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PROBING METHODS FOR SADDLE-POINT PROBLEMS
�

CHRIS SIEFERT
�

AND ERIC DE STURLER
�

Abstract. Several Schur complement-basedpreconditionershave beenproposedfor solving (generalized)
saddle-pointproblems.WeconsidermatriceswheretheSchurcomplementhasrapiddecayoversomegraphknown
a priori . This occursfor many matricesarisingfrom thediscretizationof systemsof partial differentialequations,
andthis graphis thenrelatedto themesh.Weproposetheuseof probingmethodsto approximatetheseSchurcom-
plementsin preconditionersfor saddle-pointproblems.Wedemonstratethesetechniquesfor theblock-diagonaland
constraintpreconditionersproposedby [Murphy, GolubandWathen'00], [de SturlerandLiesen'04] and[Siefert
anddeSturler'05]. However, thesetechniquesareapplicableto many otherpreconditionersaswell. Wediscussthe
implementationof probingmethods,andweconsidertheapplicationof thoseapproximationsin preconditionersfor
Navier-Stokesproblemsandmetaldeformationproblems.Finally, we studyeigenvalueclusteringfor theprecondi-
tionedmatrices,andwepresentconvergenceandtiming resultsfor variousproblemsizes.Theseresultsdemonstrate
theeffectivenessof theproposedpreconditionerswith probing-basedapproximateSchurcomplements.

Keywords. saddle-pointsystems,constraintpreconditioners,Krylov methods,Schurcomplements,probing
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1. Intr oduction. We areconcernedwith preconditioningproblemsof theform
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(1.1)

where �! #" $&%(')% ,
�

 #" $+*�',* , and here -/.10 . Theseproblemsare referredto as
(generalized)saddle-pointproblems. Speci�cally, weareconcernedwith problemswherethe
Schurcomplementmatrix hasrapiddecayoversomea priori known graph.Theseproblems
canhave a numberof differentcharacteristics.For someproblems,especiallythosearising
in constrainedoptimization,
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. For others,suchasthosearisingfrom stabilized�nite
elements[2, 12, 24],
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5 is small. For still others,the non-zero
�

arises
from anothersource,suchasa very slight compressibilityin metaldeformationproblems
[29]. We considerproblemswhere

�
�62

or 5

�

5 is small, so that our problemsretain
the characterof a (generalized)saddle-pointproblem. In addition, certain �nite element
stabilizationschemesyield �

3
�

�

[1, 22] and[24, Sections7.5and9.4], while many other
schemesyield �

�
�

. Weconsidertheproblemandpreconditionersin thegeneralizedform,
�

3
�

�

, mainly to emphasizethegeneralapplicabilityof theproposedmethods.However,
the methodsproposedin this paperare equally applicableto specialcases,especiallythe
symmetric( �

�
�

) case.A numberof preconditionersfor this classof problemshave been
developedthatemploy aSchurcomplement[3, 9, 10, 18, 21], or someapproximationthereof
[11, 13, 19, 23, 27]. Section2 will presentasummaryof theconvergenceresultsfor onesuch
family of preconditioners[27].

For someproblems,an approximationto the Schurcomplementin the preconditioner
thatyieldsgoodconvergenceis known, like thepressuremassmatrix for theNavier-Stokes
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problem[28]. For otherproblems,however, nosuchapproximationis known. Probing[4, 17]
providesa general,algebraicmethodfor building matrix approximations.Basedon thekey
idea of exploiting decaypropertiesin the underlyingoperatorto ef�ciently capturelarge
matrix entries,it wasusedsuccessfullyto build narrowly bandedapproximationsto Schur
complementmatricescorrespondingto 1-D interfacesarising in 2-D non-overlappingdo-
maindecompositionwith anappropriateorderingof theunknowns[4]. Following thesame
underlyingidea,we canextendthis approachto applicationswith a morecomplicateddecay
structure. For theseapplications,we requireapproximationswith a moregeneralsparsity
pattern.Recently, graphcoloringtechniquesusedby theoptimizationcommunityfor sparse
JacobianandHessianapproximations[6, 7, 15, 16, 20] have beenadaptedto allow the ap-
proximationof any matrix,solongasthesparsitypatternis known a priori [8].

We proposethesetechniquesfor approximatingSchurcomplementsthat have entries
which decaywith distanceon someunderlyinggraph. For example,a graphderived from
an underlying�nite elementmeshmight be a candidatefor thesemore advancedprobing
methods.This relationshipwill beexplainedin moredetail in Sections3 and4.

A potentialproblemis thatthematricesformedby thesemoregeneralprobingtechniques
maybeexpensiveto factor. However, in previousexperimentswe foundthatreplacinganex-
actSchurcomplementby anincompletefactorizationhasa negligible effect on convergence
[27]. Therefore,we proposeto useincompletefactorizationsfor theseprobing-basedap-
proximateSchurcomplements.This keepsthe total costof constructingandapplying the
approximateSchurcomplementto 8�9:0<; . Algorithmic detailswill bethefocusof Section5.

ApproximatingSchurcomplementsby probingwith generalsparsitypatternscombined
with incompletefactorizationsof theresultingapproximationsgivescheapandeffectivepre-
conditionerswith excellentperformance.We demonstrateour preconditionersfor two appli-
cations,the�rst in �uid �o w andthesecondin metaldeformation.Analysisof theeigenval-
uesof thepreconditionedsystems,aswell asGMRESconvergenceresultsandtimingswill
beprovidedin Section6. Section7 summarizesour conclusionsandpresentsdirectionsfor
futurework.

