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Program shocks: Quickly estimating super- and hypersonic inviscid flow parameters

Introduction

Many times in the past, there has been a need to quickly estimate super- and hypersonic
inviscid flow parameters for sphere, wedge, cone, and/or tangent sphere-cone shapes. This
need has arisen for air as well as other gases. Such estimates are useful for determining
outer boundary locations for computational meshes, shock impingement locations,
stagnation heating rates, validation of more sophisticated computational or experimental

results, and more. Undoubtedly, the NACA 1135 tables! are the most common source for
such estimates, but these tables are not always handy, do not give all the information
sometimes needed (shock standoff, heating rates, gases other than air), and are somewhat
time consuming when performing table and chart look-ups, then cross-referencing to the
numerical tables for additional calculations. Other sources of tabulated data exist for cones

and spheres but suffer the same shortcomings.z'5 Program shocks was developed to
provide these capabilities and more.

Program shocks was initiated by my first researching various authors in super- and

hypersonic flows.6-16 Approximate governing equations for perfect-gas, high-speed flows
over wedges, cones, and spheres were extracted from the texts, simplified if necessary, and
programmed first on an HP-41CV hand calculator for convenience and initial testing. The
comparisons with NACA 1135 tables and other results (to be presented) were, in most
cases, so close for many regimes that I decided to program all of the equations into one code
on the 1550 LAN. The exact equations were also programmed, i.e., the Rankine-Hugoniot
relations for a wedge and the Taylor-Maccoll relations for a cone. Results from these
equations are output side-by-side with the approximate results. If desired, the user can then
determine if the approximate relations provide close enough estimates for later use.

As mentioned above, the exact solutions are solved along side the approximate relations.
Solving the exact relations requires more work, of course. As will be discussed, the
Rankine-Hugoniot relations for wedges require a root finding technique to solve for the
shock angle; the set of first-order ordinary differential Taylor-Maccoll equations for cones
require numerical integration. On the other hand, the approximate algebraic relations, also
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discussed below, provide direct computation of the shock angle. Hence, their
implementation in a hand-held calculator can be easily accomplished.

Parameters for 16 different gases were installed in the code. The gases are air, ammonia,
argon, butane, carbon dioxide, carbon monoxide, ethane, ethylene, helium, hydrogen,
methane, nitrogen, octane, oxygen, sulfur dioxide, and water vapor.

The code was initially distributed among four staff members for check-out (F. G. Blottner,
1511; G. F. Homicz, 1511; A.R. Lopez, 1511; and J. L. Payne, 1554). Some coding errors
were discovered and corrected, and helpful suggestions were made. It is now available for
general use.

How to Run Program SHOCKS

Program shocks resides in the /home/public/bin directory on the 1500 LAN. Type
shocks and the program will start (first-time users should type ‘rehash’ first, or perform a
logout/login procedure). Input is simple and self explanatory. Obvious input errors are
noted on the screen and the user is given repeated chances to correct the information. The
source code resides in the /home/public/etc directory. English units are used, with no
apologies. If there is a mighty uproar over units, I will be happy to add conversion factors.

Governing Equations

The following text discusses the approximate governing equations for a wedge, cone, and
a sphere. The Rankine-Hugoniot relations for a wedge and the Taylor-Maccoll equations
for a cone, the ‘exact’ relations, are also discussed. The equations for a sphere and a cone
are used to estimate the flow parameters for a sphere-cone. No single set of equations was
found for a sphere-cone geometry per se. The main assumptions for the approximate
equations are inviscid, constant density flow. By the term ‘constant density’ is meant that
the density of the flow between the body and shock (away from stagnation regions) is
approximately constant. As will be seen, this turns out to be a surprisingly good assumption
for super- and hypersonic flows over these types of geometries.

A common flow parameter found in the following equations is the density behind the
shock, Py, ratioed to the freestream density, p... The ratio is, by definition, called € and is

given by

Sz?—s}-l:'y_l 1+ 22 1)
P, Y+1 (y- 1) M2 sin®B

where [3 is the shock angle and is the unknown. The following equations will give estimated
or exact values for the shock angle, after which € can be calculated knowing the specific
heat ratio, Y, and the freestream mach number, M_,. This then allows other appropriate flow

parameters to be determined, such as the pressure coefficient.
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Wedge Flow
a) Approximate Relations for the Wedge

The objective of the wedge flow calculations is as follows. Let the subscript ‘w’ imply
‘wedge.” Given the wedge angle, 0,, the freestream Mach number, M., and the wedge

length, L,,, calculate the shock angle, f3,,, the surface pressure ratioed to the freestream
pressure, P, /P, the surface pressure coefficient, Cy, ,,, and the shock height at the back of
the wedge, H,,,.

