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PROBING METHODS FOR SADDLE-POINT PROBLEMS

CHRIS SIEFERT AND ERIC DE STURLER

Abstract. Several Schur complement-basegreconditionershave beenproposedfor solving (generalized)
saddle-poinproblems We considematriceswherethe Schurcomplemenhasrapid decayover somegraphknowvn
a priori. This occursfor mary matricesarisingfrom the discretizationof systemsf partial differential equations,
andthis graphis thenrelatedto the mesh.We proposehe useof probingmethodgo approximateheseSchurcom-
plementsn preconditionergor saddle-poinproblems.We demonstrat¢hesetechniquedor theblock-diagonabnd
constraintpreconditionerproposediy [Murphy, Golub andWathen'00], [de SturlerandLiesen'04] and[Siefert
andde Sturler'05]. However, thesetechniquesreapplicableto mary otherpreconditioneraswell. We discusshe
implementatiorof probingmethodsandwe considerthe applicationof thoseapproximationsn preconditionergor
Navier-Stokes problemsandmetaldeformationproblems.Finally, we studyeigevalue clusteringfor the precondi-
tionedmatricesandwe presentonvergenceandtiming resultsfor variousproblemsizes.Theseresultsdemonstrate
the effectiveneswof the proposedgreconditionersvith probing-base@dpproximateSchurcomplements.

Keywords. saddle-poinsystemsgconstrainfpreconditionersikrylov methods Schurcomplementsprobing
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1. Intr oduction. We areconcernedvith preconditioningoroblemsof the form
(1.1)

where , and here . Theseproblemsare referredto as
(general|zed$addle pomproblems Speci cally, we areconcerneavith problemswvherethe
Schurcomplementnatrix hasrapiddecayover somea priori known graph.Theseproblems
canhave a numberof differentcharacteristicsFor someproblems especiallythosearising
in constrainedptimization, . For others,suchasthosearisingfrom stabilized nite
elementg[2, 12, 24], , but is small. For still others,the non-zero arises
from anothersource,suchasa very slight compressibilityin metal deformationproblems
[29]. We considerproblemswhere or is small, so that our problemsretain
the characterof a (generalized)saddle-pointproblem. In addition, certain nite element
stabilizationschemegyield [1, 22] and[24, Sections/.5and9.4], while mary other
schemeyield . We considetthe problemandpreconditionerén thegeneralizedorm,
, mainly to emphasizéhe generalapplicability of the proposednethods.However,

the methodsproposedn this paperare equally applicableto specialcasesespeciallythe
symmetric( ) case.A numberof preconditionergor this classof problemshave been
developedthatemploy a Schurcomplement3, 9, 10, 18, 21], or someapproximatiorthereof
[11,13, 19, 23, 27]. Section2 will presenaasummaryof the convergenceesultsfor onesuch
family of preconditioner$27).

For someproblems,an approximationto the Schurcomplementn the preconditioner
thatyields goodcornvergenceis known, like the pressuramassmatrix for the Navier-Stokes
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problem[28]. For otherproblemshowever, nosuchapproximatioris known. Probing[4, 17]
providesa general algebraicmethodfor building matrix approximations Basedon the key
idea of exploiting decaypropertiesin the underlyingoperatorto ef ciently capturelarge
matrix entries, it was usedsuccessfullyto build narravly bandedapproximationgo Schur
complementmatricescorrespondingo 1-D interfacesarisingin 2-D non-overlappingdo-
main decompositiorwith anappropriateorderingof the unknavns[4]. Following the same
underlyingidea,we canextendthis approactto applicationswith a morecomplicateddecay
structure. For theseapplications we require approximationswith a more generalsparsity
pattern.Recently graphcoloringtechniquesisedby the optimizationcommunityfor sparse
Jacobiarand Hessianapproximationg6, 7, 15, 16, 20] have beenadaptedo allow the ap-
proximationof arny matrix, solong asthe sparsitypatternis known a priori [8].

We proposethesetechniquedor approximatingSchurcomplementghat have entries
which decaywith distanceon someunderlyinggraph. For example,a graphderived from
an underlying nite elementmeshmight be a candidatefor thesemore advancedprobing
methodsThis relationshipwill be explainedin moredetailin Sections3 and4.

A potentialproblemis thatthe matriceformedby thesemoregeneraprobingtechniques
maybeexpensveto factor However, in previousexperimentsve foundthatreplacinganex-
act Schurcomplemenby anincompletefactorizationhasa negligible effect on corvergence
[27]. Therefore,we proposeto useincompletefactorizationsfor theseprobing-basedp-
proximateSchurcomplements.This keepsthe total costof constructingand applying the
approximateSchurcomplemento . Algorithmic detailswill bethefocusof Section5.

ApproximatingSchurcomplement®y probingwith generakparsitypatternsccombined
with incompletefactorization®f theresultingapproximationgivescheapandeffective pre-
conditionerswith excellentperformanceWe demonstrateur preconditionersor two appli-
cationsthe rst in uid o w andthe secondn metaldeformation.Analysisof the eigerval-
uesof the preconditionedystemsaswell asGMRES corvergenceresultsandtimings will
be providedin Section6. Section7 summarize®ur conclusionsand presentslirectionsfor
futurework.