2. PreconditioningSaddle-Point Problems. In [27], wedevelopedtwo classesof pre-
conditionersfor (1.1) andprovidedeigenvalueboundsfor thecorrespondingpreconditioned
systemsthatallow for theuseof approximateSchurcomplements.Both classesof precondi-
tionersrequirethechoiceof asplittingof the(1,1)blockof (1.1), namely�
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=

is cheapto solve with. We canmake sucha splitting evenin thecasewhere � is singular
or ill-conditioned.Let BDC
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block-diagonalpreconditionerfrom [27], weget,
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. We refer to this systemas
theblock-diagonallypreconditionedsystem.Thesecondpreconditionedsystem,which will
bereferredto astherelatedsystem, is derivedfrom afurthersplittingof theblock-diagonally
preconditionedsystem(2.1) asfollows [27],
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Notethat,
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Multiplying (2.2) by (2.3) yields
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This is the relatedsystemfor the �x ed-pointiterationassociatedwith the splitting in (2.2).
Multiplying by this matrix is moreexpensive thanwith theblock-diagonallypreconditioned
matrix. It requirestwo additionalapplicationsof

= F

C , andoneadditionalmultiplicationwith
�

and ��� . However, thegreatlyimprovedeigenvalueclusteringof (2.4) usuallymakesthe
secondpreconditionermuchcheaperin practice,andin generalwe recommendsolving the
relatedsystemoversolvingtheblock-diagonallypreconditionedsystem.

In [27], we alsoprovide boundsthatdescribetheeigenvalueclusteringof theproposed
preconditionedsystems.Eigenvalueclusteringis a key factorin theconvergenceof Krylov
subspacemethods,althoughfor non-symmetricproblemstheeigenvectormatrix alsoplaysa
role. Tight clusteringof theeigenvaluesgenerallyleadsto fastconvergence.We now brie�y
summarizetheeigenvalueboundsfrom [27].

For the relatedsystem(2.4), the eigenvaluesareclusteredaround ` , andwe have the
following bound[27, Theorem4.2]. Let acb beaneigenvalueof thematrix in (2.4). Then
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Eigenvalueboundsfor theblock-diagonallypreconditionedsystem(2.1) arediscussedin de-
tail in [27]. For bothpreconditionedsystems,theeigenvalueclusteringdependson two key
factors,5

O

5
I and 5oKn5

I . As (2.5) shows,bothof thesemustbesmall in orderto assuregood
clusteringandrapidconvergence.Thismeansthatthesplittingof the(1,1)block,
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chosensuchthat 5
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5pI is small, and BqI mustbea goodapproximationof the
SchurcomplementB C . Thereis little to begainedby makingoneapproximationsigni�cantly
moreaccuratethantheother, andour resultsin Section6 will illustratethis.

3. Probing. The key idea behindthe probing methodin [4] is to ef�ciently capture
largeentriesin theSchurcomplementmatricesarisingfrom the1-D interfacesin 2-D non-
overlappingdomaindecompositionmethodswithout explicitly forming the Schurcomple-
ments. For this isotropic diffusion application,with an appropriateordering of the un-
knowns,theentriesof theexactSchurcomplementdecaywith distancefrom thediagonalas

8�9

d r

><s

d
F

I

; (in theanisotropiccase,thingsareslightly different,see[17]). Thus,a banded
approximationcomputedby probingapproximatesthelargeentriesin theSchurcomplement
accuratelyandyieldsagoodapproximation.In fact,if all of thenon-zeroentriesoccurwithin
the chosenbandwidth for probing, thenprobing is exact. If not, probingyields a banded
approximationthat lumpsmatrix entriesoutsidethe bandinto the bandof the approximate
matrix. In sucha case,probingfor a bandedmatrix will missimportantentriesoutsidethe
bandandpolluteentriesinsidethebandwith contributionsfrom entriesoutsidetheband.For
this reason,it is clearthat to accuratelycapturethelargeentriesfor matriceswith moregen-
eraldecaypatternswe needto deriveor computea goodpatternto probefor. In this respect,
we note that ChanandMathew [4] did not proposeto usebandedapproximationsper se;
however, they usedprobingfor aproblemwhereabandedapproximationis veryappropriate.

Theprobingmethodapproximatesa matrix usingonly matrix-vectormultiplication.We
multiply afew carefullyconstructedvectorsby thematrix,andthenconstructtheapproximate
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matrix from theresults,basedon ana priori chosensparsitypattern.For example,consider
thetridiagonalmatrixshown in Figure3.1. WechoosetuC

]

twv , t I

]

twx and tzy asourprobing
vectorsandwe multiply theseby thematrix. Theresultingproductrecoversall thenon-zero
entriesin theoriginal matrix exactly. To approximatelargeentriesin moregeneralmatrices,
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FIG. 3.1. Probingona tridiagonalmatrixusingthevectors ˆŠ‰(‹�ˆ•Œ , ˆƒŽ•‹�ˆ•• and ˆl‘ .

we needto extendthis approachto moregeneralprobingpatterns.However, we will show
thatprobingcanbeappliedsuccessfully, solongastheentriesof thematrixdecaysuf�ciently
rapidlyoversomeunderlyinggraph.

As anexample,considerthepartialdifferentialequation

(3.1)
>“’�”G]

H •—–
”˜�
2

on theunit squarewith homogeneousDirichlet boundaryconditions.We discretizetheprob-
lemwith �nite differences,using15grid pointsin eachdimension.Figure3.2plotsa typical
columnof the inverseof the matrix from (3.1) over the �nite differencegrid. Let this be
the

r

>

th column. We canseethat this columnhasentries
s

that rapidly decayin magnitude
asthe distancebetweennodes

r

and
s

on thegrid increases.Sucha matrix canbe approx-
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FIG. 3.2. Onecolumnof theinverseof thematrix from(3.1) graphedover theunderlying�nite differencemesh.