Consider the following schematic for wedge flow (also to be used for cone flow, later):

Figure 1. Parameters used for wedge (i="w’) and cone (i=‘c’) flow relations.

Knowing the wedge angle, 0,,, one can calculate the approximate shock angle by the

equation from Hayes and Probstein,? (pp. 140-2)

(y+1O, | (y+1D8, >
e (e e A A ¥

oo

This allows the density ratio €, given in Eq. 1, to be determined. Then the pressure
coefficient at the surface, which for wedge flow is equivalent to that behind the shock, is
given by

C LA 3
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The base height, &, and the shock height, H,,, for the wedge are given respectively by the
simple relations

h, = L, tand_ @

and

H, = Lwtaan . )

b) Exact Relations for the Wedge

The Rankine-Hugoniot, or ‘shock-jump’, relations are used to calculate ‘exact’ parameters on
a wedge. From the NACA 1135 tables,! the equation for the shock angle, 3, is given
implicitly by

M> +2
sin®g - ( +7sin?‘9)sin4[3
w M2 w

oo

2
2M% +1 (Y+1)2 Y-1Y\ . 5 cos ew
+( 7 +[ T 7 )sm Gw)sm BW— o7 =0 (6)

oo (=

A secant root finding method is used in program shocks to solve for [3,,, with the initial guess

to the root coming from the approximate relations. There are three positive (and three negative)
roots, so the initial guess should be close to the expected outcome. Convergence appears to be
very fast, usually within 10 search cycles. Once the shock angle is known, equations listed in
NACA 1135 and programmed in shocks can be used to determine other relevant parameters.

Cone Flow
a) Approximate Relations for the Cone

The objective of the cone flow calculations is as follows. Let the subscript ‘c’ imply ‘cone.’
Given the cone angle, GC, the freestream Mach number, M., and the cone length, L., calculate
the shock angle, BC, the surface pressure ratioed to the freestream pressure, P /P, the surface
pressure coefficient, C p,c,and the shock height at the back of the cone, H..The previous
schematic for wedge flow can be used for cone flow if one considers that only half of the cone
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is drawn and that a ‘slice’ of the flow field is shown. The approximate expression for the shock
angle for a cone is given by Hayes and Probstein® (p. 150) as

11 2 €
B~ 6, = g(yﬂ (HMiBz(v—l)D(“ﬁ)ﬁc

As it stands, the above equation is an implicit function of the shock wave angle, 3. Obviously,
a root finding method could be used to extract 3, but again this is beyond the scope of quickly
estimating flow parameters from ‘approximate’ relations. I derived a simpler algebraic relation
as follows. Substituting for the density ratio, € (which itself is a function of [3,.), assuming ‘small’
shock angles, and expanding and collecting terms, one can write the above equation as

13y -2y~ 11) 4 o a 14y+10 ., 1
1- —9 B3- - =0
( 24 (y+1)2 Be =08 (12 (’y+1)2Mi)BC 6 (y+1)2M*
(8)
0(10% 0(10™% 0(10°%) 0(10°%)

An order-of-magnitude analysis indicates the last term is a higher-order term and can be ignored
for ‘large’ Mach numbers and ‘moderate’ cone and shock angles. The third term could also be
considered of higher-order. However, to ignore this and the last term is to remove all dependence
on the Mach number, which is undesirable. Neglecting only the last term conveniently drops the
4-th order polynomial to a quadratic, the solution of which is given by

0 Je§+ 1547 + 81072 + 990y + 350

5 72 (y+ 1) M2 o
¢ 119 + 507+ 35
12(y+1)?
The surface pressure ratio is given by
P, Y, .2
= 1+Cp’c—2—M°° (10)

8
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where the surface pressure coefficient is given by

2sin260
Cpe = (11)
’ €. 5 .
(1-7)cos (B.-96,)

The base height, /., and the shock height, H,, for the cone are given respectively by the
simple relations

h, = L tan®_ (12)

and

H, =L tanp, - (13)

b) Exact Relations

The exact relations consist of a set of first order, ordinary differential equations that
describe the flow between the body and shock about a sharp cone. These equations were

first solved by numerical integration by Taylor and Maccoll!6 and require an iterative
approach to finding the shock angle for a given freestream Mach number. The equations

and somewhat lengthy solution procedure are discussed in Shalpiro8 and will not be
repeated here.