2. Preconditioning Saddle-Rvint Problems. In [27], we developediwo classe®f pre-
conditionerdfor (1.1) andprovided eigervalueboundsfor the correspondingreconditioned
systemghatallow for the useof approximateSchurcomplementsBoth classe®f precondi-

tionersrequirethe choiceof a splitting of the(1,1) block of (1.1), namely , Where
is cheapto solve with. We canmake sucha splitting evenin the casewhere is singular
orill-conditioned.Let bethe Schurcomplemenbf the matrix

We will referto  asthe exact Schurcomplementfor this preconditioner Let  be an
approximationto , and,let . If we preconditionfrom the left usingthe
block-diagonapreconditionefrom [27], we get,

(2.1)

where , , and . We referto this systemas
the block-diagonallypreconditionedsystem.The secondoreconditionedsystem which will
bereferredto astherelatedsystemis derivedfrom afurthersplitting of the block-diagonally
preconditionedystem(2.1) asfollows[27],

(2.2)
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Notethat,

(2.3)

Multiplying (2.2) by (2.3) yields
(2.4)

This is the relatedsystemfor the x ed-pointiterationassociatedvith the splitting in (2.2).
Multiplying by this matrix is moreexpensve thanwith the block-diagonallypreconditioned
matrix. It requiresgwo additionalapplicationsof , andoneadditionalmultiplicationwith

and . However, the greatlyimprovedeigervalueclusteringof (2.4) usuallymakesthe
secondpreconditionemuchcheapeiin practice,andin generalwe recommendsolving the
relatedsystemover solvingthe block-diagonallypreconditionesgystem.

In [27], we alsoprovide boundsthatdescribethe eigervalueclusteringof the proposed
preconditionedsystems.Eigenvalueclusteringis a key factorin the corvergenceof Krylov
subspacenethodsalthoughfor non-symmetrigroblemsthe eigervectormatrix alsoplaysa
role. Tight clusteringof the eigervaluesgenerallyleadsto fastcorvergence We now brie y
summarizeheeigervalueboundsfrom [27].

For the relatedsystem(2.4), the eigervaluesare clusteredaround , andwe have the
following bound[27, Theoremd.2]. Let  beaneigervalueof thematrixin (2.4). Then

(2.5)

Eigernvalueboundsfor theblock-diagonallypreconditionedystem(2.1) arediscussedn de-
tail in [27]. For both preconditionedystemsthe eigervalueclusteringdependson two key

factors, and . As (2.5) shows, both of thesemustbe smallin orderto assuregood
clusteringandrapid corvergence This meanghatthe splitting of the (1,1) block, , mustbe
chosensuchthat issmall,and mustbe a goodapproximationof the

Schurcomplement . Thereis little to begainedby makingoneapproximatiorsigni cantly
moreaccuratehanthe other andourresultsin Section6 will illustratethis.

3. Probing. The key idea behindthe probing methodin [4] is to ef ciently capture
large entriesin the Schurcomplemenmatricesarisingfrom the 1-D interfacesin 2-D non-
overlappingdomaindecompositiormethodswithout explicitly forming the Schurcomple-
ments. For this isotropic diffusion application, with an appropriateordering of the un-
knowns,the entriesof the exact Schurcomplementlecaywith distancgrom thediagonalas

(in theanisotropiccase thingsareslightly different,see[17]). Thus,abanded
approximatiorcomputedoy probingapproximateshelargeentriesin the Schurcomplement
accuratelyandyieldsa goodapproximationln fact,if all of thenon-zercentriesoccurwithin
the chosenbandwidth for probing,then probingis exact. If not, probingyields a banded
approximationthat lumps matrix entriesoutsidethe bandinto the bandof the approximate
matrix. In sucha case probingfor a bandedmatrix will missimportantentriesoutsidethe
bandandpolluteentriesinsidethe bandwith contributionsfrom entriesoutsidetheband.For
thisreasonit is clearthatto accuratelycapturethelarge entriesfor matriceswith moregen-
eraldecaypatternswve needto derive or computea goodpatternto probefor. In thisrespect,
we note that Chanand Mathew [4] did not proposeto use bandedapproximationger se;
however, they usedprobingfor a problemwherea bandedapproximatioris very appropriate.

The probingmethodapproximates matrix usingonly matrix-vectormultiplication. We
multiply afew carefullyconstructedectorsoy thematrix,andthenconstructheapproximate
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matrix from the results,basedon ana priori chosersparsitypattern.For example,consider
thetridiagonalmatrix shavn in Figure3.1 We choose , and asourprobing
vectorsandwe multiply theseby the matrix. Theresultingproductrecoversall thenon-zero
entriesin the original matrix exactly. To approximatdarge entriesin moregeneraimatrices,

FiG. 3.1. Probingon a tridiagonal matrix usingthe vectos , and

we needto extendthis approachto more generalprobing patterns.However, we will showv
thatprobingcanbeappliedsuccessfullysolong astheentriesof the matrixdecaysuf ciently
rapidly over someunderlyinggraph.