imatedaccuratelywith a probing-basedmethodaslong asanappropriatesparsitypatternis
chosenandthe right probingvectorsarechosen.Following the original ideaof capturing
the large entries,we canextendthe probingapproachusingmoregeneralprobingpatterns
to capturemoregeneraldecaypatterns.This is even moreimportantfor problemsin three
spatialdimensionsandfor systemsof partial differentialequations.A pictorial exampleof
theproposedextensionto probingfor matriceswith moregeneraldecaypatternsis shown in
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Figure3.3 (seediscussionbelow). To show thatfor moregeneralmatricesprobingfor more
generalsparsitypatternsis worth theextrawork, wealsoincludeanapproximationcomputed
by probingfor a bandedmatrix in Figure3.3. We refer to probingfor bandedmatricesas
bandedprobing, and in the discussionbelow andSection6 we includesomeexamplesof
bandedprobingmainly to motivatethe additionalwork in our moregeneralprobingalgo-
rithms. For completeness,we notethatbandedprobingshouldnotbeconfusedwith probing
assuggestedby ChanandMathew [4]. They suggestedprobingfor large entriesin Schur
complementsarisingin domaindecomposition,andappliedthis ideato matricesthatarewell
approximatedby a bandedmatrix.

The partial matrix estimationtechnique[8], which hasbeenusedin the estimationof
sparseJacobiansandHessiansundervariousnames[6, 7, 15, 16, 20], providesa way for
approximatingmoregeneralmatrices.In thecontext of approximatingSchurcomplements,
we shall referto this methodasstructuredprobing. In this technique,we �rst choosea spar-
sity pattern,™

 ›š

2)�

`uœ

%(')% , for theapproximatematrix,basedon somea priori knowledge
of the matrix we areapproximating(seeSection4). Second,we usegraphcoloring tech-
niquesto computeprobingvectorssuchthatamatrixof ourchosensparsitypatternwouldbe
reconstructedexactly (seeSection5). Third, we multiply theprobingvectorsby thematrix.
Finally, weusetheresultsof thematrix-vectormultiplicationsto approximatethematrixwith
thesparsitypattern,™ . Algorithm 1 outlinestheprocessfor agiveninput matrix • .

Algorithm 1: ž•
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To illustrateAlgorithm 1, we useprobingto approximatethe inverseof thematrix that
arisesfrom discretizingthe problem(3.1). Figure 3.3 shows a column of this inverseas
well asthecorrespondingcolumnsin theapproximationsgeneratedby bandedandstructured
probing. For structuredprobing,we assumea 13-ptstencil,which for our particularchoice
of graphcoloring, requires15 vectors. For propercomparison,we alsouse15 vectorsfor
bandedprobing.Thisservesto illustratetheeffectof choosinganappropriatesparsitypattern
ratherthanusinga bandedpatternfor a problemwhereit is not appropriate.The banded
reconstructionwill only capturedecayin onedirection,correspondingto neighborsthatare
“close” in thenodenumbering.

4. Choosing the Sparsity Pattern ™ . Choosinga goodsparsitypattern, ™ , in Step
1 of Algorithm 1, requiressomea priori knowledge,but not detailedknowledge,aboutthe
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FIG. 3.3. A typical columnof theinverseof thematrix from(3.1) andtheapproximationsgeneratedbybanded
andstructuredprobingwith 15vectors.

matrix • . If the“big” entriesin • arein acertainpattern,wecanchoosethea priori sparsity
patternaccordingly. For many applicationstheselargeentriesarerelatedto locality on some
graph.If theproblemis derivedfrom a �nite elementdiscretization,the�nite elementmesh
or a subsetthereofmayprovide sucha graph. If sucha graphis not availableimmediately
from theproblem,we canoftenderive a suitablegraphfrom thematricesinvolvedat some
additionalcost.

In our casewe areinterestedin matrices•
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entriesof thesematrices,in mostcasesthecostsremainmodest.

Figure4.1 shows a staggered�nite differencemesh.As
�

is typically very simple,we
consider

�
�
2

for our examplein Figure 4.1. The � -variablesin (1.1) are represented
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by blue x's andthe
�

-variablesarerepresentedby blue circles. We considerthe
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·uv , as in (4.1). In a situationlike this, we canderive
appropriatestencilsfor the Schurcomplementover the �nite differenceor �nite element
meshasthesparsitypatternfor ™ . This is theapproachwetake in Section6.
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5. Graphs and Colorings. Thegoalof our graphcoloring is to ensurethatany single
probingvectordoesnot capturedatafrom columnsof ™ with overlappingnonzeropatterns.
Methodsknown assubstitutionmethods[8, 16] allow this conditionto berelaxed.However,
they introduceothercomplications,andwe will not considerthemin this paper. With the
aboveconditionin mind,wemustconsidertwo importantissues.The�rst is whichgraphcan
we useto generatevectorsthat meetthis requirement.The secondis how shouldwe color
this graph.

A graph  

�

9ÝÜ

�•@

; is de�ned by a setof verticesÜ anda setof edges
@

connecting
vertices.Let

Q

C
9:Þu«¶; representthesetof neighborsof vertex Þ—« , namely š

Þw­

 

Ü

d

9:Þu«

�

Þw­w;

 

@

œ . Let
Q

I©9:Þu«¶; representthesetof distance-2neighborsof Þ—« , namelythesetof all Þz­

 

Ü

suchthat(1) Þz­

 

Q

C
9:Þu«¶; or (2) Þw­

 

Q

C
9ŸÞ©¾u; for someÞ©¾

 

Q

C
9:Þu«¶; .
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We considerapproximatingthesparsematrix • with atmost • non-zeroentriesperrow,
usinga matrix with the samesparsityas ™

 Uš

2¨�

`©œ

%(',% . We discusstwo differentgraphs
in Section5.1, but they have thesamevertex set, Ü

�

š

Þ C

� HpHpH �

Þ

%

œ , correspondingto the -

unknownsor - rows/columnsof thematrix. For eachalgorithm,let
¥

bethenumberof colors
used.