Sphere and Tangent Sphere-Cone Flow

The objective of the tangent sphere-cone flow calculations is as follows. As indicated in
Fig. 2, let the subscript ‘sc¢’ imply ‘sphere-cone.” Given the nose radius, R,,, the cone angle,
0, the freestream Mach number, M, and the sphere-cone length, L., calculate the shock
standoff at the nose, A, the stagnation density ratio behind the shock, P/ P, the
stagnation pressure ratio behind the shock, p,»/p.., the shock angle on the cone, B, the
surface pressure ratioed to the freestream pressure, p,./P.., the surface pressure coefficient,
Cp,sc» and the shock height at the back of the cone, Hg,. The stagnation point heat transfer
rate, ¢,., can also be calculated, provided the following are known: freestream

temperature, T, the wall temperature, T, and the freestream density, P...

Only the flow near the stagnation region will be discussed in detail since the equations for
the conical portion are identical to those for cone flow, above, and will not be repeated here.
The conical portion of the flow field is calculated assuming a virtual cone whose length,



Distribution -7- February 5, 1993

Lyruap 1s what it would be with an extended sharp nose, not the spherical nosecap. This

approximation implies that the equations for cone flow will more accurately model the flow
at the end of a sphere-cone the longer the sphere-cone and the smaller its bluntness ratio,
R, /hg., where kg, is the base radius.

Program shocks also provides the option of running only sphere calculations. If this option
were always run with the cone calculations, results for the sphere would not be output if the
code failed to calculate an attached shock for the virtual cone.

Consider the following schematic for the stagnation region of tangent sphere-cone flow:

M., Cone

shock \

Extension
of cone

Lyirtual

L e B ~

Figure 2. Parameters used for sphere and tangent sphere-cone flow relations.

From Lomax and.Inouye,12 the equation for the shock standoff distance is given by

poo
A =085 (—)Rn (14)
12

where the stagnation density ratio is given by

E.: - Dy
P

, ~1
1 2
Pr ll€1+2(y 1 M) (15)
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and the stagnation pressure ratio is given by

L
—1

1 Lo
= (M)’ (————7{'——) (16)
2YM_ —-vy+1 .

The shock angle, surface pressure ratio, and surface pressure coefficient equations for the
conical portion of the vehicle are the same as those presented in the section Cone Flow.
However, for the sphere-cone, these relations are based on the virtual length of the conical
portion of the sphere-cone, given by

z

o a7

L tan0
Sc

virtual = L+ X=

The variables x; and z, represent the coordinates of the sphere-cone tangency point, where

x, =R, (1-sinf) (18)

and
z, = R,cos_ . 19)

The base height, A, and the shock height, H;, for the cone are given respectively by the
simple relations

hy, = Lvirtualtan esc (20)

sSc

and

_ 21
Hsc - LvirtualtanBsc )

Stagnation point heat transfer results are obtained using the Fay and Riddell relation, as
discussed in White® (p. 597), i.e.,

p u 0.1
v = 0.763Pr_0'6 (ptZIJ‘tZK) e (_w_w) Cp (Tt2 - Tw) """
)
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For generality, the Prandtl number for a perfect gas is given by White” (p- 32) as

4y

Pr=coey-130 (23)

The well-known relation for stagnation temperature is given by

Ty, (y=-1 2
7 = 1+ 3 M . (24)

oo

The coefficient of dynamic viscosity is calculated using Sutherland’s formula

7372 Ibf-sec
b= (TTCZ) """"" 23)

and C; and C, are constants for a particular gas. These constants are listed in Table 1 for the

gases implemented in the program. Finally, the velocity gradient ‘K’ is determined by the
equation

K =7 |C— (26)

where C=8.0 for all gases except air. For air, White” (p. 599) states that C=7.4 gives better
results. Hence, shocks is programmed to use the appropriate value.

