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1. (@) 12 {or 6 + &), (b) 17 (or 8 + 9)
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e e, ARIED i T 1) 2. The ratio Is 23 s0 8= 64/27 and b= 128/81.
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3. {c, d} = {47, 53}. The pattern of the products in the hint can be
careers : seen more easily in column format: 7x13 = 91
| 17T x 23 391
2T x 33 B9

Math Challenge | 37x43 = 1591

- | Each factor Is ten larger than the one above . The next product In
ﬁ'}i':?-f'.h AeMUSES | this pattern is 47 x 53. Computing the product 47 x 53 = 2491, is
!.'ﬂ L"u - _E{_I' | required. For those more curious about this pattern, we see it was
e q‘f | not a coincidence that the next product ended in 91. Each of these
i Mg TAE ] pmdur:tsareul‘thefwmﬁnn-.‘.'l}t’mn+3]|=1nﬂn2-9,1'me1rewnihe
product will end inm 91 (always the case when one subtracts 9 from
any multiple of 100).

4, {a) This arlthmetic progression gives the "times table” for 5. That Is, it starts with 5 and each
successive number Is 5 greater than the one before. Therefore the kth term Is equalto k x 5.
The T0th term Is 70 x 5 = 350.

(b} Each term is this progression Is 3 less than the corresponding term Is In the progression Is part {a).
Therefore the 70th term is 350 - 3 = 347.

(c) Subtracting 9 from each term, we get 5, 10, 15, ..., 385, Since 385 =5 x 197, there are 157 terms.

(d} For this progression, the sum of the first and last terms is 14 + 994 = 1008, and the sum of the
second term and the next-to-last term Is 19 + 989 = 1008. One could continue matching terms one
further away from each end. Each pair has the same sum, since the smaller term grows by 5 and
the larger term shrinks by 5. The average of each of these pairs Is 1008/2 = 504. For an odd number
of terms, there s one unmatched term In the middle equal to (in this case) 504. Therefore the
average of all the terms Is 504.

(e} The sum is the average of the terms times the number of terms: 504 x 197 = 99288,

5. (a) (b9 x b = b¥9*"), Thus 123 = 4q + r. Dividing 123 by 4 we have a quotient g = 30 and a

remalnder r = 3.
ib} For any integer multiplication problem, the unifs digit is determined by the product of the units digits

of the factors. For example, when multiplying a number ending with 2 by a number ending In 9, the
units digit will be 8 (from the product 18) regardiess of the full value of these factors. Consider the
powers of 7. If we are only interested in the units digit, we can do the multiplication with only the
units digits, and keep nnt; the units digit of each product. Thus 7= T, 72= 49, and we'll only k
the 9. The units digit of 7°, therefore s 3, since 9 X T = 63. Keeping only the 3, the units digit of
Is1sinced x7=21. f we were fo continue, we'd see the same pattern: 7,9, 3,1, 7,9, 3, 1,...
We just need to determine the value of the 123rd element in this sequence.
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From part (a), wa know that 123 =4 x 30 + 3. Since 7 raised to any
power that is a multiple of 4 will have a units digit of 1, the units digit
of 7122 will be the same as 72 ar 3. One could reach the same
answer with a little more work by partially doing the multiplication:
7123 = (7430 4 73

= 240130 y 343,
At this point, you must obsarve that no matter how many factors of
2401 ara multiplied together, the units digit of the product will be 1.
Therafore the units digit of 7123 is 3, the same as the units digit in 343.

| 6. First observe that A =1 bacause otherwisa A28 will ba greater
'Ir‘-'F}H"I. ¢ }'1:':.1.."_';-!?."5: | than 200 and the product will be greater than 200 x 600 = 120000,
ey i a six-digit number. The product in this problem has only 5 digits.
¥ L"‘L‘I";';:‘E-C'*"Lf Because the units digitis 1, we have B=T since 3 x 7 =21 is the
| only product 3 times a single-digit number that has a 1 in the units
i s place. Therafora the first number is 127. Computing tha product,
127 x 683 = B6T41, which iz of the correct form with C= 4.

T and 8.

(a) we compute the prime factorization of T92: 792 2 ¥ 396

2x2x198
2x2w2x99
2¥2w2¥x9x N
2u2x2x3x3xNM

We must group thase six factors (three 2's, two 3's, and one 11) into threa groups. Then F is the
product of the first group, g the product of the second group, and b the product of the third.
Experiance with problem 1 should make us expect that £ g, and h are as close to each othar

as possible. One possible solution {fg.h} = {8,911}, with 8 + 9 + 11 = 28. To prove that this is the
smallast sum, wa seea that one of the factors, say f, must be a multiple of 11 and it must be no larger
than 28 in any minimum sum. Therefore F=11or F=22. Ff=22 then gx h=2x2x3x 3 =36.
Problam 1 (a) tells us that tha minimum for g + hin this case is 12. This would give

f+ g+ h=224+12 = 34 which is bigger than 28. Therefore f=11. Now gx h=2x2x2x3x3=72 and
Problam 1 (b) shows that the minimum for g+ his 8 + 9 =17. Thus the answeris 11 + 17 = 28.