Graphcoloring de�nes a mapping ¡ß¢�Üà¤

š

`

� HpHŠH �Ÿ¥

œ that assignsa color to each
vertex. Thismappingis generatedin Step2 of Algorithm 1, andit is subsequentlyusedin the
constructionof theprobingvectors.Variousgraphcoloringalgorithmsaredetailedin Section
5.2.

¿Fromtheperspectiveof ef�ciency, wewould like thesemethodsto haveaboutthesame
costas the necessarymatrix-vectormultiplications. For a sparsematrix • with at most •

non-zeroentriesperrow, thematrix-vectormultiplicationscost 8�9:- •

¥

;

1. For all problems,
it is known that

¥<á

•

]

` [16].

5.1. Choosinga Graph to Color. The �rst graphwe consideris theadjacencygraph
of ™ , alsoreferredto as“the graphof ™ ”,  �C©9Ÿ™P;

�

9¦Ü

�l@

CŠ; , where 9ŸÞ «

�

Þ ­ ;

 

@

C if and
only if ™

«Ÿ¬ ­

�

` or ™
­•¬ «

�

` [7, 20]. A distance-1coloringof  �C doesnotguaranteethatour
conditionon theprobingvectorsholds;however, a distance-2coloringdoes.In a distance-2
coloring, âãÞ

¾

 

Q

I
9:Þ

«
; , ¡D9:Þ

¾
;

3
�

¡J9ŸÞ
«

; [20]. If ™ is storedin a suitablesparseformat,
generatingthegraphhasnegligible cost.

The secondgraphwe consideris the columnintersectiongraph,  �I©9¦™N;

�

9ÝÜ

�•@

Iw; ,
where 9:Þu«

�

Þw­w;

 

@

I if and only if thereis a · suchthat ™�¾z¬ «

�

` and ™�¾z¬ ­

�

` [6].
For this graph,a distance-1graphcoloring satis�es our condition for the probingvectors.
This graphhas 8�9:-

•

I

; edges,so it takesat leastthat muchwork to construct[15]. If the
graphsof both ™ and ™

� areavailable,onecancolor thecolumnintersectiongraphwithout
forming it explicitly [6]. In general,coloringthecolumnintersectiongraphtakesmorework
thancoloring theadjacency graph[16]. Therefore,we will usetheadjacency graphfor the
experimentsin Section6.

5.2. Choosingthe Coloring Algorithm. After we choosethegraphto color, we must
choosean algorithmto computethecoloring. We presentthreesuchalgorithms.Sincewe
usetheadjacency graphof ™ (seeSection5.1), thealgorithmsdiscussedin this sectionwill
bedistance-2colorings.The�rst andsimplestchoiceis thegreedyalgorithm.Following the
descriptionin [16], the greedyalgorithmfor distance-2coloring is describedin Algorithm
2. If

»

ä

I is theaveragenumberof distance-2neighborsfor Þ

 

Ü , thenthis algorithmtakes
8�9:-å»

ä

Iw; time [16, Lemma3.9]. Thesecondalgorithm,balancedcoloring,asdescribedin

Algorithm 2: ¡

�

Greedy Distance-2 Coloring 9Ÿ 

�

9¦Ü

�l@

;Ê;

Initialize forbiddenColors with some
~

3

 

Ü .1:

For
r

�

`

�
HŠHpH

�

-2:

For eachcoloredvertex æ

 

Q

I
9:Þ

«
;3:

forbiddenColors
¼

¡J9Ÿæ&;
Ã = Þ

« .4:

Set ¡D9:Þ
«

; = minimum • s.t. forbiddenColors
¼

•

Ã

3
�

Þ
« .5:

[8], mayyield a moreef�cient coloring. In this approach,we balancethenumberof nodes
assignedto eachcolor. Our versionof this heuristicalgorithmassignsa color to eachnode
sequentially. It builds a list of forbiddencolors for eachnode,andthenchoosesthe valid

1In practice,of course,ç is only availableimplicitly throughmatrix-vectorproducts.Thecostthendependson
how therequireddatais availableandtheimplementationof thematrix-vectorproducts.
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color that hasbeenusedto color the smallestnumberof nodes. Sincewe needat leastas
many colorsas the highestdegreeof any nodeplus one [15], we start the algorithmwith
thatmany colors. We increasethenumberof colorswhena nodecannotbeassignedany of
the existing colors. Algorithm 3 outlinesthis methodfor computinga balanceddistance-2
coloringof a graph. Computingtheforbiddencolorslist for eachnodetakes 8�9 •

I

; time,

Algorithm 3: ¡

�

Balanced Distance-2 Coloring 9Ÿ 

�

9¦Ü

�l@

;l;

Set
¥˜�

•

]

` , theinitial numberof colorsto consider.1:

Set •

­

�è2

, for
sG�

`

� HŠHpH �¦¥

, bethenumberof timeseachcolorhasbeenused.2:

Initialize forbiddenColors with some
~

3

 

Ü .3:

For
r

�

`

� HŠHpH �

-4:

For eachcoloredvertex æ

 

Q

I—9:Þu«¶;5:

forbiddenColors
¼

¡D9Ÿæ&; Ã
= Þu« .6:

Set •mé

¸

ézê

tzë

�

falseand -

”•ì

t

ì“��í

.7:

For
sG�

`

� HŠHpH �¦¥

8:

if forbiddenColors
¼ s

Ã

3
�

Þ
« and •

­

È

-

”•ì

t

ì

then9:

Set -

”ãì

t

ì“�

•

­ , •mé

¸

ézê

twë

�

trueand ¡D9:Þ
«

;

�?s

.10:

if •mé

¸

ézê

tzë

�

falsethen11:

Set ¡D9:Þu«¶;

�Z¥�]

` , •

ªpî

C

��2

.12:
¥˜�Z¥G]

` .13:

Set •

±—²ðï•ñŸ´

�

•

±—²ðïlñ¦´

]

` .14:

andchoosingtheappropriatecolor takes 8�9

¥

; time. Therefore,theoverall time complexity
of doingabalanceddistance-2coloringis 8�9Ÿ-ò9