A constant value for the specific heat, C), for each gas has been implemented. Values for C,
are also listed in Table 1.

Comparisons of Results with Other Data

The simplest validation exercise is to compare calculated results from the shocks code with
NACA 1135 tables. This will show how well the equations presented above approximate the
flow.

Presented in Table 2 are results for wedges. Combinations of both small and large wedge
angles and Mach numbers are represented. The calculated error shown below the results for
each case gives an indication of the accuracy of shocks. Results are acceptable for estimation
purposes over a wide range of input parameters.
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Presented in Table 3 are results for sharp cones. Again, combinations of both small and large
wedge angles and Mach numbers are represented. And again, results are acceptable for
estimation purposes over a wide range of input parameters.

Stagnation properties from program shocks were compared with results from Blotter’s'*

blunt body code NS3D for air. Results are presented in Table 4. Blottner’s code gives results
at the wall, while shocks can give only the stagnation flow conditions. Hence, comparisons
can show large differences for stagnation density, for example, which is a function of wall
temperature. For stagnation pressure, however, comparisons show excellent agreement.

Properties for sphere-cones listed in Table 4 are estimated by using the cone equations for a
virtual length cone, as has been discussed. Estimates for shock standoff at the base become
more accurate for longer sphere-cones since the flow gradually returns to conical flow
downstream of the stagnation point.

Table 5 lists results for a sphere-cone obtained using the different gases implemented in
program shocks. No experimental data are provided, since it is doubtful if data exists for all
the gases for the same geometry and freestream conditions. This comparison is made simply
to show how the different gases affect the properties calculated in shocks. Geometry
particulars and freestream quantities are listed in the table’s heading. Nomenclature is that
used in Fig. 2.

The shock standoff distance, plotted as a function of the axial distance from the nose, of the
two sphere-cone cases listed in Table 4 have been compared to that of the virtual cone
calculations from program shocks. Recall that the two sphere-cone cases from Table 4 were

computed by Walker!? using the parabolized Navier-Stokes code SPRINT. The shock is
numerically fitted in SPRINT, so the shock location is easily found from the solution.
Program shocks provided Taylor-Maccoll solutions to determine the shock standoff for a
virtual length cone. Recall that a virtual length cone is the shape of the sphere-cone from the
SPRINT calculations if it had an extended, sharp nose. Comparison of these two numbers
reveals the distance along the sphere-cone that the shock approaches that of a virtual length
cone. This is dependent on Mach number, nose bluntness, and cone half-angle. Fig. 3 shows
this comparison for both Mach numbers, 3 and 15. Shock standoff error, in %, is defined as

H.—h
shock — standoff— error = 100 (1 - _L__“-) 27
Hsc - hsc '

Here, H, is the shock height above the centerline at the desired distance along the virtual
length cone, H,, is the shock height at the equivalent location along the sphere-cone as taken
from the SPRINT code, and A, is the radius of the of the sphere-cone at that location. Results
for Mach 3 indicate the sphere-cone shock approaches the cone shock to within 5% in 25
nose radii. However, for Mach 15, it requires approximately 250 nose radii before the shock
approaches that of a cone within 5% error.
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Summary

A computer code, shocks, has been programmed to estimate super- and hypersonic inviscid
flow parameters for spheres, wedges, cones, and tangent sphere-cones. Comparisons have
been made with NACA 1135 tables, computational fluid dynamics codes, and data in the
literature. Within the limitations of the approximate and ‘exact’ equations, program shocks
provides a fast method for estimating flow parameters with engineering accuracy. The code
will be particularly useful for estimating outer grid boundaries for high-speed flow
solutions using CFD codes, shock impingement locations, heating rates for wind tunnel and
flight conditions, and more for a wide variety of gases.