The factors must be chosan fom [2,3.4,11} since the sum of factors is reduced by replacing a factor 6
by 3 x 2, replacing a factorB by 2 x4 or 2 x 2 x 2, and replacing a factor 9 by 3 x 3, and s0 on. The
raplacemant (e.g., 2 x 3 for 6) has the same product (B) but a smaller sum (5 instead of 6).

The factorizations with the smallest sum of factors are 2 x4 x3x3xMand 2x2x2x3x 3 x 11, sach
with a sum of 23. For the algebraically inclined, one can obsarve that a+ b= abforany a=1and b= 1,
and tharefore simply realize the smallast sum breaks 792 into its prime factors.
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5 (a) Taking square roots of both sides, we get x-50 = 23
—" x =503
!—| information [ = 47 or 53.
f {b) Taking square roots of both sides, we have (2-17 = =8
i = 17+8
The four answers are 3, -3, 5, -5. ? = 9or25.

careers

Math Challenge | 10. By the Pythagorean theorem, the length v of KL satisfies
: ¥ +1122 =1302
-m.:}-f—.hr PNUECS . y2 =1302- 1122

W Iru ;,%,mm.]r = (130 - 112) (130 + 112)
| = 18 x 242
= 36 x 121
= (6 x 11)2

since y is positive, we have v =6 x 11 = 66. Next wea nota that DHJl and DHLK are similar triangles
since theay share angle KHL and each has a right angle. Lat the langth of Kl be ¢

The ratio batwean the sides of tha triangles is el = 3% 56 = 3 . Tha hypotanusas will have the

same ratio 30 Hj 4130 L | 12 225 2

HK -~ 130 = 2 2 (t+130) = 3x130
2t = 3x130 -2 x 130
2t = 130
t = 65

11. (a) AABC is simiilar to ADEF since tha langths of DF and EF ara double the lengths of AC and CB
respectivaly and the angle batween these pairs of proportional sides is a a right angle in each case
{and therefore aqual). It follows that angle EDF is equal to angle BAC. Now ADBG is similar to
AABC since corresponding angles ara equal. The lengths of the hypotenuses DB and AB are 4 and
13 respactiviey. The area of ADBG is (41 3]2 ¥ (area of AABC). The area of AABC is 1/2 the base
times tha height or
16 480

— %5 %12 =30. Therafore the arsa of ADBG= — x 30=— .
2 169 169

One would parform the same computation to calculata the area of ADBG more "directly” by
computing tha base and height of triangle DBG ans 4/13 of the corresponding sides of AABC.
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11. (b} Lat H be the foot of the parpandicular from
Ato EF as shown in the figure. Then the

_[ information | lengths of AHand EHare 8+ 4 +6 =18 and

24 - 5 =19 raspectively. By tha Pythagorean
careers theoram, the langth of AEis A

+/ 182 + 192 = /324 + 361 = /68S5.

Math Challenge
Note: If you didn't see the "trick™ of adding segment AH, there is still

'I"""l-‘}H"l- ?"ﬂlﬂn 07, | enough information to compute AE, but the computation is more
!'ﬂ H| i complicated which will increase our chances of making a
| ! computational error. One can work directly with AAGE. Angle AGE
' is a right angle because angla DGE is a right angle (ona
complemantary/supplamentary-angle arguments, or sea that these
ara opposite anglas from a pair of intarsecting lines). ED = 26 by
the Pythagorean theoream (on AEDF), and

DG = % % 5 by similar triangles (from part a}. Tharefore EG = 26 %‘ :

Similarly AB=13, GB= % ®¥12, 80 AG=13- % . We can then use the Pythagorean theoram on AAGE:

20 48
AEZ = (26 -— }2 +(13 "I ‘,|2. Finishing the computation, we get the samea answer as above.

12. In this case it is aasier to count the number of ways in which 2 or 3 girls are not assignad to any car,
and subtract that from the total number of ways to fill the cars. If no car has 2 or 3 girls, then each
of the three cars must have axactly one girl. There are 3 x 2 = 6 ways to assign the threa girls to the
threa cars since thare are three ways to pick a girl for tha first car and after that choica, two ways to
pick a girl for the second car, with the remaining girl going in tha last car. Wa must now computa the
number of ways to assign the boys to the cars. However, this is the same problem solved in the
problem statement except that now there are 5 boys to assign rather than 8 children, and each car
can now hold only 2 boys instead of 3 children. The number of ways to assign boys to the cars is:

5 4 2 4-3
3= . . =15 { — | = 1=90.
1 2 2 2
Thearafore, there ara & ¥ 90 = 540 ways to not assign 2 or 3 girls to a car. Thus the number of ways
to assign 2 or 3 girls to a car is 1680 - 540 = 1140.