•

I

]<¥

;Ê; .
The third algorithmwe proposeusesprobingvectorswith the same š

2)�

`uœ patternsas
bandedprobing[4], but picksthenumberof vectorssuchthatwe canexactly reconstructthe
desiredsparsitypattern.We choosethenumberof colors

¥

suchthat
¥

is relatively primeto
all elementsof the set š

r

>ós

dõô

·M¢�™�¾w¬ «

�

` and ™�¾w¬ ­

�

`uœ . We refer to this method
asthe prime divisor coloring. This algorithmimplicitly performsa distance-2coloring on
theadjacency graphof ™ , althoughwe do not usethegraphexplicitly. Instead,we operate
directlyon ™ . Thealgorithmis givenasAlgorithm 4. Thegreatadvantageof thisapproach

Algorithm 4: ¡

�

Prime Divisor Distance-2 Coloring 9Ÿ™

 �š

2)�

`©œ

%

¬

%

;

Initialize illegalP with theemptyset.1:

For
r

�

`

�
HŠHpH

�

-2:

For
s

s.t. ™�«Ÿ¬ ­

3
�
2

3:

For · s.t. ™�«Ÿ¬ ¾

3
�
2

and ·ö.

s

4:

illegalP ÷!9¦·

><s

;5:

For
r

�
•

�
HŠHpH

�

-6:

if â

s

 illegalP
�¶s

h�ø,ù

r

3
��2

then7:
¥˜�

r

8:

break9:

For
r

�

`

�
HŠHpH

�

-10:

Set ¡D9:Þu«ú;

�

r

h�ø,ù

¥

.11:

is that if ™ comesfrom a �x ed stencil on a regular grid, we needonly considera single
“representative” row of thematrix (i.e.,a row for apointaway from theboundaries),anduse
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thatrow to choosethenumberof colors
¥

. For suchproblems,thisalgorithmtakes 8�9

¥&]

•

I

;

work. However, this algorithmtakes 8�9Ÿ-ò9

¥ö]

•

I

;l; work for unstructuredmeshes.It canbe
acceleratedsomewhatby only usingprimenumbersin Step5 of Algorithm 4, but thatdoes
not improvetheasymptoticef�ciency.

Finally, as notedin [6], graphcoloring heuristicsare sensitive to the orderingof the
nodes.A goodorderingreducesthenumberof colors,andthusmakestheunderlyingprobing
processcomputationallylessexpensive. One strategy is to order the nodesso that all of
the high-degreeverticesarenumbered�rst. This is referredto asthe largest-�rst ordering
(LFO) in [6]. Morecomplicatedorderings,wherenodesarecoloredbasedon thetopologyof
particularsubgraphs,arediscussedin [6].

6. Results. We considertwo applicationsfor our numericalexperiments.The �rst ap-
plication modelsa leaky lid-driven cavity using the Navier-Stokesequations.For this ap-
plication we usethe MATLAB software of [12]. This particularproblemhas �

3�

�&� ,
�

� �

and
�û3 �ß2

in thenotationof (1.1). To analyzetheeigenvalueclusteringandcon-
vergenceof thepreconditionedsystemswith variouschoicesfor theapproximateSchurcom-
plement,weusea `ŠüGýP`Šü grid with viscosityparameterþ

�
2
H

` andstabilizationparameter
ÿ

� 2
H •—–

. After removing theconstantpressuremode,this systemhas705unknowns. For
thesplitting of the(1,1)block, �

�U=V>Z@

, we useonemulti-grid V-cycle with threeSOR-
Jacobipre-andpost-smoothingstepsandrelaxationparameter�

�½2
H³•©–

. We alsoconsider
theeffectsof

�

-re�nementon the preconditionedsystems.We consider
Q

ý

Q

gridswith
Q �

`wü

���
•

�

ü��

�

`

•��

. For all of theseproblemswe ordervelocitiesin x-direction�rst, then
velocitiesin y-direction,andthen the pressures;within eachgroupof unknownswe usea
standardlexicographicordering.

In additionto demonstratingtheeffectivenessof our preconditionerswith approximate
Schurcomplementsgeneratedby probing, we usethe Navier-Stokesproblemto illustrate
the importanceof usinggeneralprobingandreconstructiontechniquesthat capturethe de-
cay patternfor matriceswith complex decaypatterns.Speci�cally, we comparestructured
probingwith bandedprobingasa cheapandsimplealternative to focuson the role of the
sparsitypatternchosenfor theapproximateSchurcomplementmatrix. We usetheprimedi-
visormethodfor graphcoloringto isolatetheroleof thischosensparsitypattern.In fact,this
methodallowsusto usethesameprobingvectors( § ) for structuredprobingandfor banded
probing;so,theonly differencebetweenthetwo methodsis in thesparsitypatternthatweuse
for theconstructionof theapproximatematrix. The resultingexperimentsdemonstratethat
evenusingthesamevectorsasbandedprobing,reconstructionbasedon a moreappropriate
sparsitypatternleadsto muchbettereigenvalueclusteringandconvergence.This providesa
justi�cation for thecomputationalexpenseof thegraphcoloring. Furthermore,we examine
theuseof incompletefactorizations(ILU(0)) for theapproximateSchurcomplementmatrices
generatedby structuredprobingasameansof furtherreducingthecostof thepreconditioners
(2.1) and(2.4).