As anexample,considetthe partial differentialequation

(3.1)

ontheunit squarewith homogeneouBirichlet boundaryconditions.We discretizethe prob-
lemwith nite differencesusing15 grid pointsin eachdimension.Figure 3.2 plotsatypical
column of the inverseof the matrix from (3.1) over the nite differencegrid. Let this be
the th column. We canseethatthis columnhasentries thatrapidly decayin magnitude
asthe distancebetweennodes and on the grid increases.Sucha matrix canbe approx-

0.35
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0.2
0.15
0.1
0.05

15
15

0 o

FiG. 3.2. Onecolumnof theinverseof the matrix from(3.1) graphedover theunderlying nite differencemesh.

imatedaccuratelywith a probing-basednethodaslong asan appropriatesparsitypatternis
chosenandthe right probing vectorsare chosen. Following the original idea of capturing
the large entries,we canextendthe probing approachusingmore generalprobing patterns
to capturemore generaldecaypatterns. This is even moreimportantfor problemsin three
spatialdimensionsandfor systemsof partial differentialequations.A pictorial exampleof
the proposedxtensionto probingfor matriceswith moregeneraldecaypatternss shavn in
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Figure 3.3 (seediscussiorbelow). To shawv thatfor moregeneralmatricesprobingfor more
generakparsitypatternds worth theextrawork, we alsoincludeanapproximatiorcomputed
by probingfor a bandedmatrix in Figure 3.3, We referto probingfor bandedmatricesas
bandedprobing, andin the discussiorbelonr and Section6 we include someexamplesof
bandedprobing mainly to motivate the additionalwork in our more generalprobing algo-
rithms. For completenessye notethatbandedprobingshouldnot be confusedwith probing
assuggestedy Chanand Mathew [4]. They suggestegrobingfor large entriesin Schur
complementarisingin domaindecompositionandappliedthisideato matriceghatarewell
approximatedy a bandedmatrix.

The partial matrix estimationtechnique[ 8], which hasbeenusedin the estimationof
sparseJacobiansand Hessiansundervariousnames[6, 7, 15, 16, 20|, providesa way for
approximatingmoregeneralmatrices.In the context of approximatingSchurcomplements,
we shallreferto this methodasstructuied probing. In thistechniquewe rst choosea spar
sity pattern, , for the approximatematrix, basedon somea priori knowledge
of the matrix we are approximating(seeSection4). Secondwe usegraphcoloring tech-
niquesto computeprobingvectorssuchthata matrix of our chosersparsitypatternwould be
reconstructedxactly (seeSection5). Third, we multiply the probingvectorsby the matrix.
Finally, we usetheresultsof thematrix-vectormultiplicationsto approximatehe matrix with
thesparsitypattern, . Algorithm 1 outlinesthe procesgor a giveninput matrix

Algorithm 1: Structured Probing

1: Computeagraph derivedfrom [SeeSection4].

2: Performagraphcoloringon to generate mapping ,
where is thenumberof colors. Thecolorfor vertex is givenby ) [SeeSection
5].

3. Generatehe matrix of probingvectors suchthat

if
otherwise

4: Compute

5. Build theapproximation

if
otherwise

To illustrate Algorithm 1, we useprobingto approximatethe inverseof the matrix that
arisesfrom discretizingthe problem(3.1). Figure 3.3 showns a column of this inverseas
well asthecorrespondingolumnsin theapproximationgeneratedby bandedandstructured
probing. For structuredorobing,we assumea 13-pt stencil,which for our particularchoice
of graphcoloring, requires15 vectors. For propercomparisonwe also use15 vectorsfor
bandedrobing. Thissenesto illustratetheeffectof choosinganappropriatesparsitypattern
ratherthan using a bandedpatternfor a problemwhereit is not appropriate. The banded
reconstructiorwill only capturedecayin onedirection,correspondindo neighborshatare
“close” in thenodenumbering.

4. Choosingthe Sparsity Pattern . Choosinga good sparsitypattern, , in Step
1 of Algorithm 1, requiressomea priori knowledge,but not detailedknowledge,aboutthe
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Fi1G. 3.3. Atypical columnof theinverseof thematrix from(3.1) andtheapptoximationggeneatedby banded
andstructued probingwith 15 vectos.

matrix . If the“big” entriesin  arein acertainpatternwe canchoosehea priori sparsity
patternaccordingly For mary applicationgheselarge entriesarerelatedto locality on some
graph.If theproblemis derivedfrom a nite elementiscretizationthe nite elementmesh
or a subsetthereofmay provide sucha graph. If sucha graphis not availableimmediately
from the problem,we canoften derive a suitablegraphfrom the matricesinvolved at some
additionalcost.

In our casewe areinterestedn matrices , Where is the
splittingof in (1.1). If isthediscretizatiorof anelliptic partial differentialoperatoywe
canexpectthe entriesof to decaywith distanceoverthegraphof or . Thesesame
principleshave beenexploited successfullyn the computatiorof sparseapproximatenverse
preconditioner$5]. If thematrices , ,and arealsosparsetheentriesof  will decay
with distanceoverthe graphof . Since is explicitly known, wewill focuson
thelarge entriesof .

Considerthe entry of the matrix . For example,assuméghat and
have four non-zeroentriesin row (columns ) andcolumn (rows ),

respectiely, andthatnoneof the entriesis largein arelative senselLet
and . Then,

(4.1)
If , asmallthresholdvalue,then will
alsobesmall. Thiswill occurif and are“far” from eachotheron thegraphof .In

