๏ &\(+#+,9&53+%"0"536

!")<F"%7)&E/(')3"0.5/'/%"#+

#")_5$$*)&E.$"%/)7'/')-&#&('/&7)D("0).(&F%"5+)'#'$*+&+

$")d+&)7'/')/")'33&$&('/&)+"$F&()3"#F&(-&#3&)/")(&G5%(&7)/"$&('#3&

Input space

Accelerated analyses
D

Trajectory

Iteration cost proportional to circle sizeD

!$*3"#"%"96
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๏ &<"%1$&$/)3&060*$2&.6&5'$)",#+*+",$#&)",W(9/*$&9'/#+$,*&C[>\E

‣ &&&&&&&&&&&&&&&X&.-#+2$,0+",/%&J'6%"1&0(.05/)$&"4&&&&&&&

‣ >(''$,*&[>\&/))$%$'/*+",&/55'"/)3X&&/(92$,*$#&>\&2$*3"#0

๏ &I"'&%bB=c='(!)&/,#&*bB=c='+,-=&0"%1$

F$5$/*$#&/,/%60$0

A(i)x (i ,j) = b(i ,j)

‣ &&&&&&&&&&&&&&&&&&&&&&&&&05/'0$=&<[G=&/,#&P,$/'.6QA(i) ∈ RN×N

x̃ (i ,j) = arg min
v∈S

�x (i ,j) − v�A(i)

S = Kk RN
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๏ &>3"+)$0&"4&&&&

!"&8%%&5'$1+"(0&0$/')3&#+'$)*+",0
‣ !(%*+-Fd<)>?@A"()6B&CDEFG&1((-B&CDEHG&/().(0&!"#$%&B&CDDIG&&J)."*B&!"#$%&B&KFFFL

‣ !(%*+-2/*'+)$0&>M"6B&CDDIG&M3;NB&CDDOG&/().(0B&CDDOG&/().(0&!"#$%&B&KFFFB&M$5*")&!"#$%&B&KFFFL
X 7/'9$&)"0*M0*"'/9$&4"'&2/,6&%+,$/'&060*$20

#"&855'"S+2/*$#&$S*'$2$&$+9$,1$)*"'0&C#$_/*+",E
‣ !(%*+-Fd<&>'.(89(%&!"#$%&B&CDDHG&1((-&!"#$%&B&KFFFL

‣ !(%*+-2/*'+)$0)>M"6&!"#$%&B&&CDDEG&P()Q5&!"#$%&B&KFFHL
X :,%6&$e$)*+1$&+4&/&4$H&$+9$,1/%($0&3/25$'&)",1$'9$,)$

๏ &\"/%0X&BE&I$/0+.+%+*6

?E&Ye$)*+1$&+,&*3$&9$,$'/%&)/0$

8(92$,*$#&>\&2$*3"#0

S = Kk + Y
Y
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๏)c%F&#)Rb)%<)+#'.+9"/+)<=H)Tb)%<)=&%-9/+))))))H)^b)'))))))?#"(0

๏)g9&)e(+/)%>)%<)2N,)F&3/"(+)+'/%+D*J)

๏))))))))J)))))?"(/9"-"#'$).("Q&3/%"#)"#/"

๏)))))))))))))))))J)+&/)"D)%?7%0&#+%"#'$)+5B+.'3&+)"D

๏)))))))))))))))))))))))))))))))))))))))))J)%?7%0&#+%"#'$)2N,)B'+%+)%#)0'/(%E)D"(0

span{φi}n
i=1 = arg min

S∈G(n,N)

nw�

j=1

�
�
I − ΠΘ

S
�
γjwj�2

θ

๏)O&*).(".&(/%&+

RS)N./%0'$)"(7&(%#-

‣)_%(+/)%)2N,)B'+%+)F&3/"(+)+.'#)"./%0'$)%?7%0&#+%"#'$)+.'3&

TS))))))?"(/9"#"(0'$%/*J)