The secondapplicationusesthe modi�ed Hart's model [14] to model elastic,plastic,
anelastic,micro-plasticandmicro-anelasticstrainandtheir effectson thepermanentdefor-
mation of bentbeams[29]. We �rst considera small linear systemwith ü��

•©•

unknowns
thatarisesfrom a Newton iterationto solve thenonlinearproblemat eachtimestep.For this
problem,we studythe following structuralsplittingsof the (1,1) block � : the diagonalof

� , a bandedsplitting of � with a semi-bandwidthof four, andthe ILU(0) factorizationof
� . In addition,we comparethe convergenceusingan exact Schurcomplementandusing
approximationsfrom structuredprobing.WealsouseILU(0) to factortheapproximateSchur
complementsgeneratedby structuredprobing. We provide timing resultsfor the iterations
with approximateSchurcomplements.Thestructuredprobingapproximationswereobtained
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with thedistance-2balancedcoloringalgorithmof [8]. For this problemwe focuson GM-
RESconvergenceandwall-clock time. Finally, we considerthe effectsof

�

-re�nementon
theconvergenceof the relatedsystem(2.4) usingvariousalgorithmicchoicesin computing
the structuredprobingapproximationsto theSchurcomplement.For all of theseproblems
weuseaminimumbandwidthordering.

Our experimentsare run using our structuredprobing software library [26]. All the
graphsandcoloringmethodsdiscussedaboveareincludedin thesoftwarepackage.A more
extensive C++ library (focusingon sparseJacobiansandHessians)is underdevelopmentby
Alex Pothenandhiscollaborators.WeuseGMRESastheiterativesolverandweiterateuntil
weobtaina relative residualtoleranceof ` e

>

`

2

.

6.1. Eigenvalue Clustering and Convergencefor the Navier-StokesProblem. We
�rst analyzethe eigenvalueclusteringandconvergencefor a small Navier-Stokesproblem.
Figures6.1(a)and6.1(b)show theeigenvaluedistributionsfor therelatedsystem(2.4) with
bandedprobingandwith structuredprobingusing13 probingvectors.For scalingpurposes,
we excludetwo negativeeigenvaluesfor thebandedprobingcaseat approximately9

>
	��¨�l2

;

and 9

>

`©`

�)�•2

; . We usea nine-pointstencilon theelementconnectivity graphto de�ne the
sparsitypattern™ for structuredprobing(SP).Theprimedivisormethoddescribedin Section
5, yields a graphcoloring requiring 13 vectors. The vectorsusedfor structuredprobing
andbandedprobingare the same. The only differencebetweenthe two methodsis in the
constructionof theapproximateSchurcomplementmatrix.

Structuredprobingyields muchbetterclusteringthanbandedprobing,especiallynear
theorigin. Structuredprobinghasonly onesmalleigenvalue(about0.01);theothersarewell
separatedfrom zero. Bandedprobinghasmany eigenvaluesclusteringneartheorigin. This
leadsto worseconvergencebehavior; seeFigure6.3(a).

Weseesimilar resultsfor theeigenvaluesof theblock-diagonallypreconditionedsystem
(2.1) with bandedandstructuredprobing;seeFigures6.2(a)and6.2(b). Bothbandedprobing
andstructuredprobingleadtoonesmalleigenvalue(about

2
H

2

` ), but structuredprobingyields
eigenvalueclustersmuchfurtheraway from theorigin.

Figures6.3(a)and6.3(b)show theconvergenceof GMRESfor thepreconditionedsys-
tems.Thedifferencebetweenbandedandstructuredprobingis quitepronounced.For both
preconditionedsystems,structuredprobingusinga � ve-pointstencilwith sevenvectorsre-
sultsin a lower iterationcountthanbandedprobingevenwith thirteenvectors.We alsonote
that using the relatedsystem(2.4) leadsto signi�cantly fasterconvergencethanusing the
block-diagonallypreconditionedsystem(2.1) for all probingvariants.

Figures6.4(a)and6.4(b)show theeigenvaluesfor therelatedsystemandblock-diagonally
preconditionedsystemfor structuredprobingwith both � ve-point(seven vector)andnine-
point (thirteenvector)stencils. Note that, barringa few outliers, for both typesof precon-
ditionerstheeigenvalueclusteringis signi�cantly betterfor thenine-pointstencil,especially
nearthe origin. Krylov-subspacemethodstendto �nd and“remove” outlying eigenvalues
quickly. Therefore,theseeigenvaluesdonotaffect theconvergencerateafterasmallnumber
of initial iterations. Thus, the signi�cantly bettereigenvalueclusteringobtainedusing the
nine-pointstencilleadsto a signi�cantly improvedconvergenceratefor GMRES.

6.2. ILU(0) for theApproximateSchurComplementfr omStructur edProbing. The
bene�tsof structuredprobingcomeat thecostof having anapproximateSchurcomplement
thatis moreexpensiveto factor. For instance,if thechosensparsitypatternlookssimilar to a

ë -dimensionalLaplacian(if � andhence
=

arerelatedto a Laplacian),the largebandwidth
canyield signi�cant �ll-in, making the exact factorizationof the approximateSchurcom-
plementmatrix expensive to computeandapply. Therefore,we useaninexact factorization
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(a)BandedProbing(13vectors)
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(b) StructuredProbing(9pt. stencil/ 13vectors)

FIG. 6.1. Eigenvaluesfor therelatedsystem(2.4) derivedfromtheNavier-Stokesproblemwith oneV-cycleas
splittingof the(1,1)block andwith approximateSchur complementsfrombandedandstructuredprobingwith exact
factorizations.

of the approximateSchurcomplementto de�ne B

F

C

I

. In practice,this leadsto a negligi-
ble deteriorationin convergencewhile reducingtheoverheadof applyingstructuredprobing
signi�cantly. We usean ILU(0) factorizationfor this problem. For symmetricproblemsan
IC(0) factorizationshouldbeused.SinceILU(0) andIC(0) have linearcostin thenumberof
unknowns,theoverall costremains8�9Ÿ0A; .