mary casesye have goodestimatewf the decayof
Wheninformationonthe underlyingdiscretizatioris available,the selectionof the spar
sity patternis cheap. Whenit is not, the sparsitypatternof or
, for some , canprovide a sparsitypatternfor . Sincewe do not needthe actual
entriesof thesematricesjn mostcaseghe costsremainmodest.
Figure4.1 shaws a staggerednite differencemesh.As s typically very simple,we
consider for our examplein Figure4.1. The -variablesin (1.1) arerepresented
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by blue x's andthe -variablesarerepresentedby blue circles. We considerthe -variable
correspondingo node andthejth columnof , andrepresentt by a black node
in Figure4.1. Black arrowvs pointto the -variables,, suchthat . Thesearethe
-variables‘affected” by the -variableatnode . Theneighboring -variablesarelabeled
, asin (4.1). Blue arrovs show the effect of the large entriesof , pointingto
the -variables , suchthat is large. Herewe assumehatall entriesthatare
furtherthanonelink away ontheadjaceng graphof aresmall. Redarrons shaw theeffect
of , pointingto the -variables,, suchthat is large. Notethatpoint is
“far” from on the graphof , andtherefore is small. Point is
“close” to , andtherefore may be large. In both caseswe have labeled
the neighboring -unknowns , asin (4.1). In a situationlik e this, we canderive
appropriatestencilsfor the Schurcomplementover the nite differenceor nite element
meshasthe sparsitypatternfor . Thisis theapproactwe takein Section6.

ly k, x x
o
l k, x x
o
x x
o
x x x k3 x k4 x
o o o RG]
x x x kl x kz x
FIG. 4.1. Entriesof the Sthur complemenaffectedby node through (bladk arrows), (blue
arrows), assumingthat the entries of decaysufciently (becomesmall) over the distanceof one edg on
the adjacencygraph and (red arrows). Thevalue is guaranteedto be small and

maybelarge.

5. Graphs and Colorings. Thegoalof our graphcoloringis to ensurethatary single
probingvectordoesnot capturedatafrom columnsof  with overlappingnonzeropatterns.
Methodsknown assubstitutionmethodq 8, 16] allow this conditionto berelaxed. However,
they introduceother complicationsandwe will not considerthemin this paper With the
above conditionin mind, we mustconsidertwo importantissuesThe rst is whichgraphcan
we useto generatevectorsthat meetthis requirement.The seconds how shouldwe color
this graph.

A graph is de ned by a setof vertices anda setof edges connecting
vertices.Let representhe setof neighborsof vertex , namely
. Let representhe setof distance-zheighborsof |, namelythe setof all

suchthat(1) or(2) for some
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We considerapproximatinghesparsanatrix ~ with atmost non-zercentriesperrow,
usinga matrix with the samesparsityas . We discusstwo differentgraphs
in Section5.1, but they have the samevertex set, , correspondingdo the
unknowvnsor rows/columnf thematrix. For eachalgorithm,let bethenumberof colors
used.

Graphcoloring de nes a mapping that assignsa color to each
vertex. Thismappingis generatedh Step2 of Algorithm 1, andit is subsequentlysedin the
constructiorof the probingvectors.Variousgraphcoloringalgorithmsaredetailedin Section
5.2

¢ Fromthe perspectie of ef ciency, we would lik e thesemethodgo have aboutthesame
costasthe necessarynatrix-vectormultiplications. For a sparsematrix ~ with at most
non-zeroentriesper row, the matrix-vectormultiplicationscost L. For all problems,
it is known that [19].

5.1. Choosinga Graph to Color. The rst graphwe consideris the adjacencygraph
of , alsoreferredto as“the graphof 7, , Where if and
only if or [7,20]. A distance-Xoloringof  doesnotguarante¢hatour
conditionon the probingvectorsholds; however, a distance-Zoloringdoes.In a distance-2
coloring, , [20]. If s storedin a suitablesparseformat,
generatinghegraphhasnegligible cost.

The secondgraphwe consideris the columnintersectiongraph,

where if andonly if thereis a suchthat and [6].
For this graph,a distance-1graphcoloring satis es our conditionfor the probing vectors.
This graphhas edges;soit takesat leastthat muchwork to construct{15]. If the

graphsof both and areavailable,onecancolorthe columnintersectiorgraphwithout
forming it explicitly [6]. In generalcoloringthe columnintersectiorgraphtakesmorework
thancoloring the adjaceng graph[16]. Thereforewe will usethe adjaceng graphfor the
experimentsn Section6.

5.2. Choosingthe Coloring Algorithm. After we choosethe graphto color, we must
choosean algorithmto computethe coloring. We presenthreesuchalgorithms. Sincewe
usetheadjaceng graphof  (seeSection5.1), the algorithmsdiscussedn this sectionwill
bedistance-zolorings.The rst andsimplestchoiceis the greedyalgorithm. Following the
descriptionin [16], the greedyalgorithmfor distance-2Zoloring is describedn Algorithm
2. If  istheaveragenumberof distance-zheighborsfor , thenthis algorithmtakes

time[16, Lemma3.9]. Thesecondalgorithm,balancedoloring, asdescribedn

Algorithm 2; Greedy Distance-2 Coloring

1. Initialize forbiddenColors with some
2: For
3: For eachcoloredvertex
forbiddenColors = .
Set = minimum s.t. forbiddenColors

a »

[8], mayyield a moreef cient coloring. In this approachwe balancethe numberof nodes
assignedo eachcolor. Our versionof this heuristicalgorithmassignsa color to eachnode
sequentially It builds a list of forbiddencolorsfor eachnode,andthenchooseghe valid

Lin practice of course, is only availableimplicitly throughmatrix-vectorproducts Thecostthendependsn
how therequireddatais availableandtheimplementatiorof the matrix-vectorproducts.
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color that hasbeenusedto color the smallestnumberof nodes. Sincewe needat leastas
mary colorsasthe highestdegreeof ary nodeplus one[15], we startthe algorithmwith
thatmary colors. We increasehe numberof colorswhena nodecannotbe assignedary of
the existing colors. Algorithm 3 outlinesthis methodfor computinga balanceddistance-2
coloringof agraph. Computingthe forbiddencolorslist for eachnodetakes time,

Algorithm 3: Balanced Distance-2 Coloring

1: Set , theinitial numberof colorsto consider

2: Set , for , bethe numberof timeseachcolor hasbeenused.
3: Initialize forbiddenColors with some

4. For

5 For eachcoloredvertex

6 forbiddenColors =

7: Set falseand
8:

9

For
: if forbiddenColors and then
10 Set , trueand
11: if falsethen
12 Set ,
13:
14: Set

andchoosingthe appropriatecolor takes time. Therefore the overall time compleity
of doingabalancedlistance-Zoloringis .

