
www.elsevier.com/locate/procedia

23rd International Meshing Roundtable (IMR23)

Optimising Stress Constrained Structural Optimisation
Kristian E. Jensena

aImperial College London, London SW7 2AZ, United Kingdom

Abstract

The community of structural optimisation applies implicit boundary representations on structured meshes for identifying topologies
that give rise to stiff and light components. There is a growing interest in multiphysics problems, but the structured meshes
constitute an obstacle for resolving the multiple length scales that occur. We demonstrate how a combination of anisotropic mesh
adaptation with the most popular optimiser and boundary representation technique can produce mesh independent results for a
volume minimisation problem with stress and compliance constraints.
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1. Introduction

The problem of numerical discretisation of known geometries is a popular topic in computational geometry, but the
software is often used in an iterative manner where it is up to the user to improve the design such that a good geometry
can be identified. In contrast, topology optimisation software output the optimal geometry, but this is normally
achieved using structured meshes which complicate resolution of multi scale phenomena typical of multiphysics [1].

Anisotropic mesh adaptation is an established technique for ensuring computational efficiency in the context of
multiscale problems [2], sometimes reducing the computational work with several orders of magnitude [3].

In contrast, parallelism is the preferred method for speeding up computation within the field of structural optimi-
sation [4]. It is primarily in the context of methods utilising various continuous sensitivities [5,6] that mesh adaptivity
has been applied, and even then only in the context of mesh refinement

2. Tools and Setup

We use PRAgMaTIc [7] as mesh generator, which employs local mesh modifications to improve a heuristic local
mesh quality. The optimal mesh minimises the interpolation error of a variable, and this mesh is defined by a SPD
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matrix field derived from the hessian of said variable [8], the technique is also called the continuous mesh framework.
Several metrics can be combined using the inner ellipse method [9].

The problem statement is identical to that of [10], that is 2D linear elasticity, plane stress, in a L-bracket geometry
with finite load and support areas, Ωload and Ωu=0, as illustrated in figure 1(a). The minimum compliance problem
requires some type of length scale control to be well posed and we opt for a Helmholtz filter [11] to compute a design,
ρ̃, with a minimum length scale, Lmin.
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where u is the Lagrangian displacement, σ is the stress, ǫ is the deformation, ∂zuz is the out of plane deformation,
I is the identity tensor, Tr is the trace, G is the shear modulus, λ is Lamé’s first parameter, E is Young’s modulus, ν
is the Poisson ratio, ρ is the design variable bounded between 0 and 1, while PE is the SIMP penalisation exponent
responsible for avoiding intermediate design variables as these contribute little stiffness relative to the amount of
material used, when the exponent is equal to 3.

The displacement as well as the design variables are discretised with continuous 1st order polynomials, while we
use 2nd order for the filtered design variable, ρ̃. The forward problem defined in equations (1-2) is solved using
FEniCS [12].

We use a p-norm for relaxing the local stress constraints to a single global constraint [13]. The idea is that the local
constraint in satisfied in the limit of p going to infinity, and with we will show that adaptive meshes allows for p = 10,
which gives rise to kinks in the design smaller than the minimum length scale. The current design and displacement
fields are thus used to calculate the following objective and constraint functions
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[∫

Ω

(σmiss/σmax)p
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− 1, (4)

whereCmax is the maximum compliance, PS is the stress penalisation exponent [14], σmiss is the von mises stress and
σmax is its maximum value. The discrete gradient of V can be calculated explicitly, and we use dolfint-adjoint [15] to
calculate the gradients of S andC. These two discrete gradients are converted to continuous ones by division with the
gradient of V and anisotropic Helmholtz smoothing1 is applied to the stress sensitivity. We apply a Helmholtz filter to
the compliance sensitivity,Cρ,

C̃ρ = Cρρ + ∇ · L
2
min · ∇C̃ρ , Ĉρ = C̃ρ/ρ

where Ĉρ is the filtered compliance sensitivity, the use of which corresponds to minimising the compliance of a non-
local elasticity problem [16]2. These continuous and smooth sensitivities are then used to calculate metrics associated
with the compliance and stress constraints. The filtered design variable is used to calculate a metric associated with
the volume constraint and all three metrics are combined using the inner ellipse method [9]. After the mesh has been
adapted, the optimiser variables are interpolated on to the new mesh. Due to extrapolation at curved boundaries it can
become necessary to enforce the box constraints on the asymptotes and design variables after this interpolation step.
Once this interpolation step is complete, the continuous sensitivities are converted to discrete ones, and the optimiser
is called to update the design variables. We use the method of moving asymptotes [17] as optimiser due to the fact
that it is the most popular optimiser in the community of structural optimisation.

1 This is defined on the continuous level using an equation similar to (2) with a tensor version of Lmin based on the Steiner ellipse of the elements.
2 The filtered design variable is thus only calculated for the purpose of driving the mesh adaptation, it is not used in the interpolation of the

Young’s modulus
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We consider volume minimisation under stress and compliance constraints with a solid initial design, ρ0 = 1.
We make the problem dimensionless using Lchar and Emax as characteristic length scale and pressure, respectively.