Figure6.5 shows theeigenvaluedistributionsfor both typesof preconditionedsystems
with structuredprobing. We usea nine point stencil ( `

�

vectors)andthe exact aswell as
the ILU(0) factorizationof the approximateSchurcomplement.Figure6.6 shows thecon-
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(b) StructuredProbing(9pt. stencil/ 13vectors)

FIG. 6.2. Eigenvaluesfor the block-diagonally preconditionedsystem(2.1) derivedfrom the Navier-Stokes
problemwith oneV-cycle as splitting of the (1,1) block and approximateSchur complementsusing bandedand
structuredprobingwith exactfactorizations.

vergenceresultsfor both typesof preconditionedsystems,usingstructuredprobingwith �

andwith `

�

vectors.Using ILU(0) insteadof anexact factorizationchangestheeigenvalue
distribution slightly, but leavesthe clusteringessentiallyequivalent. The impactof sucha
changeon the convergencebehavior is negligible. Given the signi�cant differencein cost
betweenexact andinexact factorizations,usingILU(0) is morecost-effective thanan exact
factorization.
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FIG. 6.3. GMRESconvergencefor theNavier-Stokesproblemwith oneV-cycleassplitting of the(1,1) block
andapproximateSchur complementsusingbandedandstructuredprobingwith exactfactorizations.

6.3. Probing and
�

-re�nement for the Navier-StokesProblem. We considertheef-
fect of

�

-re�nement on the convergenceof the relatedsystem(2.4). We vary the number
of elementsfrom

`wüöý?`Šü
to

`

•��

ý›`

•��

, with the largestsystemhaving
�

�
�

ü��(`
unknowns.

As before,we usea singlemultigrid V-cycle asthesplitting of the (1,1) block of (1.1). We
considerstructuredprobingusing

–

,
�

and
`

�

point stencilsto de�ne thesparsitypattern,
™

,
for theapproximateSchurcomplement.Wecomparethenumberof (GMRES)iterationswith
thosefor bandedprobingusingthe samenumberof vectorsasusedfor structuredprobing.
Table6.1showstheconvergenceresultsin termsof GMRESiterations.
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(a) Relatedsystem(2.4)
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FIG. 6.4. Eigenvaluesfor therelatedsystem(2.4) andtheblock-diagonallypreconditionedsystem(2.1) derived
fromtheNavier-Stokesproblemwith oneV-cycleassplitting of the(1,1)block andapproximateSchur complements
usingstructuredprobingwith exactfactorizations.

We seethat the relatedsystem(2.4) with structuredprobinghasmild dependenceon
�

�

`�


Q

. This is true for eachof thesparsitypatternswe consider;however, notethat the
increasein GMRESiterationsslowly declineswith increasing

Q

. Probingfor sparsitypat-
terns, ™ , in theSchurcomplementderivedfrom discretizationstencils(structuredprobing)
yields fasterconvergencethan probing for bandedpatterns(bandedprobing). This is ex-
plainedby thefactthat thedecayof

=�F

C hasa two-dimensionalstructure.Our resultsshow
that theoriginal ideasbehindprobingcanbeextendedeffectively to moregeneralpatterns.
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(a) Relatedsystem(2.4)
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FIG. 6.5. Eigenvaluesfor the relatedsystem(2.4) and the block-diagonally preconditionedsystem(2.1)
derivedfrom the Navier-Stokes problemwith one V-cycle as splitting of the (1,1) block and approximateSchur
complementsusingstructuredprobing(13vectors) with exactandILU(0) factorizations.

Eventhoughthetestproblemshave only modestconvection,thebandedSchurcomplement
approximationsareprogressivelyworseconditioned,culminatingin somenumericallysingu-
lar approximationsfor the largestproblems.Theapproximationsbasedon a 2-D stencilare
signi�cantly betterconditionedandleadto rapidGMRESconvergence.

6.4. Computational Resultsfor Metal Deformation. Themetaldeformationproblem
arisesfrom a �nite elementmesh,wherethesecondsetof variablescorrespondsto nodesin
the centerof the elements.For structuredprobing,we approximatethe Schurcomplement
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(b) Block-diagonallypreconditionedsystem(2.1)

FIG. 6.6. GMRESconvergencefor theNavier-Stokesproblemwith oneV-cycleasthesplittingof the(1,1)block
andwith an inexactSchur complementbasedonstructuredprobing, usingbothexactandILU(0) factorizations.

with a matrix thathasthesparsitypattern,™ , of theelement-elementconnectivity graphof
theoriginalproblem.Usinga distance-2balancedcoloringon theadjacency graphof ™ , we
canbuild ourapproximationusingonly nineprobingvectors.

We presentGMRESconvergenceresultsandwall clock time for a singlelinearsystem
from themetaldeformationproblemin Figures6.7(a)and6.7(b), respectively. For thecon-
vergenceresultsin Figure6.7(a), we usean ILU(0) splitting of the (1,1) block, � , andwe
comparetheconvergencefor theexactSchurcomplement,andanapproximateSchurcom-
plementusingstructuredprobingwith both exact andILU(0) factorizations.Figure 6.7(a)
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TABLE 6.1
Numberof GMRESiterations for the relatedsystem(2.4) usingmultigrid V-Cylesas a splitting of the (1,1)

block andstructuredprobingwith anILU(0) factorizationor bandedprobingto approximatetheSchur complement,
for variouslevelsof � -re�nementin lid-driven cavityproblemmodelledwith Navier-Stokes. Asterisks( � ) indicate
veryill-conditionedpreconditioners.

StructuredProbing ™ Stencil BandedProbingw/nvecsequalto
Splitting

Q

5-pt 9-pt 13-pt 5-pt 9-pt 13-pt

1 V-Cycle

16 75 36 32 107 71 107
32 103 55 49 140 111 272
64 122 79 71 542 169 542

128 134 96 90 � 1307 �

shows thatfor this problem,probing-basedapproximationsto theSchurcomplementleadto
effectivepreconditioners.In addition,usinganincompletedecompositionof theapproximate
Schurcomplement(by structuredprobing)doesnot leadto a deteriorationof convergence.
Figure6.7(b)showsthatuseof aninexactfactorizationwith structuredprobingsavesapprox-
imately5%of executiontime.