The third algorithmwe proposeusesprobing vectorswith the same patternsas
bandedorobing[4], but picksthe numberof vectorssuchthatwe canexactly reconstructhe
desiredsparsitypattern.We choosethe numberof colors suchthat is relatively primeto
all elementsf the set and . We referto this method
asthe prime divisor coloring. This algorithmimplicitly performsa distance-Zoloringon
theadjaceng graphof , althoughwe do not usethe graphexplicitly. Insteadwe operate
directlyon . Thealgorithmis givenasAlgorithm 4. Thegreatadvantageof thisapproach

Algorithm 4: Prime Divisor Distance-2 Coloring

1: Initialize illegalP with theemptyset.
2: For
3 For s.t.
For s.t. and
illegalP
For
if illegalP then

© o N a

break
10: For
11: Set

is thatif  comesfrom a x ed stencilon a regular grid, we needonly considera single
“representatie” row of thematrix (i.e.,arow for a pointaway from theboundaries)anduse
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thatrow to choosehenumberof colors . For suchproblemsthis algorithmtakes

work. However, this algorithmtakes work for unstructurednesheslt canbe
acceleratedomavhatby only usingprime numbersn Step5 of Algorithm 4, but thatdoes
notimprove theasymptoticef ciency.

Finally, as notedin [6], graphcoloring heuristicsare sensitve to the orderingof the
nodes A goodorderingreducegshenumberof colors,andthusmakestheunderlyingprobing
processcomputationallyless expensie. One strat@y is to orderthe nodesso that all of
the high-deggreeverticesarenumberedrst. This is referredto asthe largest- rst ordering
(LFO)in [6]. More complicatedbrderingswherenodesarecoloredbasedn thetopologyof
particularsubgraphsarediscussedh [6].

6. Results. We considertwo applicationdor our numericalexperiments.The rst ap-
plication modelsa leaky lid-driven cavity usingthe Navier-Stokes equations. For this ap-
plication we usethe MATLAB software of [12]. This particularproblemhas ,

and in the notationof (1.1). To analyzethe eigervalueclusteringandcon-

vergenceof the preconditionedystemawith variouschoicesfor theapproximateSchurcom-
plementwe usea grid with viscosityparameter andstabilizationparameter

. After removing the constanfpressurenode,this systemhas705 unknavns. For

the splitting of the (1,1) block, , we useonemulti-grid V-cycle with threeSOR-
Jacobipre-andpost-smoothingtepsandrelaxationparameter . We alsoconsider

the effectsof -re nementon the preconditionedsystems.We consider gridswith

. For all of theseproblemswe ordervelocitiesin x-direction rst, then

velocitiesin y-direction, andthenthe pressureswithin eachgroup of unknovnswe usea

standardexicographicordering.

In additionto demonstratinghe effectivenessof our preconditionersvith approximate
Schurcomplementgyeneratedby probing, we usethe Navier-Stokes problemto illustrate
the importanceof usinggeneralprobingandreconstructiortechniquedhat capturethe de-
cay patternfor matriceswith complex decaypatterns. Speci cally, we comparestructured
probingwith bandedprobingasa cheapand simple alternatve to focuson the role of the
sparsitypatternchoserfor the approximateSchurcomplementmatrix. We usethe prime di-
visor methodfor graphcoloringto isolatetherole of this chosersparsitypattern.in fact,this
methodallows usto usethe sameprobingvectors( ) for structuredorobingandfor banded
probing;so,theonly differencebetweerthetwo methodss in thesparsitypatternthatwe use
for the constructionof the approximatematrix. The resultingexperimentsdemonstrat¢hat
evenusingthe samevectorsasbandedorobing,reconstructiorbasedon a moreappropriate
sparsitypatternleadsto muchbettereigervalueclusteringandcorvergence.This providesa
justi cation for the computationakxpenseof the graphcoloring. Furthermorewe examine
theuseof incompletefactorizationgILU(0)) for theapproximateSchurcomplementnatrices
generatedby structuredprobingasameanf furtherreducingthe costof the preconditioners
(2.1) and(2.4).