['"5$'&"'*3"9",/%&#$)"25"0+*+",

S

RN

Θ

ΠΘ
S Θ

γj

Φ(n) ≡ [φ1 · · · φn]

G(n, N)

Φ(n)TΘΦ(n) = IΘ
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๏ )g")7")/9%+H)39""+&)/9(&&)%#-(&7%&#/+)/")B&J

RS)4#'.+9"/+)<=J)'$$).(&F%"5+)+&'(39)7%(&3/%"#+

TS)q&%-9/+))))))J)&+/%0'/&)/9&)+"$5/%"#)D"()/9&)/'(-&/).("B$&0

^S)))))J)0'/(%E)D"()/9&)/'(-&/).("B$&0

๏ )<$%-#)2N,)=%/9)0%#%0%1%#-)/9&)&(("()D"()')#&'(B*)@/'(-&/)+*+/&0A

!"#$%&'$#()*+",-./0$#&0"%1$'0 JK&>/'%.$'9&L&>K&I/'3/*

[:G&0*'/*$96

Āx̄ (j) = b̄(j)

γj

x̄ (j) ≈ x̄ (j)
est =

nw�

j=1

γjwj

Θ Ā
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๏ &>"25(*$&",$&[:G&./0+0&4"'&$/)3&Fd<

BK&:5*+2/%&"'#$'+,9

! [:G&1$)*"'0&"5*+2/%%6&"'#$'$#&*"&2+,+2+;$&$''"'&/*&*/'9$*

?K&&&&&-"'*3","'2/%+*6

! &&&&&

๏ &J$6&5'"5$'*+$0

[:G&./0$0&/,#&]$6&5'"5$'*+$0

Φj(n)T ĀΦj(n) = I

Φj(n) ≡ [φ(j)
1 · · · φ(j)

n ]

Ā

Φj(n)TA(i)Φj(n) ≈ I for A(i) near Ā
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[:G-/(92$,*$#&>\&/%9"'+*32

!"&G+'$)*%6&0"%1$&'B-#+2$,0+",/%&'$#()$#&$O(/*+",0&C'B&02/%%E

‣ 8))('/*$&C['"5$'*6&BE&/,#&%"H&)"0*&C'B&02/%%E&&&&&&&&&&&&&&&&&&&&&&&&&&

#"&V*$'/*+1$%6&0"%1$&'-#+2$,0+",/%&'$#()$#&$O(/*+",0&C'f"'B/

‣ g0$&/(92$,*$#&>\&H+*3"(*&4"'2+,9&'$#()$#&2/*'+S
‣ !"'$&/))('/*$&C['"5$'*6&BE&/,#&%"H&)"0*&C['"5$'*6&?E

S = Kk + range(Φj(n))

Φj(n1)
TA(i)Φj(n1)x̂ = Φj(n1)

Tb(i ,j)

x̃ (i ,j)
1 = Φj(n1)x̂

Φj(n)TA(i)Φj(n)x̂ = Φj(n)T
�
b(i ,j) − A(i)x̃ (i ,j)

1

�

x̃ (i ,j)
2 = x̃ (i ,j)

1 + Φj(n1)x̂
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$"&V*$'/*+1$%6&0"%1$&4(%%&0*/*$&$O(/*+",0&*"&05$)+R$#&*"%$'/,)$

‣ !/+,*/+,&0C%E-)",W(9/)6&*"&"%#&0$/')3&#+'$)*+",0&(0+,9&

&&&/(92$,*$#&[>\&hI/'3/*&1)"!23=&Biijk

๏ !(%*+5%$-Fd<

‣ <$O($,*+/%%6&$S$)(*$&<*/9$0&B-l&4"'&*bB=c='+,-

‣ <*/9$&B&/55'"S+2/*+",&05/)$&+,)%(#$0&0$/')3&#+'$)*+",0&4'"2&

&&&&/%%&5'$1+"(0&Fd<

[:G-/(92$,*$#&>\&/%9"'+*32

A(i)x̂ = b(i ,j) − A(i)x̃ (i ,j)
2

x̃ (i ,j) = x̃ (i ,j)
2 + x̂
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๏ &&&&&&&a&2/*&.$4"'$&'$)"25(*+,9&[:G&./0+0&C#/*/&)"25'$00+",E