Next, we considerhow our preconditionersperformwith respectto
�

-re�nement. We
re�ne themetaldeformationproblemby multiplying thenumberof variablesperdimension
by 2,3 and4,whichyieldssystemsupto 273,258unknowns.For thisstudy, weconsiderthree
splittingsfor the(1,1)block,theILU(0) splittingpreviouslydiscussed,smoothed-aggregation
algebraicmultigrid (AMG) usingML [25] andtheexactsplitting

=E�

� . For ML, wedotwo
V-cycleswith asinglestepof SOR-Jacobiaspre-andpost-smootherandweightingparameter

�

�12
H³–

. We also set the aggregationthresholdto
2

H

` , meaningthat entriesaredropped
in the coarseningphaseif

d

�

«:¬ ­

d�e

2
H

`��

d

�

«:¬ «

�

­•¬ ­

d

. All other parameters,including the
uncoupledcoarseningtechnique,aresetto theML defaults.For eachof theseproblems,we
usestructuredprobingwith theprimedivisor, balancedandgreedycoloringsandanILU(0)
factorizationof theapproximateSchurcomplement.

Table6.2 shows thenumberof GMRESiterationsnecessaryto solve therelatedsystem
(2.4) to a toleranceof ` e

>

`

2

. Table6.3showsthecorrespondingtiming results.Thetiming
resultsrepresentaminimumover � verunsonamachinewith a2.6GHzIntel XeonCPUand
2 GB of RAM runningversion2.6.8of theLinux kernel.

It is well-knownthatelastic-plasticproblemsaredif�cult to precondition.Therefore,it is
not surprisingthatILU(0) andAMG arenotparticularlyeffectivesplittingsfor this problem.
As statedin (2.5), theeffectivenessof the overall preconditioneris limited by theaccuracy
of boththesplitting andtheapproximateSchurcomplement.If thesplitting is poor, a better
approximationto the Schurcomplementis unlikely to yield a signi�cant improvementin
convergence. We seethis effect in Table 6.2. The differencebetweenthe prime divisor
coloring,which usesmorevectorsthanthebalancedor greedycoloringsfor a givenstencil,
is mostpronouncedwhenweusetheexactsplitting,

=V�

� .

7. Conclusionsand Futur e Work. We have shown thatprobingprovidesaneffective
techniquefor approximatingthe Schurcomplementmatricesthat arisein saddlepoint pre-
conditioners.The probingtechniqueproposedby ChanandMathew [4] for appliedto 2-D
domaindecompositionproblemscanbeadaptedto reconstructexactly matricesof arbitrary
sparsitystructureor to approximatematricesthathavea suitabledecaypropertyrelative to a
chosensparsitystructure.This makesprobinga very powerful techniquein preconditioning
saddle-pointproblems,if a goodestimateof theprobingpatterncanbemadea priori . The
resultspresentedin this papershow theeffectivenessof usingstructuredprobingwith these
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FIG. 6.7. GMRESconvergenceandwall clock timefor a singlenon-lineariteration of themetaldeformation
problemfor variousprobing-basedinexact Schur complementsin the relatedsystem(2.4) and for threedifferent
splittingsof the(1,1)block (ILU(0), bandedmatrixwith semibandwidth4, anddiagonal).

preconditionersin termsof eigenvalueclustering,rateof convergenceandexecutiontime.

As futurework, we seekto developestimatesfor 5mKn5wI for structuredprobingmethods.
We alsoseekto dynamicallyadaptthea priori chosensparsitystructurefor structuredprob-
ing. Furthermore,weplanto identify additionalproblemsthatyield decaypropertiesthatcan
beexploitedby structuredprobing,especiallybasedon morealgebraiccriteria. We will also
work on developinganaccurateeigenvalueanalysisfor systemspreconditionedusingstruc-
turedprobing. Finally, we intendto look at schemesfor updatingandreusing(generalized)
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TABLE 6.2
Numberof GMRESiterationsfor therelatedsystem(2.4) usingan ILU(0) or AMG splitting of the(1,1)block

and structured probing to approximatethe Schur complement,for variouslevelsof � -re�nementon a singlenon-
linear iteration in themetaldeformationproblem.Dashesindicateinsuf�cient memoryto run that particular com-
bination.

StructuredProbingColoring
Splitting # Unknowns PrimeDivisor Balanced Greedy

Exact
6422 18 32 25

39722 23 38 31
121466 25 34 35
273258 — — —

ILU(0)
6422 219 230 225

39722 432 477 478
121466 644 700 730
273258 — — —

AMG
6422 153 159 159

39722 215 227 227
121466 223 241 249
273258 266 285 307

TABLE 6.3
Wall-clock time(seconds)for therelatedsystem(2.4) usingan ILU(0) or AMG splitting of the(1,1)block and

structuredprobingto approximatetheSchur complement,for variouslevelsof � -re�nementon a singlenon-linear
iteration in themetaldeformationproblem.Dashesindicateinsuf�cient memoryto run thatparticular combination.

StructuredProbingColoring
Splitting # Unknowns PrimeDivisor Balanced Greedy

Exact
6422 7.79e-01 1.07e+00 8.91e-01

39722 1.32e+01 1.68e+01 1.46e+01
121466 9.91e+01 1.03e+02 1.04e+02
273258 — — —

ILU(0)
6422 4.09e+00 4.31e+00 4.22e+00

39722 1.17e+02 1.40e+02 1.38e+02
121466 1.44e+03 9.89e+02 1.08e+03
273258 — — —

AMG
6422 8.87e+00 9.10e+00 9.06e+00

39722 9.80e+01 1.03e+02 1.03e+02
121466 3.80e+02 4.09e+02 4.25e+02
273258 8.20e+02 9.12e+02 1.01e+03

saddlepointpreconditionerswith probing-basedinexactSchurcomplements.
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