The secondapplicationusesthe modi ed Hart's model[14] to model elastic, plastic,
anelasticmicro-plasticand micro-anelasticstrainandtheir effectson the permanentiefor
mation of bentbeams[29]. We rst considera small linear systemwith unknowvns
thatarisesfrom a Newton iterationto solve the nonlinearproblemat eachtimestep.For this
problem,we studythe following structuralsplittings of the (1,1) block : the diagonalof

, a bandedsplitting of  with a semi-bandwidttof four, andthe ILU(O) factorizationof
. In addition,we comparethe corvergenceusing an exact Schurcomplementand using
approximationgrom structuredorobing.We alsouselLU(0) to factortheapproximateschur
complementgeneratedy structuredprobing. We provide timing resultsfor the iterations
with approximateschurcomplementsThestructuredprobingapproximationsvereobtained
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with the distance-Zbalanceccoloring algorithmof [8]. For this problemwe focuson GM-
RES corvergenceandwall-clock time. Finally, we considerthe effectsof -re nementon
the convergenceof therelatedsystem(2.4) usingvariousalgorithmicchoicesin computing
the structuredprobingapproximationgo the Schurcomplement.For all of theseproblems
we usea minimumbandwidthordering.

Our experimentsare run using our structuredprobing software library [26]. All the
graphsandcoloringmethodsdiscussedbove areincludedin the softwarepackage A more
extensive C++ library (focusingon sparselJacobian@ndHessians)s underdevelopmentoy
Alex Pothemandhis collaboratorsWe useGMRESastheiterative solver andwe iterateuntil
we obtainarelative residualtoleranceof e

6.1. Eigervalue Clustering and Convergencefor the Navier-Stokes Problem. We

rst analyzethe eigervalueclusteringand corvergencefor a small Navier-Stokes problem.
Figures6.1(a)and6.1(b)shov the eigervaluedistributionsfor the relatedsystem(2.4) with
bandedprobingandwith structuredprobingusing13 probingvectors.For scalingpurposes,
we excludetwo negative eigervaluesfor the bandedprobingcaseat approximately

and . We usea nine-pointstencilon the elementconnectvity graphto de ne the
sparsitypattern for structuregprobing(SP).Theprimedivisormethoddescribedn Section
5, yields a graph coloring requiring 13 vectors. The vectorsusedfor structuredprobing
andbandedprobing arethe same. The only differencebetweenthe two methodsis in the
constructiorof theapproximateSchurcomplementnatrix.

Structuredprobing yields much betterclusteringthan bandedprobing, especiallynear
theorigin. Structuredorobinghasonly onesmalleigervalue(about0.01);the othersarewell
separatedrom zero. Bandedprobinghasmary eigervaluesclusteringnearthe origin. This
leadsto worsecorvergencebehaior; seeFigure6.3(a)

We seesimilar resultsfor the eigervaluesof the block-diagonallypreconditionedystem
(2.2) with bandedandstructuredprobing;seeFigurest.2(a)and6.2(b) Bothbandedorobing
andstructuregrobingleadto onesmalleigervalue(about ), but structuregrobingyields
eigervalueclustersmuchfurtheraway from theorigin.

Figures6.3(a)and6.3(b) shawv the corvergenceof GMRESfor the preconditionedsys-
tems. The differencebetweerbandedandstructuredorobingis quite pronounced For both
preconditionedsystemsstructuredprobingusinga ve-pointstencilwith sevenvectorsre-
sultsin aloweriterationcountthanbandedprobingevenwith thirteenvectors.We alsonote
that using the relatedsystem(2.4) leadsto signi cantly fastercorvergencethanusingthe
block-diagonallypreconditionesdsystem(2.1) for all probingvariants.

Figuress.4(a)and6.4(b)shav theeigervaluedor therelatedsystemandblock-diagonally
preconditionedsystemfor structuredprobingwith both ve-point(seven vector)andnine-
point (thirteenvector) stencils. Note that, barringa few outliers, for both typesof precon-
ditionersthe eigervalueclusteringis signi cantly betterfor the nine-pointstencil,especially
nearthe origin. Krylov-subspacenethodstendto nd and“remove” outlying eigervalues
quickly. Thereforetheseeigervaluesdo notaffectthe corvergencerateaftera smallnumber
of initial iterations. Thus, the signi cantly bettereigervalue clusteringobtainedusingthe
nine-pointstencilleadsto a signi cantly improvedcorvergenceatefor GMRES.

6.2. ILU(0) for the Approximate Schur Complementfr om Structur edProbing. The
bene tsof structuredorobingcomeat the costof having anapproximateSchurcomplement
thatis moreexpensveto factor For instancejf thechosersparsitypatternlookssimilarto a

-dimensionalaplacian(if andhence arerelatedto a Laplacian).the large bandwidth
canyield signi cant Il-in, makingthe exactfactorizationof the approximateSchurcom-
plementmatrix expensve to computeandapply. Therefore we useaninexactfactorization
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FiG. 6.1. Eigervaluesfor therelatedsystem(2.4) derivedfromthe NavierStolesproblemwith oneV-cycleas
splitting of the (1,1) blodk and with approximateSdur complementffombandedandstructued probingwith exact
factorizations.

of the approximateSchurcomplemento de ne . In practice,this leadsto a negligi-
ble deterioratiorin convergencewhile reducingthe overheacbf applyingstructuredorobing
signi cantly. We usean ILU(0O) factorizationfor this problem. For symmetricproblemsan
IC(0) factorizatiorshouldbe used.SincelLU(0) andIC(0) have linearcostin the numberof
unknowns,theoverall costremains

Figure 6.5 shavs the eigervaluedistributionsfor both typesof preconditionedsystems
with structuredprobing. We usea nine point stencil(  vectors)andthe exactaswell as
the ILU(0) factorizationof the approximateSchurcomplement.Figure 6.6 shavs the con-
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FIG. 6.2. Eigervaluesfor the block-diagonally preconditionedsystem(2.1) derivedfrom the NavierStoles
problemwith one V-cycle as splitting of the (1,1) block and approximateScur complementsising bandedand
structuied probingwith exactfactorizations.