This is reflected in the set of parameters used in the optimisations, Lx = Ly = 1.5Lchar, L1 = 0.1Lchar, σ
load
=

Emax/Lchar, ν = 0.3,Cmax = 2.5EmaxL3char, σmax = 1.5Emax, Lmin = 5 · 10−2Lchar, p = 10, PE = 3, PS = 0.5.
The last four parameters are purely numerical. In addition to these we have scaling factors for the metrics, η, and

the c parameter of the MMA optimiser related to enforcement of constraints, which we fix at 103. Finally, we use
move limits to limit the design variable change between two iterations to ∆ρ.

3. Results

We calculate mesh metrics corresponding to minimisation of the 2-norm for all mesh metrics. We do not impose a
minimum edge length for the elements, nor a maximum edge length or aspect ratio.

In order to investigate mesh independence, we choose the scaling factor related to the metric of the compliance
sensitivity as the primary numerical parameter to be varied and scale the number of iteration itmax, the move limits
and the other scaling factors with a dimensionless version of this, ηρ̃,

itmax = int
(

600
√

0.02/ηρ̃
)

, ∆ρ = 0.1
√

ηρ̃/0.02, ηC = ηρ̃, ηS = 4ηρ̃,

For reference we have performed an optimisation with a large maximum stress (σmax = 15Emax), ηρ̃ = 0.08 and a
sharp corner to mimic the result of a pure compliance minimization problem. Figure 1(b) thus shows a horisontal bar
going to the load, which does not appear in the stress constrained problems presented in the following.
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Fig. 1. The L-bracket is a good benchmark for stress constrained topology optimisation due to the stress concentration in the corner of the geometry,
(a). The load is distributed over the length L1 at the tip in order to avoid a stress singularity in the problem definition. Sharp corners can also give
rise to stress singularities, and we have investigated the effect of this by rounding the corner. The result of an optimisation using σmax = 15Emax
and ηρ̃ = 0.08 is plotted in (b). The large maximum stress results in a design similar to compliance minimisation, thus the bar going horisontally
from the load.

We perform optimisations with a sharp (r = 0) and a rounded corner (r = 0.01Lchar) for ηρ̃ equal to 0.04, 0.02 and
0.01 as shown in figure 2 (a-d). Note that we only show the result for a sharp corner in the case of ηρ̃ = 0.02. We
do not expect convergence in a strict sense, so we just plot the design variables and mesh elements for the iteration
corresponding to the lowest volume fraction at which the constraints are satisfied to the tolerance of the MMA c
parameter. The optimisations with a sharp corner have a component in compression at the load, which might be
unstable to perturbations in the load. This behaviour has also been observed in [18], and most likely it can be fixed by
using a second load case.

It is well known that structures become weaker as the mesh is refined, i.e. the compliance converges from below
and the same is true for the stress. One would thus expect the volume to converge from below in a stress and compli-
ance constrained optimisation problem, but this is not what we see in figure 2(bottom), where the objective function
is plotted throughout the optimisations for the sharp as well as the rounded corner. We attribute this convergence
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Fig. 2. Optimisations with a sharp (a) and a rounded corner for ηρ̃ equal to 0.04 (b), 0.02 (a,c) and 0.01 (d). The design variables and mesh elements
are shown for the iteration (i) at which the lowest volume fraction (V) occurs, while the stress and compliance constraints are satisfied. The volume
fraction is plotted versus normalised iteration numbers for different values of ηρ̃ in the case of a sharp (left) as well as a rounded corner (right), the
latter showing smaller oscillations on the plateaus. The fine optimisation with a rounded corner also show oscillations, but this seems due to issues
with infeasible designs.

direction to the sensitivity filter, as this causes the area of intermediate/suboptimal design variables to decrease as the
mesh is refined. The plot for the sharp corner has stronger oscillations at the plateaus, possible indicating that the
optimiser has an easier time dealing with the rounded corner, which might explain the lack of convergence for the
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topology and the objective objective function for the sharp corner. Finally, the plot indicates that the optimisation with
ηρ̃ = 0.01 and a rounded corner falls outside the feasible design space and fails to recover.

4. Conclusion and Future Work

We have performed stress constrained topology optimisations using a combination of anisotropic mesh adaptation
and the method of moving asymptotes with interpolation of the asymptotes between iterations. We find that it is
necessary to use continuous linear design variables and a sensitivity filter.We argue that it might be beneficial to relax
the problem statement to a rounded corner, as a radius of just 1% of the characteristic length scale helps the optimiser
find better designs. At least, in this case we are able to demonstrate mesh independence.

In terms of future work it is worth noting, that the meshes occurring during the optimisation loop have only small
variations in the later stages of the procedure, meaning that the degrees of freedom are chosen efficiently in the spatial
dimension only, not in the ”optimisation dimension”. We suggest to address this issue using time-space elements and
an optimiser defined at the continuous level.
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