The program is executed by typing shocks on the 1500 LAN. Input is simple and self-
explanatory. Run time is typically a few seconds.
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Figure 3. Comlﬁnson of shock standoff error for a cone and téngent sphere-cone
for Mach numbers 3 and 15.
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Table 1. Parameters for gases used in program shocks.
‘ Specific R C, for C, for
# Gas Heat (Btu/ﬁp_om (5ec?-R) Sutherland | Sutherland | References
Ratio, Y i s law,Eq.25 | law,Eq.25
1 | ar 140 0.240 1716.26 2.270e-08 198.7 10, 11
2 | ammonia 1.29 0.520 2920.54 2.40e-08 849.0 10, 11
3 | argon 1.68 0.124 1247.11 3.029¢-08 265.7 10, 18
4 | butane 1.09 0.406 856.84 1.529e-08 673.8 10, 17
5 | carbon 1.29 0.201 1130.86 2.420e-08 420.0 10, 11
dioxide
6 | carbon 140 0.248 1777.12 2.180e-08 196.0 10, 11
monoxide
7 | ethane 1.19 0418 1656.05 1.568e-08 473.8 10,18
8 | ethylene 125 0.360 1775.19 1.627e-08 409.6 10, 18
9 | helium 1.67 1.250 12439.83 2.360e-08 176.0 10, 11
10 | hydrogen 141 3416 24682.27 1.010e-08 127.0 10, 11
11 | methane 1.30 0.532 3104.08 1.530e-08 279.0 10, 11
12 | nitrogen 140 0.248 1775.83 2.160e-08 184.0 10,11
13 | octane 1.04 0.407 435.99 1.03%e-08 613.6 10, 18
14 | oxygen 1.39 0.219 1554.94 2.570e-08 198.0 10, 11
15 | sulfur 1.25 0.154 766.66 2.682e-08 717.0 10, 18
dioxide
16 | water 133 0.445 2756.32 2.715e-08 1146.2 10,13
vapor
(steam)
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Table 2.

Comparisons for wedges in air.

M. —pm 2.0 5.0 20.0
t/ed ge Shock angle, Surface pres- Shock angle, Surface pres- Shock angle, Surface pres-
angle, 8,, (degs) By (degs) sure coeff., Cpyy Py (degs) sure coeff., Gy, By (degs) sure coefl, Cp,yy

shocks 31.81 0.1829 14.84 0.0468 7.14 0.0218
50 gf;‘j;; 34.30 0.1126 15.07 0.0460 7.15 0.0217
error,% 7.28 -62.38 1.50 -1.63 0.15 -035
shoeks 35.27 0.2922 18.93 0.1179 12.64 0.0771
100 fmeee | 3931 02523 19.37 0.1168 12.70 0.0765
eror 10.28 -15.80 2.27 -0.95 0.46 -0.85
shoeks 43.06 0.6306 28.59 0.3543 24.33 02968
200 | Raneive 1| 53.42 0.6582 29.80 0.3450 24.69 0.2867
error% 19.39 4.18 4.05 -2.70 1.44 -3.51
shocks 51.83 1.1048 39.33 0.7307 36.22 0.6627
300 | fomeier || detached n/a 42.34 0.6895 37.54 0.6147
error% n/a n/a 7.10 -5.97 3.50 -7.82
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Table 3.

Comparisons for cones in air.

Mo —

20

50

20.0

Cone half- Shock angle, B, Surface pres- Shock angle, B, Surface pres- Shock angle, B, Surface pres-
angle, 8, (degs) (degs) sure coeff., Cp.c (degs) sure coeff., Cp o (degs) sure coeff., Cpy o
shocks 22.51 0.0277 11.03 0.0210 6.09 0.0167
5.0 |t 30.10 0.0337 12.30 0.0232 6.20 0.0171
emor,% 2521 17.69 10.32 9.57 1.75 2.82
shocks 25.80 0.0953 15.01 0.0729 11.26 0.0639
100 | Blor 31.20 0.1046 15.60 0.0751 11.40 0.0649
error.% 17.30 8.92 3.76 3.05 1.20 1.57
hocks 33.35 0.3144 24.36 0.2588 22.02 0.2454
200 | Tavler 37.80 03263 25.00 0.2617 2220 0.2468
emor% 11.76 3.64 2.53 1.11 0.81 0.58
shoeks 41.92 0.6206 34.54 0.5396 32.88 0.5240
300 | Teor 48.20 0.6475 35.70 0.5446 33.40 0.5269
emor.% 13.02 4.16 3.23 0.90 1.54 0.54
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Table 4. Comparison of sphere and tangent sphere-cone results for air.