V25%$2$,*/*+",

V*$'/*+",&)"0*&5'"5"'*+",/%&*"&)+')%$&0+;$

µ1

µ2

+,+*+/%
5/'/2$*$'0

<*/9$&B&./0+0 <*/9$&?&./0+0 >"25(*$&[:Gm

Φ(n1)
[W, Φ(n1)]

W ✓&
W

p = 5

R,/%
5/'/2$*$'0

i

np + 2 : (n + 1)p − 1

np + 1

1
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‣ I+,+*$&$%$2$,*&2"#$%&H+*3&NZ=iBZ&#$9'$$0&"4&4'$$#"2
‣ Bl&#$0+9,&1/'+/.%$0&CN&03/5$=&n&2/*$'+/%E

YS/25%$X&&o-??&:05'$6&H+,9&5/,$%
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๏ &['".%$2&<*/*$2$,*X&'(!)bBB=&'+,-bBj

‣ \+1$,X&BA&'/,#"2%6-)3"0$,&C,"*&,$)$00/'+%6&,$/'.6E&
5'$1+"(0%6-O($'+$#&#$0+9,0&/,#&#$0+9,0&4"'&%bBBX

‣ >"25(*$X&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&0/*+046+,9&&&&

YS/25%$X&&o-??&:05'$6&H+,9&5/,$%

G$0+9,&0 G$0+9,&4

x̃ (11,j), j = 1, ... , nRHS

�b(11,j) − A(11)x̃ (11,j)�2

�b(11,j)�2
≤ �
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>",)%(0+",0X&[:G-/(92$,*$#&>\

๏ 8&[:G-./0$#&/(92$,*$#&)",W(9/*$&9'/#+$,*&2$*3"#

‣ 8))$%$'/*$0&)",1$'9$,)$&*"&+,$S/)*&*"%$'/,)$0

‣ Yq)+$,)6&#($&*"&)3"+)$&"4&[:G&0,/503"*0=&H$+93*0=&/,#&,"'2

‣ d+93$0*&05$$#(50&4"'&2"#$0*&*"%$'/,)$0=&4$H&'+93*-3/,#&0+#$0

๏ I(*('$&H"']

‣ >"2.+,$&H+*3&"*3$'&/(92$,*$#&>\&/55'"/)3$0

‣ G$_/*+",X&+,)%(#$&/55'"S+2/*$#&$+9$,1$)*"'0&+,&0*/9$&B

‣ YS*$,#&*"&060*$20&H+*3&,",-<[G&2/*'+)$0
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๏ &&̂ 3/,]0&*"&>3/'.$%&p"(-!"0%$3=&G/1+#&820/%%$2=&/,#&`(%+$,&

>"'*+/%&4"'&*3$+'&)",*'+.(*+",0&*"&*3+0&'$0$/')3K

r($0*+",0m

๏ &&F$4$'$,)$0

‣ JK&>/'%.$'9=&>K&p"(-!"0%$3=&/,#&>K&I/'3/*=&ssYq)+$,*&,",%+,$/'&2"#$%&'$#()*+",&1+/&

/&%$/0*-0O(/'$0&[$*'"1-\/%$']+,&5'"W$)*+",&/,#&)"25'$00+1$&*$,0"'&

/55'"S+2/*+",0=tt&V,*$',/*+",/%&`"(',/%&"4&D(2$'+)/%&!$*3"#0&+,&Y,9+,$$'+,9=&*"&

/55$/'=&?ABAK

‣ JK&>/'%.$'9&/,#&>K&I/'3/*=&ss8,&8#/5*+1$&[:G-J'6%"1&F$#()$#-:'#$'&!"#$%&4"'&

<*'()*('/%&:5*+2+;/*+",=tt&['")$$#+,90&"4&n*3&U"'%#&>",9'$00&",&<*'()*('/%&/,#&
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