vergenceresultsfor both typesof preconditionedsystemsusing structuredprobing with
andwith  vectors.Using ILU(0) insteadof an exactfactorizationchangeghe eigervalue
distribution slightly, but leavesthe clusteringessentiallyequivalent. The impactof sucha
changeon the corvergencebehaior is negligible. Given the signi cant differencein cost
betweenexactandinexactfactorizationsusingILU(0) is more cost-efective thanan exact
factorization.
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FiG. 6.3. GMRESconvemencefor the NavierStoles problemwith one V-cycleas splitting of the (1,1) blod
andapproximateSdur complementssingbandedand structuied probingwith exactfactorizations.

fect of

considerstructuredprobingusing ,

to , with the largestsystemhaving
As before,we usea singlemultigrid V-cycle asthe splitting of the (1,1) block of (1.1). We

and pointstencilsto de ne the sparsitypattern,
for theapproximateSchurcomplementWe comparghenumberof (GMRES)iterationswith

6.3. Probing and -re nement for the Navier-StokesProblem. We considerthe ef-

-re nementon the corvergenceof the relatedsystem(2.4). We vary the number
of elementdrom

unknaowns.

thosefor bandedprobing usingthe samenumberof vectorsasusedfor structuredprobing.
Table6.1 shavs the corvergenceresultsin termsof GMRESiterations.
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FIG. 6.4. Eigervaluesfor therelatedsysten{2.4) andtheblodk-diagonally preconditionedysten{2.1) derived
fromthe NavierStoles problemwith oneV-cycleassplitting of the (1,1) blodk and approximateScur complements
usingstructued probingwith exactfactorizations.

We seethat the relatedsystem(2.4) with structuredprobing hasmild dependencen

. Thisis true for eachof the sparsitypatternswe consider;however, notethatthe
increaseén GMRESiterationsslowly declineswith increasing . Probingfor sparsitypat-
terns, , in the Schurcomplemenderived from discretizationstencils(structuredprobing)
yields fastercorvergencethan probing for bandedpatterns(bandedprobing). This is ex-
plainedby thefactthatthe decayof hasa two-dimensionaktructure.Our resultsshov
thatthe original ideasbehindprobing canbe extendedeffectively to moregeneralpatterns.
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FiG. 6.5. Eigervaluesfor the relatedsystem(2.4) and the blodk-diagonally preconditionedsystem(2.1)
derivedfrom the NavierStoles problemwith one V-cycle as splitting of the (1,1) blodk and approximate Sdur
complementssingstructued probing (13 vectos) with exactandILU(0) factorizations.

Eventhoughthetestproblemshave only modestcorvection,the bandedSchurcomplement
approximationgreprogressiely worseconditioned culminatingin somenumericallysingu-
lar approximationdor the largestproblems.The approximationsasedon a 2-D stencilare
signi cantly betterconditionedandleadto rapid GMREScorvergence.

6.4. Computational Resultsfor Metal Deformation. The metaldeformationproblem
arisesfrom a nite elementmesh wherethe secondsetof variablescorresponds$o nodesin
the centerof the elements.For structuredprobing, we approximatethe Schurcomplement
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FiG. 6.6. GMRESconvergencefor theNavierStolesproblemwith oneV-cycleasthesplitting of the(1,1) blodk
andwith aninexact Sdur complemenbasedon structued probing usingbothexactandILU(0) factorizations.

with a matrix thathasthe sparsitypattern, , of the element-elementonnectity graphof
theoriginal problem.Usinga distance-2dalancedoloringontheadjaceng graphof , we
canbuild our approximatiorusingonly nine probingvectors.

We preseniGMRES corvergenceresultsandwall clock time for a singlelinear system
from the metaldeformationproblemin Figures6.7(a)and6.7(b) respectiely. For the con-
vergenceresultsin Figure6.7(a) we usean ILU(0) splitting of the (1,1) block, , andwe
comparethe corvergencefor the exact Schurcomplementandan approximateSchurcom-
plementusing structuredprobingwith both exactandILU(0) factorizations.Figure 6.7(a)
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TABLEG.1
Numberof GMRESiterations for the relatedsystem(2.4) using multigrid V-Cylesas a splitting of the (1,1)
blod andstructuedprobingwith anILU(0) factorizationor bandedprobingto approximatethe Scur complement,
for variouslevelsof -re nementin lid-driven cavity problemmodelledwith NavierStoles. Asterisky ) indicate
veryill-conditionedpreconditiones.

StructuredProbing  Stencil || BandedProbingw/nvecsequalto
Splitting 5-pt | 9-pt | 13-pt 5-pt | 9-pt | 13-pt
16| 75 | 36 32 107 | 71 107
1V-Cycle 32| 103 | 55 49 140 | 111 272
64| 122 | 79 71 542 | 169 542
128 | 134 | 96 90 1307

shaws thatfor this problem,probing-base@pproximationgo the Schurcomplementeadto
effective preconditionersln addition,usinganincompletedecompositiorof theapproximate
Schurcomplemen{by structuredprobing) doesnot leadto a deteriorationof corvergence.
Figure6.7(b)shavsthatuseof aninexactfactorizatiorwith structuredprobingsavesapprox-
imately 5% of executiontime.