Virt. length cone: Approximate

Quantity Sphere (Taylor-Maccoll)
__>
+ Stagnation Stagnation Shock stand- Heat flux at Shock angle Shock stand- Surface
Geom eu.y p'lessure density ratio, off at Txosc, nose, at back of off at back pressx}rc
and conditions ratio, pafpe Pafp= At 7 (]::;ﬁ2- B cto;@ Hfff’: Z.n) cogjzlent,
5o shoeks |\ 3965 | 544 | -03005 | 9.474
Re_=3.775¢05
perinch BI
T,~1780°R | SO | 3265 2497 | -03949 | 9473
T=136.1 °R )
R=2.51in.
emor% 0.00 7821 1.1 -0.01
Sphere-cone shocks 6.74 0.2068 0.0188
weiso | 29016 | 630 | 00539 | 27799 | Casy | 0212 | (0i0193)
per inch
T oaox | Yker |l 28056 | 3865 | -0.0530 | 217861 | 1105 | 09132 | 00213
Ry=0.4in.
o sase 39.00 5 | 1174
8,=5.25° error,% B 77.3 .
hem0.7196 in. % -0.21 83.70 -1.70 0.05 3801 | (7578 9.39)
shocks 6.74 1.0846 0.0188
code 6385 | (1.1601) | (0.0193)
Same as Sph i
above, but Walker, phere properucs
Ly=37.111n., Ref. 19 same as above 5.75 1.5034 0.0164
hgo=3.7749 in.
— -17.22 43.02 -14.63
’ (-19.13) (39.05) (-17.68)
shocks 6.74 3.5507 0.0188
code 6.85) | (3.7979) | (0.0193)
Same as
above, but Walker, Spher [52 properties
e | e D e 684 | 39226 | 00192
hg=12.357 in.
— 1.46 948 2.08
' (-0.15) (3.18) (-0.52)
Sphere-cone 16.24 1030 | 0.0262
Moom3.0 shocks _ . . .
s s code 12.061 4.307 0.0789 2.950 (19.75) 13.80) | (0.0306)
er inch
Ty=1 00% R Walker,

Twoack | weker || 12.075 | 4835 | -0.0885 | 3213 | 2011 | 1447 | 0.0308
R,=0.4 in.

Ly =47.69 in.
8,,=5.25° . . .
e | | 012 | 1092 | 1085 | 819 (119 72;') (25 6832) (1; 695‘;
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Table 5. Comparisons for gases represented in program shocks. Values
are for a sphere-cone, M_=8, R,=0.5 in., 65c=15°, Lg=60 in.,
T..=400°R, T,,=2500°R, sea level, hg:=16.46 in.
Quantity Sphere Cone (Taylor-Maccoll)
—

Stagnation Stagnation Shock stand- Heat flux at Shock angle, Shock stand- Surface

+ pressure ratio, density ratio, off at nose, nose, Bye (deg) off at back of pressure
Pt2/Poo PP A (in) q (bru/f2-sec) cone, coefficient,

Gas Hiyoohge (in) Cpse

Air 82.86 6.00 -0.0708 1135.43 18.00 3.50 0.1471
Ammonia 77.95 7.58 -0.0560 1360.99 17.60 3.03 0.1453
Argon 95.01 417 -0.1018 1580.54 18.80 445 0.1502
Butane 68.76 17.72 -0.0240 -296.47 17.00 2.32 0.1430
Carbon dioxide 77.95 7.58 -0.0560 438.02 17.60 3.02 0.1453
f;“"’“ fronox: 82.86 6.00 -0.0708 1160.18 18.00 3.50 0.1471
Ethane 7340 10.36 -0.0410 151.67 17.30 2.67 0.1442
Ethylene 76.14 8.46 -0.0502 47730 17.50 291 0.1450
Helium 94.59 421 -0.1008 24633.19 18.80 445 0.1503
Hydrogen 83.30 5.90 -0.0720 22608.21 18.00 3.50 0.1470
Methane 7840 7.39 -0.0575 1312.39 17.70 3.14 0.1460
Nitrogen 82.86 6.00 -0.0708 1156.12 18.00 3.50 0.1471
Octane 66.40 29.12 -0.0146 -308.86 16.80 2.09 0.1421
Oxygen 8242 6.11 -0.0695 1044 .45 18.00 3.50 0.1472
Sulfur dioxide 76.14 8.46 -0.0502 204.25 17.50 2.91 0.1450
Water vapor 79.74 6.89 -0.0616 1611.38 17.80 3.26 0.1464
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