Next, we considerhow our preconditionergperformwith respecto -re nement. We
re ne the metaldeformationproblemby multiplying the numberof variablesperdimension
by 2,3 and4, whichyieldssystemsipto 273,258unknavns. For thisstudy we considethree
splittingsfor the(1,1)block,thelLU(0) splitting previously discussedsmoothed-agggation
algebraianultigrid (AMG) usingML [25] andtheexactsplitting . ForML, wedotwo
V-cycleswith asinglestepof SOR-Jacobaspre-andpost-smootheandweightingparameter

. We alsosetthe aggre@ationthresholdto  , meaningthat entriesare dropped
in the coarseningphaseif . All other parametersincluding the
uncoupleccoarseningechniquearesetto the ML defaults. For eachof theseproblemswe
usestructuredprobingwith the prime divisor, balancedandgreedycoloringsandan ILU(0)
factorizationof the approximateéschurcomplement.

Table6.2 shovs the numberof GMRESiterationsnecessaryo solve therelatedsystem
(2.4 to atoleranceof e . Table6.3 shawvsthe correspondingiming results.Thetiming
resultsrepresenaminimumover verunsonamachinewith a2.6GHzIntel XeonCPUand
2 GB of RAM runningversion2.6.80f the Linux kernel.

It is well-known thatelastic-plastiproblemsaredif cult to precondition.Thereforejt is
not surprisingthatILU(0) andAMG arenot particularlyeffective splittingsfor this problem.
As statedin (2.5), the effectivenesof the overall preconditioneiis limited by the accurag
of boththe splitting andthe approximateSchurcomplementlf the splitting is poor, a better
approximationto the Schurcomplementis unlikely to yield a signi cant improvementin
cornvergence. We seethis effect in Table 6.2 The differencebetweenthe prime divisor
coloring, which usesmorevectorsthanthe balancedr greedycoloringsfor a givenstencil,
is mostpronouncedvhenwe usethe exactsplitting,

7. Conclusionsand Futur e Work. We have shavn that probingprovidesan effective
techniquefor approximatingthe Schurcomplemenmatricesthatarisein saddlepoint pre-
conditioners.The probingtechniqueproposedoy Chanand Mathew [4] for appliedto 2-D
domaindecompositiorproblemscanbe adaptedo reconstrucexactly matricesof arbitrary
sparsitystructureor to approximatematricesthathave a suitabledecaypropertyrelatve to a
chosersparsitystructure.This makesprobinga very powerful techniquein preconditioning
saddle-poinproblems,if a goodestimateof the probingpatterncanbe madea priori. The
resultspresentedn this papershav the effectivenesf usingstructuredorobingwith these
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FIG. 6.7. GMREScornvemgenceandwall clod time for a singlenon-lineariteration of the metaldeformation
problemfor various probing-basednexact Sthur complementin the relatedsystem(2.4) and for three different
splittingsof the(1,1) block (ILU(0), bandedmatrix with semibandwidtt#, and diagonal).

preconditionerén termsof eigervalueclusteringrateof corvergenceandexecutiontime.

As futurework, we seekto develop estimategor for structuredprobingmethods.
We alsoseekto dynamicallyadaptthea priori chosersparsitystructurefor structuredorob-
ing. Furthermorewe planto identify additionalproblemshatyield decaypropertieghatcan
be exploited by structuredprobing,especiallypasedon morealgebraiccriteria. We will also
work on developingan accuratesigervalueanalysisfor systemsreconditionedisingstruc-
turedprobing. Finally, we intendto look at schemegor updatingandreusing(generalized)
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TABLE 6.2
Numberof GMRESiterationsfor the relatedsystem(2.4) usingan ILU(0) or AMG splitting of the (1,1) block
and structued probing to approximatethe Sdur complementfor variouslevelsof -re nementon a singlenon-
linear iteration in the metaldeformationproblem. Dashesindicateinsufcient memoryto run that particular com-
bination.

StructuredProbingColoring
Splitting | # Unknowns || PrimeDivisor | Balanced| Greedy
6422 18 32 25
Exact 39722 23 38 31
121466 25 34 35
273258 — — —
6422 219 230 225
ILU(0) 39722 432 477 478
121466 644 700 730
273258 — — —
6422 153 159 159
AMG 39722 215 227 227
121466 223 241 249
273258 266 285 307
TABLE 6.3

Wall-clock time (secondsjor therelatedsystem(2.4) usingan ILU(0) or AMG splitting of the (1,1) block and
structuled probing to approximatethe Scur complementfor variouslevelsof -re nementon a singlenon-linear
iteration in the metaldeformationproblem.Dashesndicateinsufcient memoryto run that particular combination.

StructuredProbingColoring
Splitting | # Unknowns || PrimeDivisor | Balanced| Greedy
6422 7.79e-01 1.07e+00| 8.91e-01
Exact 39722 1.32e+01 1.68e+01| 1.46e+01
121466 9.91e+01 1.03e+02| 1.04e+02

273258 — — —
6422 4.00e+00 | 4.31e+00] 4.22e+00
ILU(0) 39722 1.17e+02 1.40e+02| 1.38e+02
121466 1.44e+03 9.89e+02| 1.08e+03

273258 — — —
6422 8.87e+00 9.10e+00| 9.06e+00
AMG 39722 9.80e+01 1.03e+02| 1.03e+02
121466 3.80e+02 4.09e+02| 4.25e+02
273258 8.20e+02 9.12e+02| 1.01e+03

saddlepoint preconditionersvith probing-basedhexactSchurcomplements.
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